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PREFACE TO VOL II. 


As the circumstances under which the Second Edition of this 
Manual of Applied Mechanics was undertaken are fully set forth 
in the Preface to Vol. I., it only remains for me to make a few 
brief comments on the contents of this Volume, and explain the 
delay which has arisen in its production. 

With regaM to* the former, since the advantages of the graphic 
treatment of Engineering problems over the analytic are now so 
universaJly roct>gnised, it has been my chief aim to provide the 
Student with a graphic method which, while being easy of appli- 
cation, would enable him to deal intelligently with problems not 
of ordinary occurrence, to treat which, moreover, by analytical 
methods would involve a practical Jicquaintance with the Infinites- 
imal Calculus, such as but few young men just entering the Civil 
Engineering Profession possess. This aim will, I think, be found 
to be met by a knowledge of the Equilibrium Polygon in its 
varied applications. It is not my wish to substitute the graphic 
method herein described, and which, I believe, is generally attrib- 
uted to Professor Culmann of Ziirich, for the analytic one ex- 
plained in Vol. I., but to offer it to the Student as an additional 
and powerful instrument for the solution of a large class of En- 
gineering problems. 

For the illustrations of the graphic method to be found in the 
following pages, I am mainly indebted to Chalmers' Graphical 
Determination of Forces in Engineering Structures and Dubois' 
Graphical Statics, and for the descriptions of the various kinds 
of bridges to Claxton Filler's Practical Treatise on Bridge Construe- 
tion, I am also largely indebted to Cols, Wray and Seddons' In- 
struction in Construction, portions of which were formerly included 
in the Students’ prescribed course of study, and permission for 
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tho free ItsB'tif which was kindly obtained from the Controller of 
Her Majesty’s Stationery Office ; to Ritter^ s Iron Bridges and 
Roofs ; and to Sir B, Baker s Long Spmn Railway Bridges, Other 
sources of information will, I think found to be duly acknow- 
ledged in the text. 

The delay which has occurred in the publication of this Volume 
is duo 4o the fact that its preparation had to be carried on as 
opportunity might offer in the midst of my oth^ more pressing 
and regular duties during the period of my service in England, 
and also to the fact that the manuscript had to be sent to Roorkee 
to be printed and published, &c. 

In the Preface to Vol. I., it was my pleasure to. acknowledge 
the valuable assistance rendered to me by a brother officer whom 
death has recently removed in the prime of dife. . In again ac- 
knowledging that help I desire to record my high appreciation of 
the natural*abilities possessed by (^apt. E. D. Bullen, R.E., and of 
the keen interest which ho took in all that concerned the educa- 
tion and welfare of the Students committed to his charge. 

My thanks are largely due to Mr. Robey, Superintendent of the 
Oollege Press, for the care which he has bestowed on the prepara- 
tion of proof sheets and plates. 

J. H. C. HARRISON, Lieut .-Col., R.E. 

(Jhatham : 1 

1899 . ) 
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I. 


CHAPTER I. 


THE EQUILIBRIUM OF STRUCTURES. 

1. In Part I., Chap. V., and Part II., Chap. XII., of Vol. I. of this 
Manual, a method is fully described whereby the stresses developed in 
the different parts of roof trusses and girders subjected (o normal and 
vertical loads may be graphically determined ; in the following pages 
the same principle will be applied to the measurement of the Stability 
of Structures generally. 

2. The following definitions are quoted from Professor Rankine's 
Manual of Applied Mechanics (Third Edition), and the paging noted in 
this Chapter, unless otherwise stated, has reference to that Manual : — 

A structure consists of two or more solid bodies called its pieces^ 
which touch each other and are connected at portions of their surfaces 
called joints, 

** The term * stability ’ as applied to the condition of a body forming 
part of a structure ‘ is the property it possesses ’ of remaining in equi- 
librio without sensible deviation of position, notwithstanding certain 
deviations of the load, or externally applied force, from its mean amount 
or position (pages 128 and 129); ” in other words, it is its property of 
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reHisting displacement of its pieces. The stability of structures of all 
kinds, whether walls, suspension bridges, arches, braced girders, &c., 
is determinable on similar principles. • 

3. Now the conditions of equilibrium of g. structure are three in num- 
beip, viz,, (page 129): — 

I. — That the system oj forces exerted on the whole^ structure by external 

bodies shall balance each other, including, of course, the resistances at 
the point or points of support of the structure. ^ 

II. — That the forces exerted on each piece of the structure shall balance 
each other, 

III. — That the forces on each of the parts into which the jyieces of the 
structure can he conceived to be divided shall balance each other. 

Of these three conditions, the frst two only hare reference to the 
stability of a structure, the third refers to its strength and stiffness, 

4. A structure which is deficient in stability gives Way by^he dis- 
placement of its pieces from their proper positions; one deficient in 
strength by the rupture or disfigurement of its pieces. The fulfilment 
of all three conditions is, of course, necessary to the permanence of a 
structure “ not only under one amount and distribution of the load, but 
under all variations of the load both as to amount and distribution which 
can possibly occur in the use of the structure ” (pages 129 and 130 ). 

5. Now ** the mode of distribution of the intensity of the load upon 

a given piece of a structure affects its strength and stiffness only; so far 
as its stability alone is concerned, it is sufficient to know the magnitude 
and position of the resultant of that load which * ♦ * may then be 

treated as a single force. 

“ In like manner, when stability only is in question, it is sufficient to 
consider the position and magnitude of the resultant of the resistance or 
stress exerted between two pieces of a structure at the joint where they 
meet, and to treat that resultant as a single force. The point where its 
line of action traverses the joint is called the centre of resistance of that 
Joint; and a line of resistance is a line, straight, angular, or curved, travers- 
ing the centres of resistance of all the joints of a structure” (page 131). 

6. “ Joints may be divided into three classes— 

1 , “ Frame-work joints are such as occur in carpentry, in frames of 

metal bars, and in structures of ropes and chains, fixing the ends of two 
or more pieces together, but offering little or no resistance to change in 
the relative angular position of those pieces. In a joint of this class the 
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centre of resistance is at the middle oj the joints and does not admit oj any 
variation of position consistently with security » 

2. “ Blockwork jomts ar^ such as occur in masonry and brickwork, 

being plane or curved surfaces of contact, of considerable extent as 
compared with the dimensions of the pieces which they connect, capr.ble 
of resisting a thrust more or less oblique, ♦ ★ but not of resist- 

ing a pull of sufficient intensity to be taken into account in practice. 
In such joints the position of the centre of resistance may be vat ied within 
certain limits, 

3, Fastened joints ^ at which, by means of some strong cement, or of 
bolts, rivets, or other fastenings, two pieces are so connected that the 
joint fixes their relative angular position and is capable of resisting a 
pull as well ak a thrust’’ (pages 131 and 132). 

7. The term “ Frame is used to denote a structure composed of 
bars, rcvls, links, or cords, attached together or supported by joints of 
the first class, the centre of resistance being at the middle of each joint, 
and the line of resistance consequently a polygon whose angles are at 
the centres of the joints ” (page 132), 

8. A continuously loaded structure, then, as far as its stability only 
is concerned, may always be reduced to the case of one subjected to 
the action of detached loads, by substituting for the continuous loads 
borne between the several joints the respective resultants of those loads 
acting at their respective centres of action; and, moreover, by supposing 
these several detached loads to be entirely and proportionately distri- 
buted at the joints, this case may, if necessary, be still further reduced 
to that of a polygonal frame loaded at the joints only. With this pre- 
mise the following Theorem may be stated as generally applicable; — 

9. “ If lines radiating from a point be drawn parallel to the lines of 
resistance of the bars of a polygonal frame, then the sides of any poly- 
gon whose angles lie in those radiating lines will represent a system of 
forces, which, being applied to the joints of the frame, will balance each 
other, each such force being applied to the joint between the bars whoso 
lines of resistance are parallel to the pair of radiating lines that enclose 
the side of the polygon of forces, representing the force in question. 
Also, the lengths of the radiating lines will represent the stresses along 
the bars to whose lines of resistance they are respectively parallel ” 
(page 140), 

10. ** An open polygon, consisting of ties, is called by roathematioi- 
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ans a funicular polygon^ because it may bo made of ropes ’’ (page 141). 
The term “ equivalent funicular polygon ” might for convenience be 
applied to a similar imaginary structure consisting of struts, but vre 
shall employ the term equilibrium polygon (or resistance polygon) as 
hemg applicable to one supposed to consist either of ties or struts. 

For instance, suppose ABCDEFGH {Figs. 2 and 8 , Plate 1.) to 
represent a polygonal frame. Take any point P, as pole, and draw a 
series of straight lines 1, 2, 3, 4, 5, 6, 7, 8 (Fig. 1) parallel respectively 
to the sides of the frame so numbered in Figs. 2 and 3. Then the sides 
of any polygon abcdefgha whose angles lie in the radiating lines will 
represent a system of forces which, being applied to the joints of the 
frame, will be balanced by the forces represented by the straight lines 
1, 2, 3, 4, 5, 6, 7, 8, each such force being applied to the joint between the 
bars whose lines of resistance are parallel to the pair of radiating lines 
that enclose the side of the polygon representing the fortfe in qiwstion. 

Thus, a force represented on any scale of loads by A', applied at A, 
will be balanced by the tension 1 in piece AB, and the compression 8 in 
AH measured on the same scale ; similarly the force C', applied at C, 
will balance the two tensions 2 and 3, all being represented on the same 
scale as that on which the force at A is represented by A', and so on, 
the directions of the several forces acting at any one point being such 
that, if the sides of the corresponding triangle (or polygon) of Fig, 1 be 
carefully followed round with a pencil in the same order and direction as 
the forces act, the pencil will describe a closed figure. 

11. A diagram such as that represented in Fig. 1, Plate I., is called 
a “ force or ‘‘ stress ” diagram. 

12. Similarly, if the frame. Fig. 3, be inverted, as shown in Fig. 2, 
and the same forces A', B', &c,, applied at the corresponding joints, the 
force diagram. Fig. 1, will equally apply for determining the magnitudes 
of the stresses in the several bars as in the previous case, but the nature 
of these stresses will become reversed, the tensions in the pieces 1, 2, 
3 to 7 changing into compressions, and the compression of piece 8 be- 
coming a tension, as will be evident if the sides of the corresponding 
“stress” diagram be traced round with a pencil in the manner already 
indicated. 

13. If the applied forces be all parallel, a stress diagram, such as 
that shown in Plate II., Fig. 4, will be obtained. Figs, 5, 6, and 7 show 
the corresponding frame diagrams. 
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14. Thus, considering B', C', D', G' to represent external) j 

applied loads and A', H' the corresponding resistances at the points of 
support A and H of the st ucture, we see that this system of applied 
loads and corresponding resistances balances, since the magnitudes and 
directions of its several forces naay be represented by the sides cf a 
closed polygon talccn in order, and they may be all conceived to act 
together simultaneously at a single point, viz., the centre of action of 
the system. 

16. It is evident that the straight line ag of 'Fxqb, 1 or 4 represents 
the total applied resultant loady both in direction and magnitude, while 
ga represents the total resultant resistance exerted at the points of sup- 
port of the structure A and H, the portion gk being exerted at H and 
ka at A. Fifrther, if the bars AB and HG of the frame {Figs. 2 and 3 
or 5 and 6) be produced to meet in py and through p a straight line 
be draw,p paraUel to ay, then must the centre of action of the system of 
loads lie somewhere on the straight line Kp, for the three forces ay, 1 
and 7 meeting in a point balance, as is evident from the triangle Pay 
{Figs* 1 and 4). 

16. It will be noticed that the straight line PZ, Fig* 1, drawn parallel 
to the closing piece 8 of the equilibrium polygons, Figs. 2 and 3, meets the 
resistances ghy kuy Fig* 1, at their point of intersection h ; cuts the total 
resultant load ga in the point k; and meets the polygon of external loads 
in L Of these segments, P/i represents the value of stress 8 in the 
closing piece ; hk that of the component of either re-action ghy ha, re- 
solved parallel to stress 8 ; kl, that of the component of the external 
loads, resolved likewise in direction of stress 8. 

17. Moreover, from statical considerations (taking moments about K, 
Figs, 2 and 3), the straight line AH should be divided at K in the in- 
verse ratio of the resistances acting at the extremities A and H, that is, 
in the inverse ratio of the lengths of the straight lines aky Iry, so that 

|| = g.(F,i..l,2.nd3). 

18. Now Fig. 3 may be taken to represent the line of resultant active 
stress of a structure, the pieces of which immediately supporting the load 
or loads are entirely subjected to tensile strain ; that is — 

I. — The general case of the Suspension Bridge, including examples of 
cables and ropes suspended across intervals for boaj^ft?ridging or other 
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purposes, and also of beams of uniform strength whose flanges are of 
uniform width and thickness and whose webs are curved on the under 
side. t 

Fig, 2 may be taken to represent the line pt resultant active stress of 
a structure whose supporting pieces are thrown into compressire strain 
only ; that is — 

II. — ^he general case of the arch, including braced structures, such 
as the triangular truss, bowstring girder, and beams of uniform 
strength and uniform flange width and thickness, whose webs are 
curved on the upper side. 

Under this heading come Structures of Uncemented Blockwork 
generally, to which class Ihe masonry arch belongs, the material of 
which is incapable of resisting a tensile strain, such ifS buttresses, 
retaining walls, factory chimneys, &c. Any portion of the frame shown 
in Fig, 2, as FQH, might, for instance, be taken to represent th^ result- 
ant line of active thrust of the loads 5, F', G', and 8 on the blocks shown 
by dotted lines in Fig, 2a, producing ultimately the thrust H' on the 
bottom bed joint surface abj which must, therefore, exert an equal and 
opposite resistance H' to meet it. The consequence is that the stress 
diagram representing the forces which are kept in equilibrium at H is 
Pe/gh'P of Fig. 1, the necessary modification being shown by dotted 
lines. It should be observed that the line of resistance of this system of 
loads is fgh^ and that it does not coincide with the so-called line of 
active thrust for reasons which are explained in para. 52. The subject 
of the Stability of Structures of Unccmented Blockwork is fully dealt 
with in Chapter X. 

The intermediate case is that in which the directions of the support- 
ing pieces are all parallel to that of the remaining or closing piece 
AH ; that is — 

III. — The case of a parallel flanged girder or beam, including braced 
structures, such as the Warren and Whipple-Murphy girder, and beams 
of uniform strength with parallel flanges, the upper longitudinal fibres 
or flanges of which are subjected to compressive, and the lower to ten- 
sile strain only {Plate IL, Fig, 7). 

Cantilevers, the material of which is capable of resisting both com- 
pressive and tensile strain, belong to this class, including examples of 
cranes and balconies of wood or iron, and structures of cemented block- 
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work, such as isolated walls, &c. It should be noted that in these 
structures, which do not span an interval, the position of the fibres, 
subjected to tensile and compressive strain, is reversed with regard to 
the neutral surface (compared, that is, to their relative position in beams) 
those in tension being above, and those in compression below, it, rela- 
tively, that is, to the direction of the load. The analogy between the 
cantilever and beam, similar in form and similarly loaded, is fully dealt 
with in Chapter XIV., together with para. 91a, 

19. It should be observed that in the case of the suspension cable 
and masonry arch the closing piece (stress 8, Fig, 1, Plate I.) is afforded 
by external agency — in the former case by the anchoring chain, in the 
latter by the abutments, and, therefore, in order to render these cases 
the equivalents ofJCase III., we must suppose imaginary and weightless 
pieces to take the place of the chain or abutment. In the suspension 
cable wg suppese a weightless compression bar, in the masonry arch, 
a weightless tie-rod, to extend from A to H {Plates I. and II.), thus 
leaving in each case resultant resistances at the points of support, 
having the sum of their components resolved in the direction of the total 
resultant load together equal to that load (for the components resolved 
perpendicular to that direction cancel). 

20. It will be seen, then, that, in order to ascertain whether the^rs^ 
condition of equilibrium is fulfilled by any given structure, it is sufficient 
to describe a polygon of external loads, similar to abcdefg^ Fig. 1 ; close 
it by straight lines, as gh^ ha, drawn parallel to the directions in which 
the resistances at the points of support are constrained to act ; and then 
examine whether the structure is capable of affording the resistances so 
determined. The resistances at the points of support will, of coarse, 
unless constrained to act otherwise, always tend to act parallel to one 
another and to the direction of the total resultant load, as ga, Fig, 1. 

21 . In order to examine whether the second condition of equilibrium 
is fulfilled, a suitable pole, as P, Fig, I, must be chosen, and a stress 
diagram and corresponding equilibrium polygon described as in Figs, 1 , 
2 and 3, and the effect on the structure of the aoplication of such result- 
ant stresses as the polygon indicates as necessary must be duly consi- 
dered in a manner to be more fully described. 

It will be observed that in the case of structures which do not span 
an interval, the material of which is only capable of resisting one kind 
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of strain, the pole P is taken in the polygon of external loads. For 
instance, in the simple illustration of para. 18, the pole P is taken at 
one extremity of force 5. • 

Further, if the material of the structure be capable of resisting both 
tejjisile and compressive strain, and che pieces designed to resist the two 
kinds of strain are parallel, then the pole is necessarily situated at an 
infinite distance. For instance, the vertical loads applied to a horizon- 
tally supported beam are resisted by horizontal stresses ; horizontal loads 
applied to a vertical wall of cemented block work are resisted by vertical 
stresses. 

22. The third condition of equilibrium has been fully dealt with 

under the head of Transverse Strain in Part II. of Vol. I. The graphic 
method of determining the values of bending monjents* and shearing 
forces will be discussed in the following pages, and its important bearing 
on the determination of lines of resistance pointed out. , ^ 

23. It will be convenient to deal first with the representative frames 
and stress diagrams described in para. 18, and the chapters thus treat- 
ing of the theory of the subject will form Part I. of this Volume, The 
application of such theory to the different classes of structures in actual 
use will be reserved for Part II. In doing this it will be convenient in 
Part I. to deal primarily with structures employed in spanning an inter- 
val, explaining at the same time the application of the principles to 
structures not so employed. In Part II. we shall reverse the process, 
and commence with the consideration of the more simple case of struc- 
tures which are not employed in spanning an interval, passing then to 
structures that are so employed. 
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CHAPTER 11. 


ON THE MANNER IN WHICH THE THREE CLASSES OF 
STRUCTURES RESIST THE SHEARING AND 
BENDING FORCES. 

24. An interval may be spanned in either of the three ways enumer- 
ated in para. 18 of the last Chapter, viz. 

CoBt by structures, the pieces of which, immediately supporting 
the load or loads, are entirely subjected to tensile strain (e.^., suspension 
structures), vidt Fig. 3, Plate I. 

Case ILf by btructures, whose supporting pieces are entirely thrown 
into compressive strain {e»g,^ the arch), Mg. 2, Plate I. 

Case II I, f by wooden beams, or parallel Banged girders (Ftg. 7, 
Plate II.) 

And it has been shown that structures which do not span an interval 
may be regarded as coming under Case II. or Case III., according as the 
material of which they are composed is capable of resisting compressive 
strain only, or both compressive and tensile strain simultaneously. 

25. It has been shown that, in order to examine the stability of 
any one of these structures, the first thing to do is to reduce the system 
of loads, acting between the points of support and however distributed, to 
a system of detached loads, exactly equivalent in effect to that of the dis- 
tributed loads. As all the structures, with exception of the cable freely 
suspended for bridging purposes, are either naturally stiff (e.flr., the arch), 
or artificially rendered so by bracing (e.g., braced truss and girder), the 
lines along which the resultant applied loads act may be regarded as 
fixed in position relatively to the points of support. 

26. The next thing to do is to describe an imaginary frame, with its 
angles lying on the lines of action of these resultant loads, and of such 
figure that, although unbraced, it is capable of balancing those loads. 
From the description of the method given in the previous Chapter it is 
evident that, supposing no further conditions requiring fulfilment were 
imposed, the number of frames capable of so balancing a given system of 
resultant applied loads would be unlimited. And it is, therefore, to the 
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third condition of equilibrium and to constructive requirements, such, for 
instance, as are imposed by the nature of i\\Q joints of the structure, that 
we must look for the necessary data to gtfide us in the selection of the 
particular frame, which will enable us to ^certain the true line along 
wMch the passive resistance of the material of the structure is actually 
exerted. 

The and stress diagram together enable, in fact, the directions 
and magnitudes of a system of forces to be determined, which are the 
exact equivalents in effect of the external loads applied to the structure, 
the lines of action of which, however, are adapted to the particular form 
of the structure under consideration; and by simply supposing the 
directions of these forces to be reversed, the system may be regarded as 
either the active or passive equivalent of the applied loaSs. It will be 
observed that of all the sides of the frame that one only which repre- 
sents the closing piece, numbered 8 in Figs, 2 and 3, repfesents « passive 
resistance actually afforded by the structure, for the line of resistance of 
the structure will, according to the definition given in para. 5, depend 
upon the position and nature of ihe joints. If, then, we regard the sides 
of the frame, other than the closing piece, as the active equivalents of 
the applied loads, the line of resistance of the structure will be deter- 
mined by the points in which the joints are met by those sides. Thus, 
the stress diagram and frame, taken together, enable the stability and 
strength of the structure to be measured. 

27. It is of the utmost importance, therefore, before proceeding 
further, that the student should thoroughly realize that the structure, 
however solid, and its system of applied loads, however distributed, 
must bo reduced to two skeleton systems of forces, the one active^ and 
embracing the equivalents of the applied loads, the other passive, and 
marking the lines along which the material of the structure must exert 
its required resultant resistance, in order to balance those applied loads. 
He must further realise that these skeleton systems are for stability 
measurements the equivalents of the actual systems ; and he must also 
remember that, since the external forces are supposed to be applied at the 
joints of the hypothetical frame only, the pieces of that frame can, them^ 
selves, be only subjected to direct longitudinal stress, J^'or it is thus only 
that they can yield the resultant compressive stress-line of the arch 
{Fig, 2; or the resultant tensile stress-line of the suspension structure 
( Fig, 8). Compare para. 52. 
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28. But, ftlthough these pie^'.es are themselves only subjected to 
direct stress, it is yet evident, from the definition of Transverse Strain 
given in Chap. VI., Part It.^ Vol. I., that the structure, as a whole, is 
under Transverse Strain, because it is supported in the case of a beam 
at its extremities only, and in the case of a cantilever at one extrea.ity 
only, and is, moreover, loaded between the two points or beyond the 
single point of support, so that the applied loads are only indirectly 
supported (i.e., balanced by the fibres of the material of the structure). 
The consequence is that, if we consider the equilibrium of any portion 
of the structure lying to right or left of a plane, drawn parallel to the 
resultant load (perpendicularly to the plane of the paper) and dividing 
the structure, we shall find that it is kept in its place by the action of 
two equal and opposite couples, the one active and tending to make it 
revolve in one direction about some axis in the plane of its section, the 
other passive f'.nd tending to make it revolve in an opposite direction. 
The force of the active couple is the bending force, which is the result- 
ant of all loads (including resistances at points of support) acting 
external to the portion of the structure considered, and is known as the 
shearing force and its moment as the lending moment. The elements of 
the opposite or resisting passive couple, known as the moment of resist- 
ance, are afforded entirely by material resistances at the section itself. 

29. The general relation obtaining between these couples is thus ex- 
pressed in para. 184 of Vol. I., viz., Gd' or To?' = in = M. 

80. i^ow, for beams or cantilevers included under Case III., this 
resisting couple is obviously afforded by the resultant compressive and 
tensile fibrous resistances above and below the neutral surface (or 
longitudinal surface of the beam, the fibres of which are neither elongat- 
ed nor compressed), multiplied by the distance between the centres of 
resistance of these two sets of fibres {Plate II., Figs. 7 and 7a), vide 
Vol. I., Chap. IL 

31. And it is easy to show that for structures which span an interval 
and are included under Cases I. and II., the bending moment at any 
section is resisted in a similar manner, namely, by a couple, which is 
made up of the stress developed in the closing piece, and which is 
numbered stress 8 on Plate I., multiplied by the distance between its 
direction and the centre of stress of the piece which is cut by the section 
in question. 
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32. For it has been already pointed out that, in order to render sus- 
pension and arch structures the equivalents of the beams, included under 
Case III,, it is necessary to suppose imaginary and weightless pieces 
substituted for the closing pieces of the equilibrium polygons (corre- 
sponding to piece 8 of the polygons shown in Figs. 2 and 3), such 
resistance being, in fact, afforded by external agency — in the suspension 
structure by the anchoring chain, in the arch, by the abutments. We 
thus obtain in each case closed frames. The triangular truss, bowstring 
girder, and curved beam of uniform strength are examples of Cases I. 
and II., in which the stress developed in the closing piece (which is 
numbered 8 in the diagrams) is afforded by a piece of the structure itself. 

83. Consider, then, the forces acting at any section aj'y'. Figs. 2 and 3, 
taken parallel to the direction of the resultant load ag^ and* cutting bar 3. 
The active forces to the loft of the section in Pig, 3, and to the right of it 
in Fig, 2, are A', B', C', which are equivalent to a single^ resultant whose 
magnitude is he (Fig, 1), and whose line of action passes through the 
intersection *of bars 8 and 8 and is parallel to he (Fig. 1). Take moments 
about the centre of stress of bar 3. The active bending moment is the 
moment of he ; the passive moment of resistance is the moment of stress 
8. These must, therefore, be equal and opposite if equilibrium obtain. 

34* Moreover, since stress 3 may be resolved at the point where it 
meets the section into forces ch^ Fig. 1, which are respectively equal 
and opposite to he and stress 8, we see the system is made up of a pair of 
equal and opposite couples, and we may substitute the word “ couple 
for the word ** moment ” in the above statement. 

35. Since, then, stress 8 (the steadying stress) is constant in direc- 
tion and magnitude for any particular frame and load distribution, the 
ordinates of the corresponding equilibrium polygon drawn from the line 
representing the closing piece 8, parallel to the resultant load to meet 
the polygon, become equivalent to a graphic representation, on no par- 
ticular scale, of the values of the bending moments acting at the 
several sections of the structure, since the bending moment must, in 
all cases, be equal to the moment of resistance if equilibrium obtain. 
For instance, the relative values of the bending moments at sections 
x'y', 3^y", Figs. 2 and 3, Plate I., are severally proportional to the 
lengths of the straight lines as'y', &c., being actually equal to 

those lengths severally multiplied by stress 8. 
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The graphic representation above described arises at once ont of the 
general relation established in para. 91a, vrhich is applicable alike 
to beams and cantilevers. 

36. In a similar way the values of the shearing forces at all snch sec- 
tions, being the resultants of external loads acting on either side of the 
section, may at once be obtained from the polygon of external loads, and 
their components, resolved in any one of two given directions, may be 
shown graphically by a polygon. Suppose, for instance, the shearing 
forces resolved parallel to the direction of the resultant load and to that 
of stress 8. Their several values are shown on Fig. 1. Thus, from joint A 
to joint B of frame (t.e., throughout bar 1) the shearing force on tht right 
oj the section (para. 170, Yol. 1.) is constant and equal to ah in the 
direction of the resultant load, and kh parallel to stress 8 {vide Fig* 1); 
throughout bar 2 it is equal to yk^ parallel to the resultant load, and 
{by + kh) parallel to stress 8 ; throughout bar 3 it is equal to c'k in 
the direction of the resultant load, and {cc* + kh) parallel to stress 8, 
and so on ; which lengths may be set off as ordinates from any given line 
of abscissas, as AH of Ftga. 2 and 3. 

87. We can thus obtain a graphic representation both of the shearing 
forces and bending moments acting at all sections of the structure. 

It may be remarked that in the case of flanged girders it is found 
that the effect of the bending moment at any section is resisted almost 
entirely by the material of the flanges ; that of the shearing force by 
the material of the web, cut by the plane of the section {vide Vol. I., 
para. 186). 

37a. Of structures which do not span an interval, the subject of the 
graphic representation of the shearing force and bending moment in 
cantilevers is fully dealt with in paras. 182 of Vol. I. and 91a of this 
Yol. And as to Structures of Uncemented Blockwork, since the simul- 
taneous development of compressive and tensile strain in the material of 
the structure is of the essence of Transverse Strain, if the former condi- 
tion bo absent, the latter is so too- Structures of Uncemented Block- 
work are, in fact, subjected to Strain of one kind only, and, therefore, 
according to fundamental mechanical laws, the lines of action of the 
forces acting on them must be confined to the structure; hence the 
absence of a closing stress in their stress diagrams, and the fact that the 
pole must be a point lying in the polygon of external loads. 
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CHAPTER III. 


ON THE PROPERTIES OP THE EQUILIBRIUM POLYGON 
IN ITS RELATION TO LINES OP RESISTANCE. 

38. In the previous Chapter it was shown that a graphic representa- 
tion of the value of the bending moment at any series of sections and 
for any given resultant load distribution may be always obtained by 
drawing a stress diagram and its corresponding equilibrium polygon ; a 
similar representation of the corresponding shearing fortes may, be also 
obtained by setting oflf ordinates in the proper direction and of the pro- 
per length, these lengths being measured off the same stress diagram. 
The ordinates of the polygons can then be reduced to any convenient 
scale. 

39. But the equilibrium polygon, besides affording the graphic 
representations above alluded to, also enables the magnitudes of the 
resistances at the points of support and the magnitudes and lines of 
action of any partial as well as of the total resultant load to be at once 
determined. 

40. Before proceeding further, however, it should be observed that 
the application of the equilibrium polygon enables two, and only two^ un- 
known quantities to be determined. Thus, the magnitude and direction 
of a single unknown force, or the magnitudes or directions of two forces 
whose directions or magnitudes are known, may be ascertained. Por the 
open polygon whose sides represent all the known forces acting at the 
point, when taken in due order, can but be closed either by a single 
straight line, representing the direction and magnitude of a single 
unknown force, or by two straight lines whose directions or magnitudes 
must be known. 

41. Considering, then, first the resistances at the points of support 

(Plates I. and II.), suppose the system of externally applied loads 
B^, C^, D' to remain constant, and also the direction AH of the 
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steadying resistance or stress 8 ; consider, in fact, the general case of an 
interval AH spanned by any braced or stiffened stractare whatever and 

acted on by any given systeja of external loads, B', O', D', G' 

whose magnitudes and lines of action (with reference to the points of 
support) are known. 

If the resistances at the points of support A and H are constrained to. 
lie in certain directions oblique to the resultant load, it is sufficient to 

describe the open polygon of external loads, dbc and close it by' 

straight lines drawn in the required directions, when the magnitude 
of each resisting force on the scale of loads will be at once known 
{Fig. 1). 

If, however, the resistances be not constrained to act in certain direc- 
tions, clearly they will, if possible, take a direction which is parallel to 
that of the total resultant load. 

Draw the lires of action {Plate II., Fig. 8) of the applied forces 
B', C' F', G', which are supposed to act on the interval AH, be- 

tween the actual points of support A and H of the structure. 

Draw the polygon of external loads abed g {Fig, 9) as before and 

join ag ; then ag represents the total resultant applied load acting on 
the structure, and ga the sum of the resistances at the points of support 
A and H. 

Join AH {Fig, 8) ; then AH represents the direction of the steadying 
stress ; through A and H draw straight lines parallel to ag^ to represent 
the limits within which the frames are to be drawn. 

Take any pole Po and describe the corresponding stress diagram Po 

abed g Po (Plate II,, Fig. 9) and frame diagram {Fig. 8) Abo 

Co do. .....go ho] join Aho ; then Aho represents the direction of stress 8 

for this particular frame. Through Po draw Po^ (shown by a dotted 
line in Fig. 9) parallel to Aho meeting ag in k. Then the straight 
lines aky kg represent the resistances at the points of support A and ho 
respectively. But by an elementary statical theorem, a force may be 
supposed to act at any point in its line of action, hence aky kg repre- 
sent the resistances at the points of support A and H, as well as A 
and ho. 

42. In order to describe a frame whose extremities actually lie in 
the points A and H proceed as follows : — 

Through k draw a straight line ^P^P, parallel to AH, to represent 
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the locus of poles, which will yield frame diagrams whose steadying 
stress 8 lies in the straight line joining A and H. 

Take any poles, as P,, Pj, and describe the corresponding stress and 
frame diagrams. In the first case we obtaii^ the frame .... H; 

in /he latter the frame H, the extremities of each of which 

terminate in the points A and H. 

48. Moreover, by producing the directions of the extreme bars or 
links 1 and 7 to meet in a point (pi or p,), and drawing through that 
point a straight line parallel to the direction of the total resultant load 
ag^ we obtain the line of action of that total resultant load (as has been 
already pointed out) which divides the interval AH at the point K into 

parts such that gg = stance at A = Ta' 

44. Having drawn one frame diagram corresponding to a frame whose 
extreme angles lie in the required points of support A and H,— having, 
that is, drawn a graphic representation of the values of the oending 
moments at ^le several sections of the structure,— we can at once describe 
another frame having any required frame-depth by taking the new pole 
Pj at such a distance from ag^ that the new value of stress 8 shall be 
to the old value in the inverse ratio of the corresponding frame-depths ; 

that is to say, so that 

whereby the value of the bending moment at any section of the structure 
is maintained constant. 


48. The previous investigation evidently holds good whether the 
applied loads be parallel or oblique to one another, provided only that 
their directions be maintained constant, that is, provided that the struc- 
ture be sufficiently stiff to resist deformation. 

46. The case of the uniform, flexible, heavy cable, acted on by any 
system of loads, whose magnitudes and directions only, with reference 
to the points of support, are known and applied at known distances 
along the rope, is of rare occurrence. 

47. Now the line of action and the magnitude of the resultant of any 
partial loading may be determined in exactly the same way as the line 
of action and magnitude of the total resultant load were determined, 
viz., by closing the open polygon formed by the loads in question, and 
thus determining the direction and magnitude of the resultant load, and 
then by prQducing the directions of the lines of action of the extreme 
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bars or links snpporting the system of loads in question to meet in A 
point, and drawing through that point a straight line parallel to the 
partial resultant load as previOv.sly determined on the stress diagram. 

For instance, loads B', C', D', are supported by bars 1 to 4 {Fig. 1). 
Join ad in the stress diagram ; then ad represents the resultant of 
B', C', D', both in direction and magnitude. Produce bars 1 and 4 of the 
frame (Fi^. 2 or 3) to meet in p/, and through p/ draw p/A;/ parallel 
to ad. Px^lc/ represents the line of action and ad the magnitude of the 
resultant of the partial loading considered. 

48. In a similar manner the line of action of dg^ the resultant 

of the partial loading E', F', G', may be determined, and it is evident that 
the straight lines ^,'p/ will meet the line of action of the total 

resultant load KL in one and the same point. And so on for any other 
partial resultant loads. 

49. We are now in a position to enunciate the principle of projection 
by parallel rays of such frames as those shown in Figs. 2, 3, 5, 6 and 8. 
The principle is thus stated on p. 106 of Rankine’s Applied Mechanics 
(3rd Edition) : — If a frame, whose lines of resistance constitute a given 
figure, be balanced under a system of external forces represented by a 
given system of lines, then will a frame whose lines of resistance con- 
stitute a figure which is a parallel projection of the original figure, be 
balanced under a system of forces represented by the corresponding 
parallel projection of the given system of lines ; and the lines represent- 
ing the stresses along the bars of the new frame will be the corresponding 
parallel projections of the lines representing the stresses along the bars 
of the original frame,” which theorem enables the conditions of equili- 
brium of any unsymmetrical frame, which happens to be a parallel pro- 
jection of a symmetrical frame, to be deduced from the conditions of 
equilibrium of the symmetrical frame ” ; (for instance, the state of equi- 
librium of the skew arch may be deduced by projection from that of 
the corresponding right arch), 

60. If, then, the system of loads be parallel, as in Figs. 6 and 6, 
Plate II., and the plane of the frame be supposed to be revolved about 
the line of action of the total resultant load, and thence projected by 
parallel rays on to the plane of the paper, it is evident that the projec- 
tion so obtained will represent a frame loaded exactly similarly to the 
original frame, excepting only that the parallel loads will be nearer 

VOL. n. D 
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together and the span shorter compared to the frame depth ; in other 
words, the scale of abscissaa-measurements (along AH) will be dimin- 
ished, while that of ordinate measurement 3 (parallel to Kp) is retained, 
i»e.y relatively increased. 

* If further the corresponding stress diagram {Fig. 4) be revolved about 
ag in exactly the same way and similarly projected on to the plane of the 
paper, we shall evidently obtain a projection of the stress diagram, 
representing a system of forces which would severally balance if applied 
similarly at the corresponding points of the new frame, as the corre- 
sponding original forces were applied at the corresponding points of the 
original frame. 

In a similar way the frame might be revolved about the axis of 
abscissfie AH (thereby diminishing the scale of ordinates while retaining 
that of abscissfie) with exactly similar results, provided only that the 
corresponding stress diagram be supposed to be similarly revolved about 
the line P^, corresponding to the direction of the steadying stress 8, 

51. If, however, the operation above described be applied to the case 
of oblique loading {Figs, 2 and 3), it is evident that the directions of the 
oblique loads will become altered by projection relatively to the straight 
line joining the points of support, and that otherwise the principle is 
quite applicable. Hence we deduce the following statement : — The pro- 
jection of a stress diagram by parallel rays will represent a system of 
forces which will balance if applied to the angles of the corresponding 
frame similarly projected from the original frame, but the directions of 
the oblique loads, if any, will be altered relatively to the line joining 
the points of support. Hence, in the case of parallel loading^ the several 
equilibrium polygons possible may be regarded as all really representing one 
and the same polygon^ only plotted differently. They may, in fact, be all 
regarded as shadows, or parallel projections, of some ideal polygon of 
bending moments, existing in some plane which is inclined to that of the 
paper, and which is projected on to it by parallel rays, sloping at a 
different angle to it for each new projection. 
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CHAPTER IV. 


ON LINES OF RESISTANCE AND BEAMS OP UNIFORM; 

STRENGTH. 

52. It has been already pointed out that the line of resistance of a 
structure is determined by the line, straight, angular, or curved, which 
joins the points in which the joints are cut by the sides or links of the 
equilibrium polygon. Now, although, in order to measure merely the 
stability of a structure, it is sufficient to take into account the result- 
ants only of the loads acting between the joints, yet the polygons so 
obtained do not represent the actual lines of action in the most usual 
cases, those of uniformly loaded structures. When the distribution of 
the load is taken into account, the polygons obtained in the manner 
already described merge into curves, and the sides of those polygons 
become tangents to the latter, and the lines of action and re- action 
become identical, the equilibrium polygon now merging into the line or 
cu7ve of resistance. 

Thus, the polygons of Fi^s, 2 and 3 become the curves indicated by 
dotted lines. The dotted curve of Ftg, 3 exhibits the form which a per- 
fectly flexible, weightless, and mextensible string would assume, whose 
length is equal to that of the curve, were it acted on by uniformly 
distributed loads whose resultants between the points of contact 
A, 2, 3,....H, are represented m direction, magnitude, and position by the 
forces B'C'D' . G' of Ftg 1 ; while the dotted curve of Ftg, 2 represents 
a line of resistance such as would occur in the masonry arch of Case II., 
or the resultant line of all the resistances uniformly distributed among 
the several pieces of the braced structures, included in that case, under 
similar conditions. 

63. The analogy between the tension line of resistance of Case I. 
and the compression line of Case II. is thus at once apparent. Con- 
ceive a cord or chain to be exactly inverted so that the load applied to 
it^ unchanged in direction, amount, and distribution, shall act inwaids 
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instead of outwards ; suppose, further, that the cord or chain ia in some 
manner stiffened, so as to enable it to preserve its figure, and to resist a 
thrust ; it then becomes what is known a linear arch^ or equilibrated 
rib ; and for the pull at each point of the priginal cord is now substitut- 
ed an exactly equal thrust along the rib at the corresponding point ’’ 
(Rankine’s Applied Mechanics, p. 182). 

64. The curve of resistance will, in any case, be a catenary^ which 
may be defined generally as the figure which a uniform flexible rope or 
chain assumes when acted on by any system of loads whatsoever. (Thom- 
son and Tait’s Elements of Natural Philosophy, Part II., para. 157, et 
seq,) If the chain be supposed weightless, and the load distributed uni- 
formly along a horizontal line, then the catenary becomes a parabola 
which is the figure a suspension chain would assume, we** e it weightless ^ 
and the bridge load distributed uniformly and horizontally ; it is also the 
figure of the curve of bending moments of any horizontal beam ^r girder 
uniformly loaded with its own weight. If a chain be supposed to be 
heavy and*to be loaded with its own weight only, the curve which it 
assumes becomes what is known as the common catenary. These are all 
special forms of the genus catenary.^' 

65. The polygon of external loads then {Fig. 1) will be more truly 
represented by the dotted curve drawn tangential to the sides of the 
polygon abcdefg^ and the line of resistance {Figs. 2 and 3) by the dotted 
curves drawn tangential to the sides of the equilibrium polygons. From 
the nature of the latter curves each vector, such as Pc, Pb, &c,, drawn 
from the pole P to the former curve abcdefg, becomes parallel to a tan- 
gent to the latter at a certain point which may be determined in a 
manner to be explained. 

66. First, suppose a plane to be drawn perpendicular to that of the 
frame so as to contain the line of action of the total resultant load KL 
{Figs. 2 and 3). The frame is thus divided into two parts, and we may 
deal with each separately. 

Join al, Ig {Fig. 1). Then al represents the total resultant load acting 
on the partial frame AL {Figs. 2 and 3), and Ig {Fig. 1) that on the 
partial frame LH. ' 

Through L {Figs. 2 and 3) draw a straight line parallel to stress 8 
(i.c., to AK), and produce its direction to meet that of bar 1 in ir/ and 
bar 7 in w/'. 
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If through ir/ a straight line be drawn parallel to af, and through ir,^, 
one parallel to Ig^ obviously the former will represent the line of action 
of the load on the partial frame AL and the latter on LH. 

Let the former cut the equilibrium curve in and the latter in X,*' 
{Figs. 2 and 3). 

Now resolve the forces al and Ig acting at the points tt/ and tt," re- 
spectively parallel to KL (the direction of the total resultant load) and 
to stress 8 to AH). 

Obviously the former pair of forces {Fig. 1) are represented by ak 
and kg respectively, and the latter by Jcl and Ik respectively. 

But if the resistances A' and H' at the points of support A and II 
be likewise resolved in these same directions, we have already seen 
that the components parallel to the direction of the total resultant load 
are ka and gk respectively. 

67. Hence, If a plane^ containing the line of action of the total resultant 
load acting on a frame, he supposed to intersect that frame perpendicularly 
to its plane, it will divide the stmcture into two parts, such that the result^ 
ant partial loads on each when resolved parallel to the direction of the total 
resultant load acting on the structure, are severally equal to the parallel 
resistance at the corresponding point of support ,* in other words, the 
component of the applied load, resolved in the direction of the total re- 
sultant load, acting on the left partial frame is equal to the component 
of the resistance at the left point of support resolved in the same direc- 
tion; and the similarly resolved part of the active forces on the right 
partial frame is equal to the similarly resolved part of the right resist- 
ance at the right point of support. 

68. Moreover, since the vectors drawn from P to the curve ahcd g 

{Fig. 1) are all tangents to the curves A 2 3.. ..6 H {Figs. 2 and 3), 
it follows that the tangent at L is parallel to AH and those at all other 
points inclined to it. 

Hence, the line of action of the total resultant load contains the greatest 
ordinate (KL) of the equilibrium curve, or curve of bending moments, or 
curve of resistance, measured in that direction, and the plane containing 
that line of action, therefore, contains the section of maximum bending 
moment. 

69. Now by joining AL, LH {Figs. 2 and 3), we obtain two partial 
frames ABCDL and LEFGH, which may bo dealt with in exactly the 
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same manner as was the complete frame, al being the total resultant 
load on the former and Ig on the latter. 

Through {Figs. 2 and 3) draw a Straight line parallel to AL, 
and through X/' one parallel to LH. •These are tangents to the 
cujve. 

By joining AX/, X/L, and LXj", X " H, wo further divide the frame 
into four partial frames, which may in like manner be dealt with sep- 
arately. 

Draw the vectors PX/, PX/' {Fig. 1) parallel to AL, LH respective- 
ly, and join aX/, X//, /X/', \('g {Fig. 1), and let the tangent at X/ 
{Figs. 2 and 3) produced meet stress 1 in tt/ and the tangent at L in 
tt/', and let the tangent at X/' meet that at L in w/" and stress 7 in 
tt/'" {Figs. 2 and 3). 

Then, the resultant load aX,' {Fig. 1) acts through zr/ {Figs. 2 and 3). 
\ n « " 

• » II *' II II ^2 ,} 

•I 11 II II ^2 

* X "/? "" 

II II y II II ^2 

and tangents may be drawn, as before, at the points where the line of 
loads drawn through ir,', tt/', w/", it/'" meet the curve, and so on. 

60. In this way a curve of resistance may be interpolated between 
the sides of an equilibrium polygon. 

61. It will be noticed that any equilibrium curve, described for the 
given system of loads, enables a beam of uniform strength to be design- 
ed, which shall be capable of sustaining such system of loads. For the 
ratios which the ordinates at successive sections of any equilibrium curve 
whatever, so described, bear to one another — no matter whether its axis 
of abscissa3 be horizontal or not, — represent the ratios which the bending 
moments at these sections bear to one another, and the effect of the 
bending moment is resisted by the flanges. If, then, the beam is to have 
parallel flanges, the distance between their centres of stress (that is, the 
length of arm of the resisting couple) must be maintained constant, and 
consequently, if the width of the flanges is to remain constant also, their 
thicknesses must vary, and if their thickness is to remain constant as well 
as their distance apart, tlie widths must vary, and the curve of bending 
moments {i.e.f the equilibrium curve) will enable the proper variation to 
be ascertained. If, on the other hand, the width as well as the thickness 
of the flanges are to be maintained constant, then the shape of the web 
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must evidently be altered in conformity with that of the eqailibriom 
curve, in order to afford the necessary variation in length of the arm of 
the resisting couple, the fore of which, corresponding in this case to 
constant flange-cross section, is also constant. Hence the ordinates of 
the equilibrium curve, when reduced to a proper scale and plotted from a 
proper axis of co-ordinates, actually, in this case, represent the proper 
lengths of the arms of the corresponding couples of resistance, and so 
the actual form of the beam. 

Figs, 10 to 18, Plate III., illustrate this; Figs, 10, 32, 14, 16, and 
18 being designed to carry isolated loads hung at points C, and Figs* 
11, 13, 15, and 17, uniformly distributed loads. Figs, 14 and 15 are 
plans of such beams, the depths being constant ; the other figures are 
isometrical projections. They are all hypothetical cases, intended to 
illustrate the principle only. 
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CHAPTER V. 


JOINTS IN THEIR RELATION TO LINES OF RESISTANCE 
AND LINES OF LEAST RESISTANCE. 

63. Since the compressire state of strain is one of unstable equili- 
brium, all the structures included under Case IL are necessarily either 
braced or stiff. Those included under Case I., with the exception of the 
freely suspended cable, are likewise also braced. For, if a suspension 
structure be not braced, that is, be flexible, the lines cf action of the 
applied loads are liable to change, relatively to the points of suspension, 
if the magnitudes of the loads be changed, whereas if the structure be 
braced, the lines of action of the loads are maintained constant however 
much their magnitudes (within proper limits) may be changed. 

63 . Kow, it has been already stated that, leaving out of considera- 
tion the case of the solid wooden beam (which is fully dealt with in Part 
II., Vol. I.), the joints of all the structures, with the exception of the 
masonry arch, are regarded as being of the first class, those of the 
masonry arch as of the second. Moreover, braced structures, such as 
the stiffened suspension bridge, triangular truss, open web girder, &c., 
are regarded as having the actual pieces of which they are composed 
freely jointed together, and as being loaded at the joints only. 

We shall, therefore, leave the theoretical consideration of these struc- 
tures at this point, because the positions of at least three joints are, as a 
rule, known, viz., those at two points of support and at some intermediate 
point, generally at the middle of the span, so that the required equili- 
brium curve can, as a rule, be at once described since three points on it are 
known ; and we shall, therefore, pass on forthwith to the consideration 
of lines of least resistance. 

64. There is this difference between determining the true, or actual^ 
curve of resistance of a structure whose joints are of the first class 
and that of one whose joints are of the second, that whereas in the 
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former certain conditions (as of loading, figure of structure, &c.,) being 
given, only one single curve, can be drawn representing a line of 
resistance which is capable of balancing the applied loads (because the 
centre of resistance of each ioint being at its middle point is fixed in 
relation to that joint, and the direction of the line is therefore determ- 
ined); in the latter, on the contrary, since the nature of the joints admits 
of a certain area over which their centres of resistance may occur, several 
curves can, as a rule, be drawn, each of which, while falling within the 
prescribed limits of resistance area, represents a line of resistance capable 
of balancing the given applied loads. Now of all these possible curves, 
the true one— that is, the curved line along which resistance actually 
does take place — is that one along which the applied loads can be bal- 
anced by the material of which the structure is composed with the least 
effort possible ; and this fact depends on the general physical law expressed 
in the following Theorem, known as the “ Principle of Least Resistance 
and first stated by Mr. Moseley, viz. 

65. ** If the forces which balance each other in or upon a given body 
or structure be distinguished into two systems, called respectively active 
and passive^ then will the passive forces be the least which are capable 
of balancing the active forces, consistently with the physical condition of 
the body or structure. 

“ For the passive forces being caused by the application of the active 
forces to the body or structure will not increase after the active forces 
have been balanced by them, and will, therefore, not increase beyond the 
least amount capable of balancing the active forces.’’* 

66. The question of the limits within which resistance at joints of 
the second class is possible is purely one of strength, and will vary 
according to the nature of the material of which the structure is com- 
posed. 

67. In any case, however, as has been already pointed out, the lengths 
of the several ordinates of the resistance curve are proportional to 
the magnitudes of the resisting couples required to balance the bending 
moments at the several corresponding sections ; and hence, for any par- 
ticular bending moment, the longer the ordinate, the smaller the cor- 
responding resisting force required to form the necessary couple; and, 
therefore, of all the curves possible under given conditions, that one will 

* RanKine’s Applied Mecbanics, Srd Edition, p. 316. 

VOL. II. ® 
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represent the curve of least resistance which, while falling within the 
prescribed limits of joint areas, is the mo^t concave of all with regard to 
the axis of abscissce. 

68. Now in the general case of a masonry arch subjected to the 
action of oblique loads, since the angles of the several equilibrium 
polygons possible under given conditions must all lie on the lines of 
action of the corresponding loads, if the latter be all inclined at different 
angles to the direction of the total resultant load, the several values of 
the bending moment, measured at any section whose plane is parallel 
to that direction, will differ with difterent polygons, for they will vary 
according to the several positions of the angles of the polygons, that is, 
according to the manner in which the arch ring can resist the several 
applied loads at different points along their lines of action. Hence, the 
several polygons and corresponding curves of resistango must, in this 
case, all be different, although each will represent for its own particular 
loading tba law of variation of the bending moment. 

69. But in the case of a masonry arch loaded with a system of paral- 
lel loads, the value of the bending moment at any section whose plane 
is parallel to the direction of those loads is (as has been already pointed 
out) constant, and hence the law of variation of the bending moment is 
constant also for all equilibrium curves possible. 

In this case, therefore, however flat or curved the lines of resistance 
may be (which is simply due to varying the scale to which the ordinates 
are plotted, while retaining that of the abscissae constant), they really 
all, cceteris paribus ^ represent but one and the same curve, and may, as 
in the case of the equilibrium polygon, be regarded as shadows^ or 
parallel projections, of some one ideal curve of bending moments existing 
in a plane which is inclined to that of the arch section under consideration 
and projected on to the plane of the paper by parallel rays. In this case, 
therefore, having drawn one equilibrium curve, in the manner explained, 
in order to ascertain whether its figure will lie within the two curves 
representing the available area of material resistance offered by the arch 
ring, it is open to us efther to make a projection of the equilibrium curve, 
or of the limiting curves, or of both, if necessary, and this often facilitates 
the solution of the problem. 

70. Further, in any example, whether of Case I, or II,, provided 
the system of external loads remain constant, it has been already shown 
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that at that section \vliich so divides the structure that the resultant 
partial loads on either side of it, measured parallel to the direction of the 
total resultant load (the other component being measured parallel to the 
axis of abscissse), are respectively equal to the parallel resistances at the 
extreme sections, (that is, at the points of support) the direction of the 
line of resistance is parallel to the axis of abscissae from which the ordi- 
nates of the curve are plotted, for at this section the value of the bend- 
ing moment is at a maximum, and, consequently, that of the moment of 
resistance is at a maximum also. Hence, in the case of masonry arches, 
since the curve of resistance at this section will be more concave with 
regard to the plane passing through the lines of springing of the arch 
than the curve of the arch ring, and since the former must never pass 
outside the limits of joint-areas within which resistance is possible 
(which limits are bounded by curved surfaces parallel to those of the 
arch ring), it follows that at this section of greatest bending moment 
the curve of resistance will occupy its highest allowable position when 
it touches the curve representing the upper limit of resistance area. 

71. Also a line of resistance can intersect a limiting ring curve at 
two points only, viz., at those two in which the latter meets the abut- 
ments, and at all other points can only touch it ; and it may, moreover, 
never pass below the tangent to the lower limiting curve, or above that 
to the upper, at the abutments; consequently the directions of these 
tangents determine the limiting directions of resistance at these points. 
The resistance curve, therefore, will always touch the upper limiting ring 
curve in one point at least, and may either cut the lower limiting curve 
at the abutments, or touch it at a point or points higher up. 
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TO DRAW THE LINE OP LEAST RESISTANCE IN A 
GIVEN ARCH RING FOR A GIVEN SYSTEM OP 
EXTERNAL LOADS. 

72. In order, then, to draw the line of least resistance in a given 
arch ring for a given system of applied loads, it is necessary to make 
the following four determinations, which become simple in the most 
common case of a symmetrical arch, symmetrically and vertically 
loaded 

Step L -To determine the section of greatest bending moment of 
the given arch ring under the given conditions. 

Step //.—To determine whether the curve of least resistance will 
touch the upper limiting ring curve at the point in which it is inter- 
sected by that section , and if not, at what other point or points. 

Step III , — To determine whether the said resistance curve will cut 
the lower limiting ring curve at the abutments, or touch it at some 
point or points further up , and if so, where. 

Step 1 F.— To describe the resistance curve accordingly. 

73. The following three cases will be found to include all those of 
ordinary occurrence, viz. — 

Case A.— Where the loading is symmetrically situated with regard 
to the arch ring and vertical. 

Case B , — Where the loading is unsymmetrically situated with regard 
to the arch ring and vertical. 

Case C7.— Where the vertical loading is symmetrically or unsymmet- 
rically situated, and the arch is subjected, m addition, to the pressure 
of earth, the direction of which may be either horizontal or inclined. 

This last IS the most general case and includes examples of deep 
tunnels and underground cellars. 

It will be noticed that Cases A and B are examples of parallel load- 
ing, while Case C is an example of oblique loading. 
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Determination of Steps in the different Cases, 

*?4. Step /. in all £7a5^5.— If Step I, is not self-evident, it is at once 
determined by means of any stress diagram and the corresponding equi- 
librium polygon for the given system of loads in the manner already 
explained. 

76. Steps II, and III, for Cases A and B , — Since the structure is 
stiff the lines of action of the several loads remain unchanged, and since 
in the case of parallel loading the law of variation of the beading mo- 
ment from section to section is constant, if one graphic representation 
of that law be determined, others may be described by projection. For 
regarding the equilibrium polygon already drawn as itself a projection 
of some ideal polygon of bending moments existing in a plane inclined 
to that of the arch-section under consideration (t.e., to the plane of the 
paper), and intersecting it along a fixed straight line, the plane of the 
ideal polygon may be conceived so to alter its inclination with regard to 
the plane of the paper by revolution round that straight Hne, or the 
projecting lines or parallel rays so to alter their inclinations with regard 
to the plane of the paper, that the resulting projection of the curve of 
bending moments may fall entirely within the prescribed limits, and be 
as concave as possible with regard to the axis of absciss®. The princi- 
ples on which such a projection may be made are as follows - 

I. The sides of the polygon already drawn, which are tangents to 
the corresponding curve, and the similar sides of any and all its projec- 
tions, if produced, will meet the axis of revolution or line of intersection 
of the two planes already referred to in one and the same point. Hence, 
since in the case of a stiff structure the lines of action of the several 
loads are fixed, if the figure of one projection and the position of the 
line of intersection of the planes be known, a new projection can be at 
once described, if only the direction of one side be known. 

For, it is shown in para. 91, q,v,^ that for parallel loading^ the length 
intercepted on any straight line^ drawn parallel to the direction of the loadSy 
by any two sides of the equilibrium polygon produced^ is proportional to 
the moment about that straight line of the load which is balanced by those 
two sides. This being true for each load, and the structure being stiff, 
and the values of the moments therefore constant for all the equilibrium 
polygons that can be described for the given system, the intercepts on 
any given straight line are constant also. 
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11. Since a re-projecting of the imaginary curve is equivalent to 
altering the scale to which its ordinates (pr abscissaB) are plotted while 
retaining that of its abscissee (or ordinates) constant, if the figure of one 
projection be given, and the new value of any one ordinate (or abscissa) 
be known, the new values of all the other ordinates (or abscissae) may 
be determined by simple proportion. 

The relations which the properties of the circle bear to those of the 
several conic sections, which may be described by parallel projection 
from it, afford a familiar illustration of the properties above described. 

76. Step II. must be determined by inspection as follows : — 

In Case A, the line of least resistance will, as a rule^ touch the upper 
limiting ring curve at the section of greatest bending moment, and the 
common tangent at that point, therefore, become the axis of revolution, 
or common intersection of the two planes above referred to. Step III. 
will determine itself during the process of projection. *An Example is 
given in Scy^tion III., Part II. 

In Case Steps II. and III. are determined by comparing the form 
of the equilibrium curve with those of the limiting curves of the arch- 
ring; and in doing this the tangents to the former (or sides of the 
corresponding polygon), which require especial attention, are those in 
the neighbourhood of which the direction of the curve changes most 
suddenly. These may be called the critical sides. The comparison is 
best effected by projecting the ring curves on to the equilibrium poly- 
gon as follows 

Using the resistance curve already drawn and plotting from its axis of 
abscisscB, or closing side (stress 8 of Plates I. and II.), make the ordinate 
of the upper limiting curve at the section of greatest bending moment 
equal to that of the resistance curve at that section, and proportion- 
ately alter the lengths of all the other ordinates of both limiting curves. 
The resistance curve will then cut the upper limiting curve thus trans- 
formed at the section of greatest bending moment. In other words, re- 
plot the limiting curves from the axis of abscissae of the resistance curve, 
altering the scale of or(Unates in the ratio of the length of the ordinate 
of the resistance curve at the section of greatest bending moment to 
that of the original upper limiting curve at the same section. The form 
of the resistance curve can then be readily compared with that of the 
limiting curves, and the point or points of probable contact ascertained. 
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Step II. having been thus determined by inspection, a tangent is 
drawn to the unprojected ploHing of the upper limiting curve at its 
point of contact with the equilibruim curve (or line of least resistance), 
and the polygon, already drawn, or its corresponding curve, is projected 
in the manner already described by revolution round this common inter- 
section of the planes, so as to fulfil, as far as possible, the required 
conditions. As a rule, a second projection will be necessary, and this 
must be made round the ordinate (produced) at the said point of con- 
tact. Step III. will, as before, determine itself during the process of 
projection. An Example of Case B is given in Section III., Part 11. 

77. Steps IL and IIL for Case (7. — Since in this case the equili- 
brium curves cannot bo projected, the line of least resistance must be 
determined by trial, the limits of pole-area being first determined, and 
resistance curves described until a suitable one be obtained. 

78. The method of finding the limits within which all possible poles 
lie is best explained by an example. Suppose a given arch^ring to be 
subjected to the action of any system of oblique loads, such as that 
shown in Plate IV. With any pole P draw a stress diagram and its cor- 
responding equilibrium curve. Let p be the point in which the straight 
line Aa, representing the total resultant load, is cut by the closing 
vector Vpn. Aa is divided at p proportionately to the resistances 
(parallel to Aa) at the points of support A and E, Since the system of 
loading is constant, the closing vector of all stress diagrams correspond- 
ing to equilibrium curves which balance the system must pass through p. 
Hence all poles must lie within the straight lines a?,p and which 
are drawn through p parallel to the straight lines a' E and Ae', which 
join diagonally the points A, o', e', and E, being the extreme corners of 
the limiting resistance area of the arch-ring. 

79. The limits of pole-area in the other direction may be determined 
sufficiently accurately as follows : — It has been already shown that the 
tangent to the equilibrium curve at the section of greatest bending mo- 
ment is parallel to the axis of abscissas of the curve. Let this tangent 
{Plate IV.) meet S/^j, the line of action of *he resultant Aw of all 
the loading which acts to the left of the section of greatest bending 
moment in the point S/. Suppose the resultant load Aw to be 
resolved at 8/ into Ap {Fig, 20) parallel to Aa, and pit parallel to the 
axis of abscissaB, The latter is counteracted at 8/ by the stress wP 
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acting along the tangent at S. There remain at S,' the two forces 
Ap and pV. ^ 

Now the bending moment at G^ {Fig. 19), the point in which the line 
of action of the total resultant load meets AE, is equal to the moment 
of pA at A, less that of Ap at S/ ; and the moment of resistance at G, 
is equal to the moment of pP at 8. 

If through S/ the straight line be drawn parallel to Aa, the 

bending moment at G, will be graphically represented by the area Atr^, 
and if er^SJ be taken equal to G^S, and the points 3 ^ and p be joined 
and produced to meet a straight line drawn through A parallel to 
Pp in and the parallelogram completed, then will the comple- 
ment py/ be equal to the complement A<7j, and the former will repre- 
sent the moment of resistance, so that Ay, becomes the polar distance 
corresponding to the ordinate G,S. 

Hence (vide Plate IV.), in order to find the polar distance corre- 
sponding to the point 8/ on the line of action S/y, of the partial load 
Att, draw through S/ a straight line parallel to Aa, making cr,a, 
equal to the ordinate GS of the upper limiting curve at the section 
of greatest bending moment, and complete the parallelogram y,aj, as 
already explained. 

The greatest possible ordinate of any equilibrium curve whatever of the 
given system is G,S, G, being the point in which the straight line AE 
meets the line of action of the total resultant load yy,, and S that in 
which the upper limiting ring curve meets it. 

The least possible ordinate is G^S^, G^ being the point in which the 
straight line meets yy,, and S, that in which the lower limiting ring 
curve meets it. 

Since the most concave equilibrium curve possible is sought for, the 
former pole-locus, corresponding, that is, to the greatest possible ordinate 
G,S, only need be drawn. (Both are shown in Plate IV.) 

The required limits of pole area are thus represented by the figure 
and the pole, corresponding to the line of least resistance, will 
be as near the limit as possible. 

80. If a pole be not readily found which yields an equilibrium curve 
fulfilling the required conditions, then the critical side or sides of the 
polygon already drawn must be determined by inspection in the manner 
already explained, and the lines of action of the resultants of the loads 
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balanced by it or tbem, on either side drawn in. A point must then be 
chosen in each line of action such that the straight line joining them, 
which gives the direction of \he new critical side, together with the 
extreme sides of the corresponding polygon may yield a curve fulfilling 
the required conditions — remembering always that the two extreme 
sides of all polygons must meet in a point in the line of action of the 
total resultant load, 

81. If the sides of the polygon bo numerous, it should not be des- 
cribed by commencing at one extreme side, and then drawing the other 
sides successively, because the errors of drawing are cumulative, and 
slight ones must necessarily have already occurred in determining the 
lines of action of the resultant loads. Commencement should, therefore, 
be made at foui points, viz,, at each extreme side, and at each extremity 
of the critical side. 

82. When drawing equilibrium polygons care must always bo taken 
not to draw reversed polygons, but to see that the forces measured at the 
different points are considered in their proper order and direction. The 
greatest accuracy of drawing is always necessary. 

The above description will be best understood by help of the following 
example : — 

General Case of the Arch. 

83. A given arch ring is loaded with any given system of loads, such as 
that shown in Plate IV. ; required to draw the curve of least resistance. 

Let the given arch ring be semi-circular and meet the abutments 
at points B', B" {Plate IV.) The polygon AA'B'C'D'E'F'G'a 
{Fig, 20) represents the load, which is borne by it, and resistance is 
only possible within the area indicated by the thick lines of the arch ring 
{Fig* 19). Kequired to examine if it be possible to draw a line of least 
resistance within these limits. 

Join Aa {Fig. 20): then Aa represents the total resultant load both 
in direction and magnitude. 

Conceive planes, at right angles to the plane of the paper and parallel 
to Aa, to pass through the points B', B**, in which the arch ring meets 
the abutments, and let them intersect the limiting arch rings in A, a' and 
E, e' respectively. The limiting area of resistance is denoted by the 
semi-annulus Aa'Se'ES^^A, and within these limits the required line of 
least resistance must lie. 

VOL, ir. F 
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III order to find the line of action of the total resultant load, take any 
convenient pole P, and describe a stress diagram and the corresponding 
equilibrium polygon (as indicated by thi i lines, Figs» 19 and 20), taking 
care that all its sides be numbered similarly to the corresponding 
stresses in the stress diagram ; that all the forces acting on the arch ring 
be included*; and that its extreme angles lie along the straight lintjs 
passing through a'B', e'B", which are parallel to A«. It will often 
be found convenient to describe this trial polygon below the diagram 
representing the arch ring, to avoid confusion {vide Fig^ 19). Let the 
straight lino drawn through the pole P parallel to the closing 
side, or axis of abscissae of the polygon, meet Aa in p. The point p is 
constant for all poles. A point g' in the line of action of the resultant 
load may bo found by producing the directions of the extreme sides or 
links, 1 and 8 of the polygon, and a second point, by completing the 
parallelogram A^, and drawing through n a straight line pari^lel to the 
diagonal Ae {vide para. 17). 

In the "example under consideration, the critical sides are evidently 
Nos. 1, 4, and 8. 

Find the lines of action of the resultants of the forces which arc 
balanced by side 4 (2.^., of the forces A'B'C' on the one side and 
of D'E'F'G' on the other), in the manner already explained, that is, by 
drawing through the point of intersection of sides 1 and 4, the straight 
line Sg'^3 parallel to Ay, Fig. 20, and through the point of intersection 
of sides 4 and 8, parallel to ya. Now choose points S3', S3" in 
these respective lines of action such that, while the straight line S3' S3" 
almost touches the upper ring curve, the straight lines drawn through S3" 
and S3', to almost touch the lower limiting curve, may meet on gg^ (the 
line of action of the total resultant load), and the consequent pole O 
yield a polygon fulfilling the requirements already detailed. By almost 
touch^' is meant that the form of the polygon must, in fact, be such 
that the curve corresponding to it, and not the polygon itself, shall touch 
the limiting curves. 

The extreme sides and closing side only of the required polygon are 
shown in Plate IV. • 

84. An example of each of the simpler cases A and B is given in 
Section III., Part II. 

• It may be sometimes necessary to deal with tho resultant of two or more of the forces, for 
convenience. 
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SPECIAL APPLICATIONS OF THE EQUILIBRIUM POLY- 
GON TO CASES OF PARALLEL LOADING; CENTRE 
OF GRAVITY AND MOMENTS OF INERTIA. 

Redactions at Points of Support. 

85. The following will often be found a convenient method of deter- 
mining the re-actions at the points of support of a beam, loaded with 
parallel detached loads : — 

Let the beam A' A", Fiy. 21, be supposed loaded with detached loads 
Wj, Wjj, Wj, and W^, in the manner shewn j required to measure the 
re-actions at the supports. 

Set off the loads on any convenient scale and in their proper order 
fiom one extremity of the beam, as A', and at right angles to it, as A'a, 
and, taking the other extremity A" as pole and also as one extremity 
of the equilibrium polygon, describe the stress diagram A'aA"A', and 
the corresponding equilibrium polygon in the usual way. 

It is evident that the segments A'o and oa represent the re-actions at 
the points A' and A" on the same scale as A'a represents the total load. 

Centre of Gravity and Centre of Inertia, 

86. Before proceeding further, it may be as well to point out that 
there is a difference between the Centre of Gravity of a body and its 
Centre of Inertia or Mass ; the two terms not being synonymous. 

The Centre of Inertia or Mass of a system of material points, wheth- 
er connected with one another or not, is referred to and defined in 
Thomson and TaiPs Elements of Natural Philosophy (1873), para. 195, 
as the point whose distance is equal to their average distance from 
any plane whatever.” ** The Centre of Inertia or Mass is thus a perfectly 
definite point in every body or group of bodies. The term Centre of 
Gravity is often very inconveniently used for it. The theory of the 
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resultant action of gravity shows that, except in a definite class of dis- 
tributions of matter, there is no fixed point which can properly be called 
the Centre of Gravity of a rigid body. *In ordinary cases of terrestrial 
gravitation, however, an approximate solution is available, according to 
which, in common parlance, the term Centre of Gravity may be used as 
equivalent to Centre of Inertia; but it must be carefully remembered 
that the fundamental ideas involved in the two definitions are essentially 
different.*’ 

Determination of the Centre of Gravity. 

87. The application of the equilibrium polygon to the determination 
of the position of the Centre of Gravity of a structure is obvious from 
what has already been explained. 

The structure may be supposed divided up into any number of parts 
by planes conveniently placed, and the mass of each phrt supposed to 
be concentrated at the centre of gravity of the latter. The structure 
may thus be reduced to an equivalent system of material points. 

If we suppose the structure divided by parallel planes at unity dis- 
tance apart, each sectional area may be supposed divided up into tri- 
angles, trapezoids, or rectangles, and each of these partial areas reduced to 
that of a rectangle of constant base-length, the height of which will thus 
be proportional to the area, and hence to the force of gravity acting on 
it. Regarding these lengths as forces acting at the centres of figure 
(i.e.f of gravity) of the partial areas, we obtain a system of parallel loads 
in the line of action of the resultant of which the centre of gravity of 
the system must lie. This resultant line of action may, as already 
explained, be determined by means of a force, and an equilibrium, poly- 
gon. 

Again, if we suppose the same forces to be revolved through an 
angle, say 90^, while their points of action remain unchanged, we shall 
obtain a second force, and a second equilibrium, polygon, and so also the 
line of action of a second resultant, likewise passing through the centre 
of gravity of the system. The point in which these two lines of result- 
ant action intersect will obviously be the centre of gravity of the 
system. 

If the given area has an axis of symmetry, this may, of course, be 
regarded as one resultant line of action. 
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This method, it will be seen, is equivalent to a graphic application of 
the well known practical rule for finding the centre of gravity of an 
irregular figure; — Cut the figure drawn to a large scale out in card 
board, and suspend it in two positions by a fine thread. The intersec- 
tion of the two lines of thread corresponds with the position of the centre 
of gravity of the figure.*’ 

If the forces, in the above method, be supposed to be revolved 
through a right angle, it will be unnecessary to describe a second force 
polygon ; the one first described may be utilized by laying the edge of a 
set square along its stress lines, and so obtaining a second series of 
stress lines at right angles to the first set. 

88. In Plate VI., Figs. 24 to 27, an example of this method is given. 
The points Va» represent the positions of the cen- 
tres of gravity of five areas, weighted respectively and 

Through the given points axial lines are first drawn at right angles to 
one another, as shown in Fig, 24, and, with any convenient pole P, as 
in Fig, 25, a force polygon is described, and its stress lines numbered 
consecutively 1, 2, 8, 4, 5 and 6. If the straight lines 1', 2', 3', 4', 5' 
and 6' be set off at right angles to these, and correspondingly numbered, 
they will evidently be parallel to the sides of the second equilibrium 
polygon, which is to be drawn. In any convenient position, now, in 
prolongation of the lines of action drawn parallel to the direction marked 
YY, the equilibrium polygon is described, and its resultant line 

of action Y Y drawn in. A similar operation is performed for the direction 
marked XX, and the resultant line of action XX is drawn in by means of 
the equilibrium polygon ah*c*d'ey\ Fig, 27. In describing these poly- 
gons it is only necessary, in order to avoid confusion, to pay attention to 
the numbering of the bars balancing any particular load. Thus, the bars 
numbered 1 and 2, as well as those numbered 1' and 2', balance the load 
Wi\ similarly bars 4 and 5, as well as 4' and 5', balance load and so 
on ; so that bars 1 and 2, or T and 2', as the case may be, must meet on 
the line of action passing through g ^ ; and bars 4 and 6, or 4' and 5', as 
the case may be, must intersect in the line of action passing through g ^ ; 
and so on. The intersection of the resultant lines XX and YY obvi- 
ously fixes the position G of the centre of gravity of the system. 

89. The equilibrium polygons, Figs, 26 and 27, evidently enable 
the positions of the centres of gravity of any group of the given system 
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of loads to be determined. For instance, if the directions of bars 1 and 
3, or r and 3', be produced, and through their point of intersection 
straight lines be drawn parallel to XX afid YY respectively, then will 
the intersection of these straight lines fix the position of the 

centre of gravity of loads and Similarly, axial lines drawn through 
the intersections of bars 1 and 5, and of 1' and 5', will fix the position of 
the centre of gravity of loads to u\ ; and so on. 


The Centre oj Gravity of Quadrilateral Figures. 

90. It will be well here to introduce the following propositions : — 

(1) . To find the centre of gravity of a trai^ezium . — Bisect the parallel 
sides AB and DC, Fig. 22, of the trapezium ABCD in the points E 
and F. Join EF. The required point must lie in the axis of symmetry 
EE. Join DE, BF, and draw g^g^., joining g^ and g^ the centres of gravity 
respectively of the triangles DAB and DCB. The intersection Q of 
the straight lines g^g^ and EF is the centre of gravity of the trapezium. 

(2) . To find the centre of gravity of an irregular quadrilateral ABCD, 
Fig, 23.— Draw the diagonals AC, BD; bisect AC in E; join ED, 
ED, and draw parallel to BD, through the centre of gravity, either 
of triangle ADC, or triangle ABC. Take DH = BF, and join HE. 
The intersection G of HE and g^g^ is the required point. 

N,B . — Method (1) will generally be found quicker than method (2) 
for the case of a trapezium. 

The graphical equivalent of the expression S ivx. 


91. If the directions of the sides 3, 4 and 5 of the equilibrium 
polygon of Fig, 26 be produced to meet YY in the points yj, and c, 
respectively, the triangles and so formed will evidently 

be similar to the triangles 34 Wg, 45 and 56 respectively of the 
corresponding force polygon of Fig, 25 ; and if wc put ar^, for 
the distances to the right of YY of the several lines of load and 

w^y and^ for the length of the polar distance P, Fig, 25, the following 
relations will obtain — 




p : : 

: ^^5 : : n : 



p ' 
p 
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Now €,/, are the lengths intercepted on Y Y by the directions of 

the sides 4, 5, and 6 of the equilibrium polygon while 

and measure the monisnts of the several weights w^y and 
about the axis YY ; and the length of p is arbitrary (say 5, 10, or 100 
weight units according to the scale employed) ; so also if /3, be the point 
in which the side a^b^ intercepts Y Y, and we put — and — for the 
distances to the left of YY of the lines of loads and w^y we shall have 


y,/J, (= - 


102 ^ 1 \ 
IT ' 


P : w. : : - (= - 

The above relation is, moreover, evidently quite general ; that is to 
say, that for a^y axis sj'^, taken parallel to the loading, the moments of 
the loads iv^y w^y w^y and w^y situated to the right of s^f^y are proportional 
to the lengths yj^^y intercepted on sj^ by the corresponding 

sides of the polygon produced, while the moment of the load w;,, situated 
to the left of s^fy is proportional to — * 

Hence, the general theorem, — The lengths intercepted on any straight 
line drawn parallel to the direction of the loading by the sides of the equili- 
brium polygon produced y are proportional to the moments of the correspond- 
ing loads measured with regard to that straight line ( due attention being 
paid to the direction in which suck moment acts), 

91a. This theorem is especially important in its bearing on the 
graphical determination of the product and moments of inertia of a 
system of parallel forces, and it will also be evident that, — granted its 
truth, — it follows that the equilibrium polygon drawn for any given 
system of loads applied to a given structure affords a graphic represent- 
ation of the bending moment at successive sections of the structure 
whose planes are parallel to the direction of the total resultant load. 

For, suppose the polygon, Fig, 26, to represent the equilibrium polygon 
of a given structure, spanning the interval AH, and drawn for any given 
system of loads (para. 10), whose total resultant line of action is ff. 
Consider the equilibrium of any section s^y^ of the structure, whose 
plane is (perpendicular to that of the paper and) parallel to ff. The 
oblique loads, if any, being resolved at the points in which they meet 
the frame parallel to /i/a and to the closing side AH, the former com- 
ponents combine with the forces parallel to /,/, to form the resultant 



40 


CHAPTER Vir. 


[ ART. 92i-94. 


bending couple; those, if any, parallel to AH meet the plane of the 
section and combine with the resistances there to form the resultant 
couple of resistance. ^ 

This may be easily proved by reference to paras. 33 and 34, and Figs. 
1 to 3 of Plate 1. For the resultant load hc^ for instance, which acts 
on the section of the structure at the point of intersection of bars 
3 and 8 (being the bars which balance it) may be there resolved into 
the forces A;c', Fig. 1, parallel to the total resultant load ag^ and lik -f- 
c/c combining with and acting along stress 8, so that along the closing 
piece 8 the forces PA 4* + c'c now act. The resistance of bar 3 is 

measured by cP, Fig. 1, that is, by c'k parallel to ay, and cc' + kh + 
AP parallel to stress 8 ; so that the bending couple acting at the section 
is the moment of Ac', and the resisting couple that of PA + hk 
+ c'c. 

Returning now to the theorem under consideration 9 >nd to J^^'g. 26, 
the moment of the component, parallel to /j/^, of the resistance at H 
— the force, that is, which is balanced by the sides AH and Hcj, of the 
polygon, — is represented by the intercept the moments of the re- 
maining forces acting to the right of the section by the intercept 
the bending moment, therefore, being measured by the difference 
of these moments, is represented by the intercept So also for any 

other section. 

The application of the theorem to cantilevers is self-evident. Any 
portion of the frame. Fig. 26, may be regarded as representing the 
neutral axis of the equivalent pieces of a cantilever (para. 27). Suppose 
the portion Acfj to be loaded with a given system of loads at the angles 
Uj, Aj and Cj of the frame. The bending moment at any section of 
the structure is represented by the intercept 

92. It will be observed that the above method affords a graphic 
method of determining the value of the expression Sica:, where w repre- 
sents any one of a system of detached loads, and x the distance of its 
line of action from any axis taken parallel to the latter. 

93. It is to be particularly observed that the method described in 
para. 91 is equally apphcable to oblique, as to rectangular, co-ordinates. 

The Moments and Products of Inertia of a System of Parallel Loads 
with regard to a given axis. 

94. In para. 91 it is shown that, for a system of parallel loads, the 
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length intercepted on any gi?en axis (drawn parallel to the direction 
of the loading) by any two sides of the equilibrinm polygon produced, 
is proportional to the moment of the load, which is balanced by those 
two sides, with regard to that axis, due attention being paid to tho 
direction in which each moment acts. 


If, now, the intercepts so obtained be regarded as representing new 
values of the corresponding loads, acting at the same points as before 
and parallel to their former direction, and if a new force polygon be 
described, with the former, or some more convenient, polar distance, and 
with the new values of the forces substituted for the former (due regard 
being paid to their directions), then will the lengths of the new intercepts 
on the given axis, obtained in exactly the same manner as before (t.e., 
by describing ah equilibrium polygon, with its angles lying on the direc- 
tions of the forces, and producing its sides to intercept the given axis) 
be propv^'itional to the moments of the moments of the original system 
of parallel loads, taken with regard to that axis ; and the supi of such 

intercepts will, therefore, represent the value of the expression 

being the Moment of Inertia of the system with regard to tho given 
axis divided by an arbitrary quantity. 

95. Figs, 28 and 29, Plate VI., illustrate this. Fig, 28 shows a 
force polygon, described with polar distance q and forces equal to 

^^9* 26, These forces (para. 91) are the 

following 


/,€, represents 

P 

acting downwards at the point g^. 


»» 
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»» tf 
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It will be seen that the polygon of external loads a,y,/, Fig, 28, is a 
closed one, and that, therefore, the extreme sides of tho corresponding 
equilibrium polygon ^^9* 29, are parallel. The consequence of 

this is that the intercepts of its sides on the axis YY are 

all positive^ which agrees with the analytical meaning of the expression 
'Zwx^, The sum of their lengths, therefore, determines tho value of 
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the Moment of Inertia of the system about the given axis, since the 
values of y and q are arbitrary, for 

96. With regard to the lengths of the polar distances it must be 
carefully borne in mind that, should the intercept be measured in units 
of length, the polar distance must be reckoned on the scale of loads, 
and vice versd, 

97. If the second force polygon, Fig, 28, be now turned until the 
load line becomes parallel to the XX axis, in exactly the same man- 
ner as was employed for determining the centre of gravity of the 
system, and a new equilibrium polygon, as shown in Fig, 30, be 
described, then will the new intercepts on the axis taken parallel to the 

line of loads be of the form and their algebraic sum proportional 

to Steady, the Product of Inertia of the system relatively to the axes 
chosen. 

98. The following relation may be noted; — In para, 91, it is shown 

that the intercept on any axis, parallel to the loading, made by pro- 
ducing two contiguous sides of the equilibrium polygon is equal to the 
numerical value of the moment, with regard to that axis, of the 
load balanced by those sides, divided by the polar distance of the 
corresponding force polygon. For instance,* if c^, Fig, 26, be the 
distance of the line of action of load from axis /i^o, then 

Multiplying both sides of the equation by ^ we have 

'P £ 

c tv c ^ • 

X ^1-= or, in words, the area of the triangle =■- mo- 

ment of inertia about of the load iVg, divided by the arbitrary 
length 2p. This relation being true for each one of the loads there fol- 
lows : — The moment of inertia of the system is proportional to the area 
of the figure bounded by the given axis (/^yo)? by the extreme sides 

produced of the equilibrium polygon less the area of the 

equilibrium polygon itself 

99. The moments of inertia of a system of material points about 
any axis is equal to the moment of inertia of the system about a paral- 
lel axis passing through its centre of gravity plus the moment of inertia 
of the entire mass, supposed concentrated at its centre of gravity, about 
that axis. 
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For if AB, Fig. 32, Plate V., be any axis about which the moments of 
inertia of the system are to be measured, and YY a parallel axis passing 
through G, the centre of gravity of the system, the distance of AB from 
G being denoted by 5, that of any centre of mass g from AB by a:, and 
from YY by x\ then, if m be the mass concentrated at g, we have 
mx^ = m (a? xy m (x^ + 2xx' + cc'*). 

And for the system, Sma;* = Xm (x^ -}- 2xx' + a?'*). 

But, since YY passes through the centre of gravity of the system 
Zmx = 0, therefore hmx* = S/?i x^ + Zmx*. 

100. If Ixjly denote the moments of inertia of a given system of ma- 
terial points about rectangular axes XX, YY, and I*, those about an axis 
ZZ, perpendicular to the plane in which XX, Y Y lie, and passing through 
their point of intersection O, Fig. 33, then will the relation obtain 

1 ,== + 

For, :onsider any centre of mass 7?i, distant r from O, the co-ordi- 
nates of which are x and y. The moment of inertia of m about O = 
Tnr* =1 mx^ 4- my'^, which relation, being true for each material point of 
the system, we have the constant polar relation Swr* =: Smo;* + or 
I = Ix + ly. 

101. If Ix, ly, denote the moments of inertia, and Kxy the product 
of inertia of a system of material points relatively to rectangular axes 
YY and XX, passing through the centre of gravity of the system, it is 
evident that if the axes of co-ordinates be supposed to revolve round their 
point of intersection, the values of I*, ly, and Kxy must vary. Those axes 
for which the value of one of the expressions I* or ly is a maximum and 
the other a minimum are called Principal Axes, and for these the value 
of Kxy is zero (para. 105, and Rankine’s Applied Mechanics, 3rd Edi- 
tion, para. 95). 

Eadius of Gyration. 

102. If I = measure the moments of inertia, of a system of 
material points about an axis, and k be such a length that k^J,m = Sma?*, 
then is k called the radius of gyration of the system. 

Having found the value of 'Zmx^ by the method described in Art. 94, 
it will be seen that that of k may be geometrically determined in the 
following manner. 

It will be remembered that, in order to measure the moment of inertia 
of a system of parallel forces, we must describe two force and equilibrium 
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polygons, and that if the pole distances be p and q respectively, we have 
the following relation between the intercept a,, Fig, 29, cat off from 
the given axis by the extreme sides of thb second equilibrinm polygon 
X jp X ^ = Sma* = (by hypothesis) 


Now 'Lm is proportional to, and may be supposed to be represented 
by, AB, the load line of the first force polygon, Fig, 25, and the value 
of k may therefore be determined by the following construction^ 

Set off Ar, Fig, 25, equal to the second polar distance and draw 
rir parallel to BP, and jtt parallel to the direction in which the second 
pole distance p is measured, that is, perpendicular to AB, 

Then ^ 

p AB 


and, therefore, k = sj x nt. 

The construction of Fig, 31 for finding a mean proportion between 
the lengths /,a, and let is obvious. 

103. In a similar way a length c may bo found such that c* Dm = 
Smxy, or an area C, equal to the square on c, may be found, equivalent 
to the linear portion of the expression for the product of inertia, 

104. Given the radii of gyration of a system of material points about 
rectangular axes passing through a given origin^ required the radii of gyra- 
tion of the same system about rectangular axes having the same origin but 
making an angle d with the former axes. 


Let C, Fig, 34, be the origin, CX and CY the old, and CA and CB the 
new, axes of co-ordinates. Let a*, 5*, c*, be the radii of gyration referred 
to the old, a'* 5'* and o'* those referred to the new, position oi the axes. 

If a?, y be the old co-ordinates of any point, of mass m, the new co- 
ordinates y are related to them as follows : — 

It is evident from Fig, 34 that 

® tan 0 + 

r\ y' z=: y QOS 0 X sin 0, (1). 

Also, x' = + y' tan 0 ; therefore, substituting for y' we have 

a?' =: a; cos 0 + sin 0, (2). 


• Dabois’ “ Of aphlcftl Static*, ” 8rd Bditlon, p. 64. 
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Squaring (1) and multiplying by m, we have 

s= my* co8*0 — 2 cos 0 sin 0 mxy + maj* sin* 0, 

A Smy'* = cos* 0 Smy* — 2 cos 0 sin 0 Smary + sin* 0 Sma:* 
or a'* 2m == cos* 0 2m — 2c* cos 0 sin 0 2m + ^* sin* 0 2m 

a'* r=3 a* cos* 0 — 2c’ cos 0 sin 0 + 5* sin* 0 

= {a* — 2c* tan 0 + 5* tan* 0} cos’ 0. 
a' = |(5 tan 0 oj ^)* + (a* — cos0, (3). 

Similarly 5' = | (a tan 0 + + (6* — jl) | * cos 0, (4). 

Now the expression under the radical sign may be easily constructed 
geometrically, as follows 

Set off the given radii of gyration a and h above and below, and to 
right and left of, the origin C, along the X and Y axes, and through 
their extremities draw straight lines parallel to the axes, thus forming 
the rectangle XYX' Y', Fig, 34. Describe a semicircle on two contigu- 
ous sides of the rectangle, so that the radius of one is a, and that of 
the other h (as shown in Fig, 34). 

If OK be the new direction of the X-axis, making an angle 0 with 
CX, we have KX =: a tan 0, and Y'K' == 5 tan 0. If, then, the 

known quantities — and be set off, the former downwards from X 
to G, the latter to right of Y' from Y' to G', we have GK = a tan 0 
+ — and G'K' = h tan 0 — -4-, But XH = b, and Y'H' = a, so that 

GH =y 6* - and G'H' = J a* - -y. Therefore KH = | (o tan 0 

+ £)’ + (Ji _ g) [ = y sec 0, and K'H' = j (J tan d w )’ + 

The construction of Fig, 35 for finding the quantities — and 
obvious. Set off CD = c at right angles to AD = a, and draw CB at 
right angles to AC to meet AD produced in B. Then DB = and 
since 



if DO be produced to E, so that DB = AD = a, and AB be produced 
to F, 00 that DF 5, and FE be joined, and BG drawn parallel to FE 
to meet ED in G, then 
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DF: DE:: DB; DG 



Hence, if semicircles be described with centres K and K', Fig. 84, and 
respective radii KH and K'H' to cut the axes drawn through X and Y 
in the points k, k, and k\ k\ and through the pairs of points straight 
lines be drawn parallel to the new axes, t.«., through the points it, k 
straight lines parallel to CK and through the pair A;', straight 
lines parallel to CK', then will the new radii of gyration CA or CA' 
and CB or CB' be determined. 

In this way, by taking a series of points, as Q, joining Q to H, 
and describing the arc to meet the axis drawn through X in the 
points k^ k^y the radius of gyration Cg' may be determined ; and like- 
wise by producing Qq to meet the axis drawn through Y' in Q' 
joining Q' and H', and proceeding as before, the radius Cg may be 
determined. 

In this ^ay the locus of the extremities of the radii of gyration of the 
given system for diflferent positions of the axes CX and CY might be 
determined. It is known as the Curve of Inertiay and, for a system of 
material points, will be found to be a closed curve. It may be shown to 
be an ellipse as follows : — 

105. To determine the locus of the extremities of the radii of ggration, 
for a given system of material points^ drawn from any given point as 
centre^ — By supposing three planes of reference to pass through the 
given point, and the several centres of mass of the given system to be 
referred to them, we may, by dealing with that one of them containing 
the X-Y axes, find the radii of gyration a, and c, of the given sys- 
tem with regard to them, and form equations (3) and (4) of the pre- 
vious paragraph. As a similar operation may be performed for the 
X-Z axes with similar results, it will be sufficient to confine our attention 
to the former plane. Equations (3) and (4) of the previous paragraph 
may be written — 

a* cos* Q — 2<?* cos 0 sin 6 + 6* sin* 0 a'^ =: 0, (6). 

a* sin* 6 + fic* cos 0 sin 0 + 6* cos* 0 — 6'* = 0 (6). 

Now the curve is, by hypothesis, a central one, and the equations re- 
main unaltered by writing — a', and — V for +.a' and + 5', that is, the 
points answering to equal and opposite values of a', 6' are equidistant 



ART. 105.] EQUILIBRIUM POLYGON, CENTRE OF GRAVITY, ETC. 


47 


from the given central point, or origin ; a and b are the semi-lengths 
of chords which correspond with the given axes of co-ordinates X and Y, 
and may, therefore, together with c be regarded as constants, and the 
same quantities, in both equations : a and V are, by hypothesis, lengths 
of semi-chords measured at right angles to axes inclined respectively at 
90® + 6 and d to the X-axis, a' being inclined at 0 and 5' at 90® 4- 0 to 
that axis. 

If then we write k for the variable semi-length of a chord, or radius 
of gyration, and 90® + 0 for 0 in equation (6), each equation reduces 
to the form 

cos^ 0 — 2c^ cos 0 sin 0 -f 5 ^ g;u2 ^ _ j5.2 ~ o, (7), 

which may be regarded as the polar equation to the required locus. 

Now the getleral equation of a central curve of the second degree, re- 
ferred to the origin as centre, is* 

ax^ + 2 0 , ( 8 ), 

which may be reduced to the polar form by writing a? = p cos 0 and 
y p sin 0, p being any radius vector drawn from the centre as pole. 
The form of the general equation then becomes 

cos® 0 — 2A cos 0 sin 0 + 5 sin 0 + p =5 0, (9), 

which, being compared with equation (7), would lead to the conclusion 
that the required locus is either an ellipse or an hyperbola, the length 
of any radius vector of which is inversely proportional to the radius of 
gyration of the system measured with regard to that radius vector as 
axis. 

If, now, the general equation (8) be transformed to one expressing 
the equation to the curve referred to a pair of conjugate diameters as 
axes of co-ordinates, the co-elSicient h of the term involving xt/ van- 
ishes, f and, the co-ordinates being by hypothesis rectangular, these 
conjugate axes are, in fact, the axes of the curve, and the Principal 
Axes of the System. 

Hence, Jor the Principal Axes of the System^ that ta, those about which 
the Moment of Inertia has either a maximum or minimum value^ the Pro- 
duct of Inertia vanishes. 

* Todhunter's Coaio Sections. Sib Edition, para. 270, or SaYxnon’i Oonio Sections. Stb Edition, 
pars. 152. 

t Salmon's Conic Sections, 5th Edition, para. 143. 
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Equation (7) then takes the form 

a* COB* 6 + sin* 6 — A:* = 0, 

or, writing x =:z k cos d and ^ = A: sin 6, ^and A and B for the maximum 
or minimum values of a and b, 

Ax^+ — A;* = 0, (10), 

which, since A and B are essentially positive, seeing that the forces all 
act in the same direction^ represents the equation to an ellipse.* 

Hence, the general statement made in para. 237 of Thomson and 
Tait’s Elements of Natural Philosophy,** (1873 Edition). 

** For every rigid body there may be described about any point as 
centre, an ellipsoid (called Poinsot’s Momenta! Ellipsoid) which is such 
that the length of any radius vector is inversely proportional to the 
radius of gyration of the body about that radius vector as axis. The 
axes of the ellipsoid are the Principal Axes of inertia of the body at 
the point in question. • * 

When the moments of inertia about two of these are equal, the 
ellipsoid becomes a spheroid, and the radius of gyration is the same for 
every axis in the plane of its equator. When all three principal mo- 
ments are equal the ellipsoid becomes a sphere, and every axis has the 
same radius of gyration.*’ 

106. Now, the angle through which the rectangular axes of equa- 
tion (8) must be turned, in order that it may express the equation of 
the curve referred to its principal axes, is such that 

tan 2 z= — t 
^ a— & 

Hence, in order to measure the radii of gyration of the system with 
regard to the Principal Axes by the method of para. 104 we must sup- 
pose the X-axis turned through an angle 0, such that 

tan ^ 2 Xmxy 

^ a* — — b^^rn 'Lmx^ — 

the denominator and numerator of which expression are known by paras. 

94 and 97. 

107. The contents of this Chapter should be compared with paras. 
207 to 209 of Volume i. 

• Vide Duboli* “ Graphical Statics," 3rd Edition, para. 66. 

t Salmon's Conic Scctioni, 6th Edition, para. 166, or Todhunter’s Conic Seotloni, 6th Edition, 
para. 371. 
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EXAMPLES IN MOMENTS OP INERTIA. 

Moments of Inertia of bodies generally are expressed in pounds and 
feet, but for the determination of Moments of Resistance to Flexure, De- 
flection Curves, &c., the hypothetical Moments of Inertia of areas about 
straight lines in their planes only are required ; for this purpose, sup- 
posing the area to be a plane and to have no thickness, the square of 
the unit of length would be regarded as the hypothetical unit of load. 
The following two examples will serve to illustrate what is meant : — 

Example I. Fig, 35a, Plate VIIa, shows the cross section of the 
Cross girders of the Plate Iron Railway Bridge designed in Example II. 
of Chapter XXVIL, Section III. 

A scale of inch to 1 load unit is taken as the Load Scale, and one 
of yV ^ Lineal Scale, Fig, Zbh shows the moment 

polygon described in the usual way for a pole distance p\ the position of 
the straight line YY through the centre of gravity of the figure is thus 
determined, and the lengths of the intercepts on it, giving the values of 
the moments of the several loads about YY, obtained. Thus, the mo- 
ment of about Y Y is measured by a, j3, X p \ that of by /3, y, X p ; 
and that of iv^ by a, y, X p. Now each of these moments is made up 
of a certain number of load units multiplied by a certain number of 
lineal units, so that if one component of each (say a, j3,, y, or a, y,) 
be measured on the scale of loads, the other component (/?) must be 
measured on that of length, and vice versa, it being immaterial which 
component is measured on which scale, as explained in para. 96. 

In order to determine I, (the Moment of Inertia of the area,) the lengths 
tti /3| y,, and y^Uj are taken to form the load line of a second force 
polygon, Fig, 35e, with any convenient pole distance q, and the corre- 
sponding equilibrium polygon, which will be an open one, described as 
in Fig, 35c. The numerical value of I, as already explained, will then 
be equal to y^ X p X 2, and the only question is, on what scale are 

VOL. II. H 



ADDENDUM TO CHAPTER Til. 


486 

these three components to be measured. Now the quantity I is of the 
form mSa?*, being made up of a certain number of load units, multiplied 
by length units, multiplied by length units. One component of the ex- 
pression for I must, then, be measured on the scale of loads, and the 
other two on that of length. 

Now Qj y, measures 126 load units about, p measures 10 length units, 
and 5 length units. 

Therefore, I = 125 X 10 X 5 = 6,250 units of Moments of Inertia, 

Example II. is Example 111, of para. 208, page 224, Vol, I., and 
needs no further explanation. 



Fig. 36f. 



Fig. 35/* at 7 > X ;> X 7 = 1 25 X 10 X 5 = «,350 unita. 
Moment of Inertia of area. Fig. S6/, about YY, is mca«un 
Fig. 36J = at It X p X 7 = <*9 X 2 X I = 2-8 units. 


Fig. 36d. 
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CHAPTER VIII. 


THE EQUILIBRIUM POLYGON IN ITS APPLICATION TO 
THE DEFLECTION CURVE. 

108. In para. 52 it has been explained that the curve of bendiuR 
moments of a beam exhibits tlio form winch a perfectly flexible, 
weightless and inoxtensible, string would assume, whoso length is equal 
to that of the curve,” were it subjected to the conditions of loading im- 
posed on the beam itself. We propose in this Chapter to investigate 
as briefly as j)0S8ible, and by geometrical methods, the form which the 
partially stifT beam or girder itself will assume, depending, as it does 
upon the elastic properties of the material of wluch the beam or girder 
ia composed, as fully explained in Chapter XV., Vo(. I., the contents 
of which should ho compared with those of this Chapter. 

The following geometrical Interpretation (duo to Professor Mrdir) of 
the equation to the clastic curve, given in para. 284 of Vol. I., will be 
examined and applied to cases of beams — supported, continuous and 
fixed — and cantilevers. 

109. The equation, which connects the curvature assumed hy tlie 
neutral axis of a slightly hent beam at any section under a system of 
vertical loads with the bonding moment M produced at that section, is 
shown in para. 284 of Vol. 1., to be of the form 


where p is the radius of curvature of thjflWtitral axis of the heam, I 
the moment of inertia of the cross section in ijuestion, and P the 
modnlos of elasticity of the material of which the beam, or girder, is 
composed. 

From this equation we deduce the conclusion that according as M is 
positive, negative, or zero, p is positive, negative, or infinite, and the 
elastic line either curved downwards, curved upwards, or straight. 

If one extremity, the left say, of the beam be taken as origin of 
co-ordinates, and liorizonlal distances be denoted by ;r, and vertical by 
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[ ART, 100. 


y, WO have (vide para. 285 of VoL I.) for the differeatial eq^uatiou to the 
elastic hao • 


( 1 ) 

Consider first iho case of beams of umfoim cioss section. I being 

invariable for all sections, and E always constant for the particular 

material of the beam, wo have by integration 

^ — 

(lx 




± constant,. 


.(SJ). 


Now “ nioasiiros the ratio which the increment of ordinate bears to 

(f.r 

that of abscissa of the cmve, that is, it measures, at any point, the tan- 
gent of the angle winch the tangent to the cdastic curve at that point 
makes with iho rr-axis ; while the expression J Mdr denotes the area 
of the curve whose oidiimto at any jioint leproscnts M, (the bending 
moment) 

If, thev, an cquiUbiium curve or polygon bo desciibod in tlio usual 
way for the given loading, by means of a foice polygon with polar 
distance /), the following i elation, it will be renieinboicd, obtains be- 
tween its oidinatc ^ at any point and the bending moment M at 
that point (Chap. TI.), vti, — 


jt X // = M, 


so that J hocomos j ydjr, and tlie dilTorential equation to the 
elastic ciiive becomes 


A 



constant, 


(:}). 


Now j ydx represents the atea of the exuveoj bending moments between 
any given inaitSf and in older to appioMiiiate to it Ave may sup[)OBC the 
curve reduced to a polygon, and the pol)gon divided up by straight linos 
drawn paiallel to ly, and the simple areas thus obtained again reduced 
to rectangles, all of the same base length o, so that their heights become 
proportional to the simple areas themselves; and we may then suppose 
these heights to bo substituted for the simple areas acting at the re- 
spective centres of gra/ity of the latter, and, in this manner, practically 
reduce the area of tlio equilibrium curve, or polygon, to an equivalent 
system of parallel forces, each acting at a definite point. 

The expression [ will thus take the form aS/i, in which Xh re- 
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presents the sum of the heights of the mliiood rectangles between given 
limits. Instead of a curve, wcibhall now deal with a deflection polygon, 
the diflercntial equation to which at any vertical boundary of a partial 
area is of the form 


^ ^ ± i constant, (4) 

Putting tan a for tins constant, (which <inantity is again leferred to 
in the Addendum to this Chapter), etiiiation (1) becomes 

P y. (I 


— ^ tan a ± ^ — 

A h X 






and equation (2) becomes 




dz tan a zh 


,lxlf 


.(r>) 


F. X I 


If, then, a second force polygon be desciibed with S/i as load line and 
^ ^ as pole distance, the tangent of the angle of inclination of any one 
of its vcctoia to the direction of the o'-axis will be ot tlio form 17/ 

- (ns is more fully explained in ])ara. 117), and if llie corresponding 

equilibrium polygon bo described, its bides will obviously be paiallel 
to tlicse vectois. 

Let Ihib second equilibrium polygon be desciibed, and its correspond- 
ing curve be interpolated in the usual way bct\Vi‘on tlie points of contact 
of the tangents. Tlie equation of the cuivc will be obtained by inte- 
grating equation (0) and will be as follows: — 

1/ z=z .e tan a jj- ^,KJ fix ± constant, (7) 


Now, if X = 0, ^ = zh some coiihtant length, the distance of the 
origin from some fixed straight line tliawii paiallel to x-axis above or 
below it. If tlie origin be, as supposinl, at the left point of supjioit, 
this constant = 0, and et^imtion (7) Iben becomes 


!/ = ± X tau a ± J ( I Mf/x) (lx (8). 

This is the e(iuation to the Deflection Curve itself. 

When the cross section of the beam is variable, the value of 1 vanes 
with the cross section, and the form of the equation must be modified }>y 
putting I within the sign of summation, thus— 

y — zh * tan Cl ~ J ( J ^ 
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For this oasR Students are referred to para. 168 «e. ag. of Ohalmers’ 
** Qraphioal Determination of Forces in Engineering Structures.’’ 

110. The principles, then, on which the Elastic, or Deflection Ourre 
of a beam or girder may be described for any system of loads, and for 
any position of the points of support, provided the cross section of the 
beam is invariable, are briefly as follows 

First draw a curve or polygon of bending moments in the usual way ; 
then divide the area of this curve or polygon up by verticals into a num- 
ber of smaller and simpler areas ; and then reduce these simple areas to 
rectangles, all of the same base length, and regard the heights of the 
rectangles, so obtained, as forces acting at the centres of gravity of the 
simple areas. By means of these hypothetical forces wo** are enabled to 
determine, in the ordinary way, an equilibrium polygon, which is tan- 
gential to the required elastic curve at the points in whjch the verticals 
which separate the areas, meet it, and it will be seen that we can thus 
approxinfate to the form of the elastic curve as closely as we please by 
making the verticals sufficiently numerous. 

111. The application of the above method to the determination of 
the deflection curve of a uniform beam, freely supported at its extremities 
and loaded with a detached load at an intermediate point, will render 
this explanation more easy of comprehension. 

Fig, 86 shows Ex. 4, para. 182 of Vol. 1., treated by this method. 
A beam of length I between points of support at A', A^, is loaded with 
a weight W at a point Q distant x/ from A' and from A^. 

A force polygon described in the usual way, with any convenient pole 
distance, will enable the equilibrium polygon of bending moments A^'gA ' 
to be drawn. The value of the maximum moment at Q is figured y 
in Fig. 36. 

The area o( this moment polygon A''qA' equals X y, so that if 

half the distance between the points of support, or bo taken as the 

base of reduction, we h|ive the total area proportional to length y, which 
may therefore be taken as the length of the load lino in the second force 
polygon, as shown in Fig, 37, 

The area of the polygon of bending moments, Fig, 36, may be con- 
veniently divided into the two triangles A'^Q and A"^, but if greater 
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accnracj in the resulting deflection curve be required, the diyisions of 
the area by yertical straight lio^s may be made more numerous* The 
right triangular area is marked L and the left II. If the load line of 
the second force polygon, therefore, be laid off to one side of the poly* 
gon of bending moments, as shown by the straight line ah sz y of Fig. 
37, it may be divided at once into segments he and ca, which will be 
proportional to the triangular areas II. and I. respectively, that is, to 
the lengths and x' (since the triangles have the same base length 
Qg) by the method indicated by dotted lines. 

If a pole distance = E X I be taken for the load line a5, and a 

force polygon, and corresponding equilibrium polygon, as in Siga, Z1 
and 38, be described in the usual way, the latter will be the tangential 
envelope of the deflection curve, or elastic line, of the beam. In Fig. 
37, a trial pole o' was first taken, and the corresponding equilibrium 
polygon 3 2 1 A' of Fig. 38 drawn, and in this way the point d in the 
load line ah determined, dividing it into the segments hd and da, which 
are proportional to the hypothetical resistances at the points of support 
and A\ respectively. A straight line drawn through d parallel to 
A' A^ determines the pole o of the force polygon which yields the 
required equilibrium polygon A'' 3 2 1 A'. The trial polygon is shown 
by dotted, the final one by firm, lines in Fig. 38. The curve of deflec- 
tion can now be interpolated in the usual way. 

112« Fig. 40 exhibits the application of the same method to the 
determination of the deflection curve of a cantilever A' A'', fixed at A' 
and loaded with a weight W at being Ex. 1, para. 182, of Vol. I. 
The lettering is similar to that employed in the previous example. The 
length y is taken to represent the maximum bending moment acting at 
A', and the area of the moment-triangle A'^a'A' is figured II. The 
force polygon of the second equilibrium polygon is shown to the right 
of A', and its load line is made equal in length to y. 

113. The case of a supported beam, or of a cantilever, subjected to 
uniform load, Ex. 2 and 8 of para. 182, Vol. I., would be treated in a 
manner exactly similar to that already explained, the only difference 
being that in each of these cases the curve of bending moments being 
the portion of a parabola, its area would be measured by | the corre* 
spending rectangle, instead of as in the case of a triangle. 
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Remarks, 

The following romaika in regard to the above explanation demand 
special attention: — 

114. Directions of Ilt/poiheticctl Forces, — In applying the method of 
para. 109 to the case of beams freely supported at their extremities, 
flince the value of tlie bending moment is zero at the end sections and 
gradually inci cases to a maximum at some intermediate one, the hypo- 
thctical forces of the second senes of polygons obviously all act in the 
aame direction. Such, likewise, is the case with cantilevers. But it 
will bo seen in the next Chapter that the forces, corresponding to 
moment areas in the case of continuous and fixed beams, do not all act 
in the same diicction, although parallel. 

115 . Line of action of IbjpotJatical Resultant Load, — It will be re- 
membered that tho cxticmo sides of crpiihbnum polygons, if produced, 
meet on tho lino of action of the total resultant load. If, then, sides 1 
and 3 of the polygons, shown in Ftg. 38, be ])roduccd, tho resnltaiit load 

I. + ir. will pass tlirough their point of intersection. The dijitanco of 
each component load, therefore, fiom this resultant load will bo in the 
inverse ratio of their respectivo magnitudes, or — 

Distance of load I. from lino of action of 1. -b : distance of load 
Tl. from same lino : * load II. : load I. : : sef : jcf, but, total distance 
between loads I. and II. is ^ (.r/ + xf). 

Hence, distance of load 1. from lino of action of icsultant load I. -|- 

II. = i 

That of load 11. from tho same lino = ^ x^\ as figured in Fig, 38. 

116. lutoccpts on Verticals. — If the sides of the polygon of bending 
moments of Ftg. 36 be produced to meet the verticals through the points 
of support A" and in the points a" and a' respectively, then will the 
intercept A" a" ho proportional to the moment of the weight W about 
the vertical througli A", and the intercept A'n' to that about the verti- 
cal through K' (para. 01), It may he noted that A'' a" also measures 
tho moment of tho resistance at A' about the veitical through A" on the 
same scale as it represents the moment of the load W about tho same 
vertical. These momenta are, therefore, equal, and being opposite in 
direction, balance, as wo know to be tho case. A similar relation may 
bo Obtablishcd regarding the moments about the veitical through the 
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«>ctronuty A', and also logarding the intfroopts on a vortical drawn 
tbrougli any point made by producing the sidob of the second, or deflec- 
tion, equilibrium polygon. 

117. li^quation (b) of para, 109. — That e(inat]on (0) does really 
•express the tangent of the angle whitdi the tangent to the dellection curve 
makes with the x-axis at any chosou voitical section of the beam will be 
evident if the inclinations of the con espoiuhng vectors of the foico poly- 
gon be examine<l. 

Fifj, 39 shows an enlargement of tlic force polygon, whose polo is o', 
of Ftfj, 37, If of be diawn perpendicular to the load line, then will of 

10 X 1 

lepresent the pole distance = ^ - 

Consider tlie inclination of stress 2. The tangent of the angle of 
inclination of stiess 2 to the /-axis, Fia 39, r=r ^ _ 

^ ’ Co' eo' <'</ 

Ac • . 

Now cb repiosents the height of the reduced triangle II., and, Uierc- 
fore, answers to the symbol Zh of equation (5), or J Mdr of eipialion (G), 

while ^ is the tangent of the angle of inclination to the a'-axis of side 

3, that IS of the tangent to the deflection curve at the oiigiri A'\ 

118. Pole (listanrt foi Deflection Polygon, — In the above investiga- 
tion tlie pole distance for the secoml fuice polygon lias been supposed 

E X I 

to be taken = ^ This is necessarily a very large quantity, and 

the ordinate of the coi responding elastic curve, or the deflection^ con- 
eequcntly a very small one. Hut if k be the polo distance of the force 
polygon and ?/ the ordinate of tlie e([uilibiium polygon coi responding to 
the value M of the bending moment, then is ^ X y = M, and, therefore, 
k 

also — X = M, where n is a positiv<i integer, so that any con- 
venient fraction of k may he employed for pole distance piovided the re- 
sulting ordinate of the equilibiinm polygon ho correspondingly increased. 
Tlic pole distance of the second force polygon is, for convenience, taken 
equal to one-third tlie span of a suppoited beam, and one-tluid tlie 
chosen span of a continuous beam, as will be fully explained in the next 
Chapter, a reduction being afterwards applied to tlie lengths of the 
ordinates in accordance with the following paragraph. 

A pole distance = has been taken fur Figs. 37 and 10. 
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CHArTKH VIII. 


[ ART. 119. 


The ratio of the ordinates of the trne to those of the constructed 
Deflection Curve, 

119. In paras. Ill aiul 118, it is stated that any convenient length 
p may be taken as pole distance of tlio fiist force polygon, and one-third 
the span (or selected span) for that of the second foice polygon. Since 
the latter length should bo El, it is evident that the ordinates of the 
constructed curve will very much exceed those of the true curve. 

Since the loads are all parallel, the dilferences in length of ordinates 
may be regarded as a simple case of parallel projection (para. 51), the 
scale of abscisscT remaining the same wliile that of oidinates varies. 
For tlio two curves really express tlio same mechanical conditions and 
only differ in figure, because the load lines and polo distances are drawn 
to different scales. 

Now, in paia 01, it is shown that if the pole distancc.hc altered wliile 
the length of load line remains the same, the ordinates of the curve sary 
inversely* with the polo dibtanco. 

And it is evident that if the polo distance remain the same while tho 
length of load line vaiios, the oulinates of tho curve will vary with tlio 
load lino, because tlie inclinations of the vectors of the force polygon to 
one another will be greater or less according as tho length of load line 
IS gi cater or less. 

Consequently, if / , y, be the co-oidinatcs of a point on a deflection 
curve, coi respomiing to pole distance L and load line A, and a;, y' the 
co-ordinates when k becomes L* and h becomes A', then will the ratio of 
y to If' he as lollows : — 

V __ A X A' 

//' h' X Ji 

Now, p being the pole distance and tho base of reduction of tho 

polygon of bending moments, we have, by para. 109, for tho length of 
the load line of tlie constructed curve 

A = i- X 4- X f 

V f i 0 

with pole distance equal to ^ L 

For the true deflection curve we have, load Hue ~ f and polo 

J 0 

distance == JOl. 

Hence, substituting these values in the relation above obtained we 
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have for tbo latio of tho length of the oulinato ?/ of the true curve to 
that of tho ordinate of tlie t >iisti acted curve, for the sanie abscissa x 

that is, the ordinates of tlie constructed curve exceed those of tho true 
curve in tlio ratio G KI : pl‘^, 

E being measured in weight units and I in composite length units, p 
should bo measured on the scale of loads and I on tliat of length. 
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Rut, comparing the force polygons with tiie oquillbrium polygons, we 
have 


00, = and 00/^0 a; 


, .vr 

also , , n:: , - 

s v' Jl't' 


Ilenco 


rl' ^ .V- 


Example II. Eigfi. 3G{t to dGe/ ainl 37a to 37(1 show the cross girder 
of tho JMato Iron Railway Rndge designed in Example IT. of Chapter 
XXVII., Section III , tlio former when both lines of rails aio fully load- 
ed, tho latter when only the left pair of lails aie so. Tin* cross section 
of the gilder is tho same as tliat shown in Fig. 3.“)a, iUate VIIa, being 
Exam})le I. of tho Addendum to Chapter VJF. 

The maximum d^dloclion p in both Fkjs. 3GfZ and 37(1 measures 
about 2*7 feet on the lineal scale, but p (the pole distance of the first 
force polygon) in the former case measuies 32 tons and in the latter 
about 16 tons. 

Wo have, therefore, to substitute these quantities in the expression 
of para. 119, in order to deteiminc tho tiuo deflection which, since 
it varies directly with /q will be twice as large in the former case as 
in the latter. 

Thus, when both lines of lails are fully loaded, we have 


where / = 26 X 12 inches, 1 (ftoni Addendum to Chapter Vlf.) =: 0,250 
inch-pound units of inertia,/; = 32 x 2,210 lbs., and E = 18,000,000 
lbs. per square inch. 

lienee, y = 0*31 inch, when both lines of rad arc fully loaded, and 
0T7 inch when only one pair of rails is so. 
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C'HM'IKU IX. 


[aut. 120-122. 


CHAPTER IX. 

THE EQUILIBRIUM CURVE IN ITS ArPLICATION TO 
FIXED AND CONTINUOUS BEAMS. 

120. In Chapter VlII,, a melhoi! has been explained whereby the 
Deflection Curve, or Elastic Lino, of a beam or girder raay be goomet- 
rically desciibed. In this Chapter it is proposcnl to consider, in as brief a 
manner ns possible, the question of the stability of fixed and continuous 
beams, the conditions of eqiuiibiiuni of the two classes being similar. 

121. In paia. 307, Vol. I , of this Manual, a Fixed Beam is defined 
ns ‘‘ashppoited beam whose extremities are so fixed that the neutral 
surface retains its direction at the cuds under transverse load,” and in 
para. 328 a Continuous Beam or (lirder is defined as “ a single beam 
coveiing several spans and resting on several suppoits.” Tlie Beam 
fixed at both omls, therefore, may bo regarded, as far as its state of 
cqiiilibiinm goes, as being eipii valent to a middle span cf a Continuous 
Beam, the neutral suiface of the end poitions of which is hoiizontal; 
and a beam fixed at one end and supported at the other us equivalent 
to the end span of a continuous beam (para. 348, Vol. I.). 

122. In para. 328, Vol. L, it is further explained that ** in rigid 
material the pressures on the several supports (/.€., tlio reactions of the 
supports) would be strictly indeterminate were there more than two of 
them, because the equations of equilibiium between them are only two 
in number;” but that “in elastic mateiial the determination of these 
reactions is a perfectly definite problem for material whoso clastic pro- 
perties arc known. The solution depends ultimately on tlie fundamental 
law of elasticity (Hooke’s law, vide para. 91, Vol. I.) from which the 
equation of the elastic curve is deduced. The continuity of the beam 
enables tlio weight of tlie spans adjacent to any particular span to 
supply reactions at the two vertical end sections of the latter, which 
tend to reduce the deflection, and therefore also the longitudinal stiess 
intensity, which a given load would cause on that span, were the beam 
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discontinuous.” The effect of the continuity is, in fact, to throii? the 
elastic curve into a sinuous fotin ” {vtde Fig. 41, which shows the 
sinuosity greatly exaggerated) usually convex upwards over the sup- 
ports, and concave upwards near the centre of each span,** (i>., near 
the section of greatest bending moment,) these portions being separat- 
ed by points of inflexion, of which there are commonly two in each span, 
so that each span is, as a rule, in the condition of a supported beam 
between the points of inflexion, resting on two cantilevers,” 

123. Perhaps the condition of the beam is more clearly described 
by supposing it divided as follows : — ^The portion lying between two 
points of inflexion and not including a point of support, as Figa. 41 
and 42, is in the condition of a beam loaded between, and freely sup- 
ported at, the points of inflexion. The reactions at the hypothetical 
points of support (that is, at the actual points of inflexion) would be 
equal to the shearing forces acting at those points. The portion of the 
beam lying between two points of inflexion and including a point of 
support, as and Figs. 41 and 42, is in the condition of a beam 
loaded at its extremities and supported at the actual point of support 
of the continuous beam, The hypothetical load at each extremity 
would be measured by the actual shearing force acting there. 

124. Whichever of these suppositions regarding the relative state 
of strain of a continuous and discontinuous beam bo adopted, we are led 
to the conclusion that at the points of inflexion the value oj the bending 
moment is zeroy and that at the points of support y other than the extreme 
onest of the continuous beam, (supposing the continuous beam to be freely 
supported and not fixed at its extremities) the bending moment has some 
definite valuty and it will be seen that this conclusion is fully borne out 
by an examination of the equAtion to the elastic curve itself. For, a 
necessary condition in order that a curve may cut its tangent, that is, 
that there may be a point of inflexion, at any point is that tho second 

differential co -efficient of the curv e, at that point shall v anish, * Now 

equation (1) of para. 109 can only vanish provided M 0, that is, 
provided the bending moment at the point in question be equal to zero. 

125. We shall first examine the comparative state of strain of a con- 
tinuous and discontinuous beam, and then show how the magnitude of 

* Xodhuuter'e Diffcrcutul Calculus, Chap, XXI, 

VOL. II. a 
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the moments at the points of support may be measured by means of the 
method explained in tlio last Chapter. 

126. 41 shows roughly the form of a discontinuous beam A,A^, 
which is supported freely at its extremities Ajx\ 4 , and also at the two 
intermediate points A,, A^, and weighted at the middle of each span by 
the loads \Vj, and W 3 , the dedection being grossly exaggerated for 
purposes of illustration. 

Ftg, 42 shows the equivalent of the beam A,A^, as to state of strain 
in discontinuous beams, and it will be observed that the single contin- 
uous beam A, A^ may bo regarded as made up of five portions, each portion 
lying either between an extremity of the beam and a point of inflexion 
or else between two inflexion points, and each portion having its exact 
equivalent in a diHcontimious beam. 

127. If the points of inflexion be denoted by y^ and as 

shown, it will be seen that the first and last portions and a;,A^ are 

each equivalent to a beam, unsymmotncally loaded and supported at 
each extremity ; the middle portion y^ to a beam, supported at its ex- 
tremities, and loaded with a detached weight Wa; and the intermediate 
portions and each to a beam loaded at the extremities and sup- 
ported at an intermediate point (or, to two cantilevers, joined together). 

If we add an intermediate portion to each extreme one, and the two 
intermediate portions to each extremity of the middle one, we shall ob- 
tain the equivalent airangonicnt shown in Fig. 43, and with this arrange- 
ment we propose now to deal. 

128. It will be observed that the portion Fig. 43, is equivalent 
to a weightless beam, supported at the points A, and A,, loaded at a 
point midway between them, and also at the extremity which projects 
beyond the point of support A,. The portion y^A^ is similaily loaded. 

The middle poilion y^:*^ is strained similnily to a weightless beam 
y^x^y suppoitcd at the points A 2 and A 3 , which are situated within its 
extremities, loaded at its extremities, and therefore beyond the points of 
support, and also loaded with a detached load W 2 hung midway between 
the points of snppoit A, and A 3 . 

129. We shall confine our attention to the middle portion be- 
cause when the values of the moments at the points of support A^ and 
A 3 have been determined, the state of equilibrium of the outer portions 
AjXj and y^A^ is known also. 
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130. We may, further, regard the state of equilibrium of the portion 

sPj as equivalent to what wouH result wore the states of stress of the 

following two cases myttpostd the one on the other ; — 

(1) . A weightless beam supported at points and within 

the extremities, and weighted at the extromilios only, i 
beyond the points of support. 

(2) , A weightless beam A, A^, supported at its extremities and load- 

ed at its middle with detached load W,. 

131. We shall consider each case separately, and then suppose them 
superposed the one on the other. 

Case (I) is the. reverse of that dealt with in para. 182, Ex. 6 of Vol. 
I., I.C., the case of a beam freely supported at its extremities, and loaded 
between them with two detached loads R^, R^. Its equilibrium jiolygon 
is, therefore, of. the form shown in Fig. 41. The corresponding force 
polygon is shown in Fig* 45. 

Case (2) is dealt with in para. 182, Ex. 4 of Voh I. Fig. 47 shows 
the stress diagram, and Fig. 46 the corresponding equilibrium polygon 
for this case. 

132. Fig. 48 shows the resultant polygon of bending moments for 
the two cases superposed. Since the bending moments of Cases (1) and 
(2) are of opposite sign, when the polygons are superposed, they will 
partially counteract one another leaving resultant moment areas, such 
as are exhibited by the shaded portions of Fig. 48 and points of zero- 
moment at 3/3. For all sections of the beam lying between these 
points, the moments may be regarded as acting downwards, and for all 
sections beyond these points, as acting upwards. 

133. The difference, however, between the conditions of the case 
above described, and those of a middle span of a continuous beam or 
girder must not bo lost sight of. In the above case the weights hung 
at the projecting extremities and of the beam are supposed known, 
and consequently the moments over the points of support A, and are 
BO too. The usual problem is, given certain conditions of loading over 
a continuous beam, required the moments over any pair of middle-span 
supports, and the deflection polygon, or curve, of the beam, such mo- 
ments being entirely due to the loading of the contiguous spans. It will 
be shown that the geometrical method already exjilfiiued enables these 
moments to be measured. 
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134. It will be infltructive, for purposes of illustration, to apply the 
method first exactly as it is described in para. 109 to the case under con- 
sideration, although it will be presently shown that the objects in view 
can be more quickly and conveniently arrived at ivithout actually draw- 
ing the second force polygon at alL This application is exhibited in 
Figs, 48, 49 and 50. 

Fig. 48 shows the polygon of resultant bending moments, with the 
moment-areas marked I., II., III., IV., V. and VI., of which areas III. 
and IV., act downwards, and all the remainder upwards. Half the length 

A, has been taken ns a convenient base length for reduction of the 
triangular moment-areas, and the resulting lengths 4,, A,, and 
have been set off in their proper directions along the vertical load line ab 
of the force polygon of Fig, 49, so that, commoncijig from extremity we 
have measured upwards to point c, then measured down- 
wards to point then measured upwards to point a. Taking any 

pole 0, with polar distance completing the force polygon, and de- 

scribing the corresponding equilibrium polygon in the usual way so as to 
pass through the point of support Aj, we obtain the polygon shown by a 
broken lino in Fig, 50. This polygon is then projected, by the principle 
described in para. 75 q.v,, so as to pass through the point of support A, 
(as well as A,). 

135. The example just considered illustrates in a general way, that 
is, with altered bases of reduction (para, 138) exactly how the tangential 
envelope to the elastic line or curve, of a continuous beam is drawn in. 
The reduction bases should, in fact, be the same ns those already stated 
in Chapter VIII. But before the elastic curve can be drawn in, either 
the moments over the supports or the positions of the points of inflexion 
must be known. Only in the case of hinged girders^ which will be 
dealt with in Section III., are the positions of the inflexion points 
known at once. In general, the moments over the supports have first 
to be determined, and then the elastic curve can, if required, be drawn 
in. It must be borne in mind that the two determinations are distinct, 
though similar in method, the one involving a question of strength^ the 
other of stiffness. 

From what has been stated in the preceding paragraphs, and also 
from Figs, 48 and 51tt of this Volume, and Plate IX. of Vol, I., it will 
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be evident that the actual moment-areas are two in number, vit, — a 
certain upward area in the form of a trapezium, which, by joining two 
of its opposite angles, may be converted into two triangles, and a certain 
downward area, the form of which is either triangular, polygonal or 
curved, according to the conditions of loading; for the triangles num- 
bered I. and VI. of Fig, 48 lie outside span As explained in 

para. 132, these upward and downward component areas produce result- 
ant areas such as those indicated by the coloured portions of Plate IX., 
Vol. I., or the shaded portions of Figs, 48 and 51a of this Volume. 

For the measurement of the moments over the supports, the com- 
ponejit areas are employed, the trapezium of upward moments being 
divided into two triangles ; for the drawing in of the elastic curve, the 
resultant areas. In each case a deflection polygon is described, but 
only when the resultant areas are employed will the inflexion points be 
found to correspond with the points of zero moment. 

The remainder of this Chapter will bo devoted to a consideration of 
the measurement of the moments over the supports, the deflection poly- 
gons of which will not, therefore, be the envelopes of elastic curves. 
Moreover, as the case of uniformly distributed loading is that of most 
frequent occurrence, it alone will bo dealt with in the following remarks, 
the question of detached loading being treated in Section III. Fur- 
ther, as the elastic curve has been sufficiently fully discussed in the 
preceding Chapter, it will not be again referred to in this Chapter. 

In the remarks following, the case of a continuous girder of three un- 
equal spans, uniformly loaded with dead and live load over the first two 
spans, and with dead load only over the remaining span, will be con- 
sidered, the uniform load over each span producing a parabolic curve of 
bending moments. The remarks demand special attention, and will be 
made under the five headings — (1), Moments over supports; (2), Reduc- 
tion base and Pole distance ; (3), Construction Fixed Points ” ; (4), 
The Deflection Polygon; (5), Measurement of Moments at supports. 

Momenta over Supports, 

136. As already explained, the upward moments, which are devel- 
oped at the points of support of the middle spans of a continuous 
girder, or the ends of a fixed one, give rise to an equilibrium polygon 
of the form A^a^a^A,, Figs, 44 and 48. This trapezium being divided 
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into two triangles by a straight line joining two corners, the upwarii 
moment-area becomes equivalent to tro hypothetical forces, acting at 
distance ~ J the span from either support, that is, through the centre 
of gravity of the representative triangle, each force being represented and 
measured by | span X base of representative triangle. For the same 
span, therefore, each force is [jroportional in magnitude to the length of 
that base. Thus in Fig. 51a, the forces figured III. and V. are pro* 
portional to the base-lengths and the representative triangles 
A^a^Aj an<l being of the same height lJut for two contiguous 

spans, since the two representative triangles have a common base-length, 
the forces are proportional in magnitude to the lengths of the spans. 
Thus the forces figurcil If. and III. of Fxg. 51a are proportional in 
magnitude to /, and being represented by the area of the triangles 
and which stand on common base 

137* On each side of the middle support of two contiguous spans, 
therefore, or of the section of fixation of a fixed beam, there is a hypo- 
thetical force acting upwards at a distance of J the corresponding span 
from the support or section of fixation. These two upward forces have 
a single resultant acting at a distance from the line of action of each 
component which is inversely proportional to the magnitude of the com- 
ponent, that is, to the length of tlie corresponding span, and if these 
proportionate lengths (being together equal to ^ the sum of the spans) 
be set off from the line of action of each component force, the line of 
action of the resultant is determined. Thus, in Fig, 5 la, the upward 
force figured II. acts at distance = JZ, to left of middle support A^, and 
that figured III. at ^Z^ to right of it; hence, the line of action of the 
resultant force, II. -f III., will divide the total distance | (Z, -|- Z,) be- 
tween the lines of action of the component forces II. and HI., in a ratio 
which is inversely proportional to the respective magnitudes of those 
forces, that is, it will be distant ^Z^ from the line of action of II., and ^Z, 
from that of III. Similarly for the other middle point of support A 3 . 

Reduction base and Pole distance, 

138. In the example of para, 134, half the length Fig, 48, has 
been taken as the base of reduction for moment areas, and 
pole distance for the second force polygon. As already stated, the 



ART. 139-140. ] EgUILlBRIUM CBRVK — FIXED AND CONTINUOUS BEAMS. (>5 

base of reduction will always in subsequent examples be taken equal 
to half the length of span of - fixed beam, or of a selected span ot 
a continuous Learn ; and the pole distance of the second equilibrium 
polygon at ^ the actual span of a fixed beam, or selected span of a 
continuous beam. 

139. The span of the continuous beam usually selected for reduction 
is that which furnishes the greatest bending moment. It becomes 
necessary, therefore, to make a reduction for other spans. This may 
be done as follow’S : — 

140. Let I bo the selected span, giving greatest bending moment y, 
I' the length, y' the greatest bending moment, of any other span ; sup- 
posing the spans to bo uniformly loaded (the most general case), we have 

the parabolic moment area of span V ^ y'l^ which, reduced to base is 
* . 2 ' . 

equal to n rectangle of height ^ ^ — • The intercept cut off from the 

vertical drawn through a point of support by this hypothetical force, 
supposed hung at the centre of the girder, is given by the relation {vide 
para. 117), 

Pole distance : half span : : force : intercept 
for the triangle formed by the two extieme sides, produced if necessary, 
of the polygon of downward moments, (or the tangents at the supports 
in the case of a curve,) and the veilical tbiongli the point of support, is 
similar to the tiiangl© formed by the force polygon; hence, since pole- 

l' I' 

distance ~ J /, and force = ^ y' j-, and half span = — , we have required 

intercept = 2i/ O' The ratio (z)’ may be termed the reduction 

factor j to be applied to all spans, other than the standard one, and the 
multiplication by this ratio may be easily performed graphically,* as 
follows : — 

Along the same straight lino AB, make AB = and AC = 2'® 
{Fig, 52), set off AD = y\ the ordinate representing the maximum 
bending moment at middle of span l\ at any convenient angle with 
AB, and join DB. A straight line drawn through C parallel to BD to 

meet AD m E, gives AE =; AD ^ = 3/' (j/* 


• Dubois' ** Graphical Statics," p. 132. 
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In the example shown in Fig, 51, this reduction is supposed to haye 
been made in the case of the first and third spans, the middle one, 
A 3 A, being taken as the standard span. 

141. For the standard span, the length of the intercept is obviously 
equal to 2 X that is, to twice the length of the maximum ordinate 
of the curve of bending moments — a very convenient quantity. 

142. Thus, the intercepts on the verticals through the points of sup- 
port are completely determined, and since their lengths depend upon the 
data of the problem, they can be found at once, either by calculation 
or diagram, and laid off on those verticals, as shown in Fig, 51i, and it 
is to be particularly noted that by joining the extremities of those in- 
tercepts, as in Fig, 51i, we are enabled to determine the intercepts on 
any other vertical whatever^ that i.s, to 7neasure the moments of the down- 
ward forces abovt any chosen vertical^ all on the same scale ^ that is, ivith 
the sayne base cf reduction. 

Construction oj the Fixed Points'' and of the Defection Polygon, 

143. The following data are now available for drawing in the De- 
flection Polygon, vir., (1), The positions of the points of support; (2), 
T'he lines of action of the hypothetical forces ; (3), The lengths of the in- 
tercepts made on any vertical by those of the forces which act downwards. 
We proceed to explain how certain other points, lying in the sides of 
the polygon, may be determined ; and as their positions depend upon 
the following purely geometrical relation, it may as well be stated and 
proved forthwith. 

144. Theorem, — If the three angles of a triangle ft,, Fig. 5lc, 
always travel along three fixed straight lines, which are parallel to one 
another, whilst two of its sides /,ft,, f,€^ pivot round the fixed points af 
and A, respectively, then will the third side b^e^ pivot round a fixed point 
d^, in the same straight line with af and A,. 

The Theorem is obviously in no way altered by supposing the points 
A, and ft, to lie on the same vertical, which they actually do when the 
spans are equal. As ^he proof is simplified under this supposition, we 
shall confine ourselves to the case shown in Fig. 53, when /, = /,=: I, 

The following is a simple analytical proof, the co-ordinate axes being 
supposed rectangular, the origin to coincide with the point of support 
A^, aud the x-axU with the line of supports A A^. 
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Putting the known intercept A, a', = a, and supposing any straight 
line a^b^ to be drawn from so as to intercept a length = s on the 
y axis, we have for the corresponding intercept t on the *-axis 

/ - t 


i = s - 


t 


a $ 


and the equation to in terms of the intercepts on the co-ordinate 
axes, is * 

/a -f* j* \ . 

- (— ) * + 

If x = — then y = = /,/ = ee^, so that the oqaalion to 

the straight line joining the points 5, (0, «), and e, (—> — — ) is 

— 2jff -f- a 


(1). 

(2). 


y 8 =, ■■■' X 

3 

fhs — dv , 

:.y=- {-j-)x + a 

The equation to the straight line a^ A, is evidently 

a 

y - * 

Hence, equating the values of y in equations (1) and (2) we have 

a /a — ru\ 

_ X = {- y ; a; + s 

or ac := 

O 

which ia evidently independent of $, Similarly y =r 

Hence, for given values of a and /, tlie point is Jixed. 

145. If the more general cose shown in Fig. 51c be treated in a 
similar manner, that is, the case where the lengths of contiguous spans 
measure 1, and /,,, and the horizontal distance between the point of support 
Aj and the vertical through b^ is, therefore, equal to ^ (/, /.), the 

following expressions will be obtained for the values of x and y giving 


the “ fixed ” point lying in span 




V 

+ 3i,’ 

(3). 

a 

f '«* ) 

Wij 

(4). 


• Todhunter's Cunio SecUone, 4th Bdltloa, p. 14. 


VOL. II. 



C)P> CHAFTKIl IX. [ \UT. 14G-]‘18. 

llcnco, for a given position of that is, for a given long-th Oj', the 
point ip fixed, 

146. It will bo observed that the value of x is entirely independent 
of the loading^ while that of ;/ varies with tho position of <7^'. Now the 
length of the intercept A^a' varies directly with the magnitiule of the 

rnaximiini bending moment ^ , wlierc?/;i8 tho intensity of uniform load- 
ing and I tho length of tlio span, and inversely as tho polo distances of 
tho eqnihbiium cuives, for it reprostmts on a certain scale of ordinates 
the moment of the area of tlie curve of bending moments about the verti- 
cal througii Aj. If, then, tlie scale of ordinates of the deflection enrvo bo 
changed, that is, if the polo distance ho changed, or in other woids, if 
tho curve bo projected as explained in para. 50, tlio length A^o,' will also 
cliange, but as tho point af always lies in the vertical tlirougli A,, so 
also will tho corresponding ** fixed” point always Ife on tho vertical 
Ihrongji ffj. 

lleiico, given the lengths /, and in the above equations, the value of x 
IS constant for all deflection curves whatever draini for the given system of 
loads, and the vertical drawn at distance x from the point of support re 
presents the locus o f the ^^fixei^ points of the several curves, 

147. If tlie position of the first fixed ” point be determined in the 
manner above ex})lained, that of a second one may be found in exactly 
the fiRine manner, since the moment of the downwaid load about the 
vertical diawm thioiigh the first “fixed” point, lliat is, the length of the 
intercept on the veitieal diawn thiough that point, is known by tlie con- 
struction desciibed in para. 142. In this manner tho wliole seiice of 
“fixed” points of a contiiiuuns girder may be determined, commencing 
from each end, supposed siijiported, at which tho bending moment is zero. 
Jn each middle span two “ fixed ” points, and m each end one one 
“ fixed” point, may thus bo determined. 

148. It will be observed that no hypotlicsis is made in tbo above 
method as to any diiTerence in height of the supports, and the results are, 
therefore, true when these are not on a level. But it must bo carefully 
borne in mind that if the ficed"' points be set out on the a$su7npiion that 
the supports all he in a straight line, not necessarily horizontal, then, when 
erecting the girder, the greatest care must be taken to set the surfaces of the 
bed plates in a plane fulfilling these conditions. 
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149. The ‘‘ fixed points of a beam fixed at both ends may be de- 
termined by supposing the neutral surface of the beam extended at 
either end, a distance equal to the length of the span, and these 
hypothetical spans to be so loaded as to render the neutral surface 
horizontal at tlio sections of fixation. Tho conditions of equilibrium 
are thus reduced to tlioso of the middle span of a continuous beam of 
three equal spans, tho middle one of wliich is loaded in the given man- 
ner, and the outer ones hy[)othctically. 

150. Biniilarly, a beam fixed at one end and supported at the other 
may bo regarded as tho span, whose loading is known, of a continuous 
girder of two equal spans, which is supported at its extremities and at n 
point midway between them, the hypothetical span being so loaded »s 
to render the neutial surface horizontal at the section of fixation. 

151. A coritiniions beam, fixed at its extremities, may bo treated ns 
one supported af its oxticmlties, by supposing the neutral surface ex- 
tended at each end, a distance equal to tiie end span, and then sup- 
posing those hypothetical spans to be loaded in sncdi a way as to render 
the neutral euifaco horizontal at tlic supports. 

152. Wli on the weight of the girder is disregarded, the spans are 

considered unloaded^ being suhjectecl only to the upward or downward 
moment, duo to the efiVet of a load hung elsewhere on the girder. Since 
in such spans the downwaul applied load is nil, the intercepts on the 
verticals through the points of suppoit are so too, (corresponding, tliat 
is, to the lengths and d^d/ of Ff(j or and d^d^* of 

51c) so that the vectors, such as a, '6, or of Fig 51c must bo 

drawn from the actual point of support or “fixed” point itself, as the 
case may be, as in Ftg. 5t. Fig, 54 shows the eonstriiction for deter- 
mining tho “fixed” points in a scries of unloaded spans. The process 
may bo briefly described as follows : — 

153. Tho lines of action of the resultants of the upward loads acting 

either side the suppoits having been drawn in, as descilbed in paru, 
137 (shown as and in Fig^ 51a, and J,, v^c., m Fig, 54), take 

anij point as 5, in the resultant line, corresponding to tlic second sup- 
port Aj, Fig, 54, and join Aj^, cutting tho upwaid load lino to left of 
A, in /,. Join /'A,, and produce it to meet the upward load lino to 
right of Aj in Cj. Join cutting the line joining in d^, Tlie 

point d^ IS that in which the “ fixed” vertical meets A^A, 
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Now treat as an end support (?.e , similarly to A,) and taking any 
})oint 5, in the lino of resultant upward loading at A,, join djh^ and 
treat the portion exactly aa w^as treated. In this way deter- 
mine the ** fixed vertical in span A^A^. Repeat this process until 
the last span is reached, and then commencing at A, work back- 
wards to span AjAj in exactly the same manner. In this way one 
“ fixed ” vertical will bo obtained in each end span, and two in each 
intermediate one. 

154. It will thus bo seen that since, for given lengths of span, the 
liorizontal distance of all fixed points from a given support is the 
same, that is, the value of x in equation (ii) of para. 145 is constant 
lor loaded spans, the ** fixed verticals can bo first laid out as in Fig, 
54, on the hypothesis that the spans are unloaded, and the intercepts 
made on thorn by the sides of the polygon of the downward load after- 
wards. 

156. In Fig, 55, five of the six spans shown in F\g. 54 are sup- 
posed unloaded, the span A^A^ only being loaded, and it will be seen 
that, in order that the deflection polygon may always pass through a 
point of support, the construction demands that the portion of it lying 
to the left of the loaded span shall pass through the fixed'' points 
that fall in the loft outer third of each span, and the portion to the 
right of the loaded span through the fixed " points lying in the right 
outer third of each span, also that these “fixed” points occur where 
the curve crosses its tangent, that is, at inflexion points. It will also 
bo seen that in this case the moments at the supports must be alter- 
nately positive and negative, and increase fiom the end of the girder 
towards the loaded span. 

To describe the Deflection Polygon of a Contmuous Gttder. 

156. The Deflection Polygon of Fig, ble may now be drawn in. 

The following are the successive steps: — 

Step L Bet out the “fixed” verticals on tlie hypothesis that the 
spans are unloaded^ as explained in para, 153, and draw verticals throuf'h 
the points of support, as A^af^ y 

Step II. Determine the actual “fixed ” points, the spans being loaded^ 
as follows : — As shown in Fig, 51c, set ofif on vertical through A, down- 
wards, the intercept A^a/ (as given by Ftg. 516); join a/A^ and pro- 
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duce it to meet “ fixed vertical to right of A, in d^. By para. 144, d^ 
18 required fixed” point. From set off the intercept d^d/ (from 
Ftg, 516), join d/ with and produce to meet “fixed” vertical to 
right of A 3 in which is required “ fixed” point. From set off the 
intercept d^d/ (from Fig, 516); and join d/ Then, commencing 
from A^ go through a similar process working back to A^ setting off 
the intercept A^a/, joining a/ A^ and thus “ fixing ” d^. In this way, 
as before, “ fix ” the points <7/, cf,, d/ ^ and join f// A, {Fig, Shf). 

Step IIL Join a^' d, cutting in C, and the line of action of 

Force II. in / Join d/d^ cutting Force III. in e. Produce a/cf, and 
d/d^ to meet in {Fig, 51c). 

In a similar way join d/d^, cutting Force V. in and n/d^, cutting 
1^'orce VI. in c, and produce to meet a/d^ in I)^. 

Let d/d^ and d/d^ intersect in and a/d^ and A/// in C,. 

Step V, Checks . — The points C,, C, and Cj must lie respectively on 
the lines of action of the downward applied loads, i.c., on those of Forces 
L, IV. and VII., and the points and D 3 on those of the resultant 
upward loads, i.c., on Resultants 11. and IIL, V. and VL, respectively. 
Also, the straight linos fe must, in each case, pass through n point of 
support. 

157. In dealing with polygons for fixed beams the so-called “ fixed ” 
point near the section of fixation becomes the extremity of the side of 
tho polygon passing through that point of support, distant, that is, ^ 
the span from the section of fixation. From tliis point, therefore, the 
intercept made by the downward load on the vertical passing through 
that point would be measured. 

JUeasnrement of Moments at the Suppo7'ts, 

158. By the “ Moments at the Supports” is meant tho moments of 
the upward forces (para. 132). If, then, the sides 0/ and of span 
AjA, of Fig, 51 e be produced to meet tho verticals through the supports 
A, and A 3 in the points a, and a,, then will the lengths of the intercepts 
AjU, and A 3 a,, provided the span A^A, be the standard onCy measure the 
moments of the upward forces at the supports A, and Ag on tho same 
scale as the ordinates of the parabolie of Fig, 51a represent the bend- 
ing moments at successive vertical sections of the girder. For, if 
through the point e in span AjA^, Fig, 51c, the straight line c/3 be 
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drawn parallel to meeting the vertical through in /3, ihon will 

the sides of the triangle a/fi bo parallel to those of the second force 
polygon ; and since the distance of e from afi is equal to ^ ^ 

the pole distance, the triangle is in every respect equal to the second 
force polygon, and therefore represents in magnitude the hypotliet- 
ical load at Cj, (i.c., the area of the polygon of bending moments, with 
base of half the span) and that at <?, (i.e., the area of the triangle 
A/ijA,, F/f/, 51a with same base). Similarly it may be shown that the 
lengths A^a^ of Ft'i/s. 5 la and die arc identical. 

Hence the values of A/i, and A^a^ are completely doterminod. 

For any other span than the standard one, tlie intercepts of Fig^. dir 
must be multiplied Ly the square of the ratio of the spans as explained 
in para. HO. 

159. In the above investigation, the case of uniform loading has 
been dealt with. The case of detached loading is considered in Section 
111. For a moio detailed treatment of the subject, Students are re- 
ferred to Dubois' Graphical Statics^ or Fhalnurs' Graphical J)rteriuina- 
tion of Forces in Engiueering Structures, 

160. The contents of Ibis Chapter should be compared with tliose 
of Chapters XVI 1. and XVIII, of Vol. L, in ivhicli the subject is 
treated by Analytical Methods. 

In these Chapters of Vol. I. the subject of the measurement of tlie 
Sliearing Stress developed in Continuous and Pbved Beams is fully dealt 
With ; tins will be again referred to in Section 111. 
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PLATE XI. 



Fig. 52. 



N.B. — U\nt$ for drawing Fig. b\e. 

I. Determine verticals through “ fixed ” points on hypothesis that 
beam is unloaded (para. 155), 

II. Lay off intercept A,o,jjoin a, a, ftud produce to d, ; lay off inter- 
cept join d,'A, and produce to ; lay off intercept d/i/ and 
join d/A«. Repeat operation commencing from extremity A^. 

III. Firtt check, A,d,' and a,'d, {Fig, 51e) intersect on Force 1. 

{Fig. 51a); d,d,' and dj'd, on Force IV., and d^a^ and d,'A^ 
on Force VII. 

IV. Second check, and d,'d, intersect on resultant of Forces II. 

and III., and d/d, and a^d^ on that of .Forces V. and VI. 

V. Third cheek. The line joining the intersections of the pair of 
sides meeting on a resultant force line above any support with 
the lines of action of the upward component loads acting 
either side that support, should pass through the support {e.g.. 
the lines /< of Fig. 51« must pass through point of support). 


Fig 53. 
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It will bo observed that tho demonstration given in para. 100 depends 
on a goometiical, and not on a mechanical, property. 

It would seem snperfluoiis to remind the Student tliat the results of 
observations and experiments in Physical and Engineering Science are, 
as a lule, more conveniently expressed by cuives, plotted graphically 
to scale at once, tlian by equations; and likcwihO also the successive 
<lillm entiation and integration of such curves. 

Any [>lane ciiive, then, wliose oijuation y =; /(() would be an ex- 
plicit function of .r, having been thus plotted, its diirercntiation, corre- 
sponding to its fjist derived equation =: j ' (a;) and cxpiessing the late 
of change of oidiiiate in relation to abscissa, may be readily plotted as 
follows : — 

Draw tangents to the curve y = / (r) at a scries of cboson points, 
and thiongli any convenient pole draw a senes ol vectors paraded to 
these seveial tangents. Diaw also tlirough the polo a vector parallel 
to the X-axis, 

Now diaw at unit distance fiom the assumed polo a straight lino 
j)arallel to the Y-axis ami cutting tho vectors. Tho distances fiom the 
point in which this straight line cuts the vector, which is parallel to the 
X-axis, to tho several points in which it cuts those which are j)arallel to 
the tangents give a series of lengths of ordinates of the first derived 
curve y — f' (x), which correspond to the absciss;v of tho several points 
on the oiiginal curve at which tangents were diawn. 

For, if a be the inclination to the X-axis of any one of these tangents, 
and h the corresponding distance, or length of oidmate, above referred 
to, then at tliat point on the curve we shall have 

(1y h 

= tan a = - 7 ". 
dx 1 

If, moreover, a pole distance greater than unity be employed, obviously 
the length of ordinate will be correspondingly greater. 

In a similar manner this first dciived curve might be difTerentiated, 
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and thu8 tho second derived curve, corresponding to the equation y = 
/" (a?) and expressing llio rate of change of ordinate in relation to 
abscissa of the tiist derived ecpiation, obtained. Similarly the third 
tlenved curve, and so on, might be described. 

From tho above explanation tho process of graphical integration, as 
exemplified in tho case of the elastic curve, will be readily understood. 
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SECTION L-BLOCKVVOKK STEUCTURES AND 

CRANES. 

CHAPTER X. 

BLOCKWORK STRUCTURES. 

161. Of structures uot employed in spanning an intcryal, tliose alono 
^vhich directly resist the applied load at their own points of support are 
exempt from transverse strain. Structures of Uncemented Blockwork, 
the material of which is incapable of resisting a tensile strain, and 
theiefore of balancing a resultant load (including of course the weight 
of the structure) obliquely applied, producing pure transverse strain, 
cannot be subjected to the action of a resultant bending moment. 

Cantilevers, on tlie other hand, and structures of Cemented Block- 
woik, the materials of which are capable of resisting both compressive 
and tensife strain, and therefore of resisting pure transverse strain, may 
bo subjected to the action of a total resultant load obliquely applied, 
giving rise to shearing stress and resultant bending moments. 

As certain conditions of staluhty are common to structures of un- 
cemented and cemented blockwork alike, the two classes will be con- 
sidered together as far as possible. 

162. Blockwork Structures are composed of a number of pieces having 
plane surfaces of contact, such as bricks or blocks of stone, which are 
generally cemented together with mortar. 

It will be well here to draw the student’s attention to the two distinct 
meanings of the term “joint” often indifferently applied, It is used to 
mean the “masonry or moi tar joint,” otherwise called the “bed joint,” 
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separftting the actual surfaces of two contiguous blocks; it is also used 
to moan the surface of a plane, described in any particular direction for 
a particular purpose, and dividing the material of the block into two 
portions. Such a joint would bo more correctly distinguished as a “hy- 
pothetical joint/^ For instance, in measuring the stability of an arch 
ring and its superstructure, it is convenient to employ hypothetical 
“joints*’ dividing the structure vertically and at crpial horizontal dis- 
tances apart m order to estimate the vertical load, but these hypothetical 
“joints” must in no way be confounded witli the actual “bed joints” 
of the voussoirs, which are not vertical but inclined planes, Sliding, 
therefore, will not occur along tlie former, but along the latter joints ; 
crushing too, if any, is most likely to occur at an extremity of a bed joint. 

163, All heavy structures (such as abutments of arches or roof frames, 
retaining walls for earth or water, tall chimneys liable to bo shaken by 
the wind, &c.,) in which, even with the greatest care, unequal settlements 
and consequent dislocation of joints or even fracture of the blocks them- 
selves are likely to occur, are designed on the hypothesis that the function 
of the mortar is lueicly to till the interstices of the bed joints, and in no 
way add to the stillness of the structure, Huch structures, in fact, are 
made to depend for their stability on their weiglit and form alone, and 
are treated as Stmcti/res of Uncementctl Blocks. 

164, In designing lighter Btriictures, on the other hand, such as long 
encloburc walls, where the probability of unequal settlement, or of being 
shaken by the wind while the mortar is still green, is small, the tena- 
city and adhesion of the mortar must be taken into account, because, 
“ unless the action of the wind on long walls is very much overrated, the 
majority of long enclosure walls actually constructed and standing must 
frequently depend for tiieir stability on the tenacity and adhesion of their 
material, their weight and form alone being insufficient to give them 
power to resist the pressure of the stoims wliich occur every year, * * * 
and which must act at right angles to the face of the wall.”* 

Structures oj Vncementul Blockwork. 

165, It is obvious that a structure of uncemeuted blocks may fail in 
three ways — 

(1). By the overturning of some one or more blocks on edge. 

♦ Col«. Wray and Seddons’ liiatmctlon in Construction/' 3rd Edition, p. 821, 
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(2) . Bjr the sliding of some one or more blocks on the surfaces ot 
contact with the adjoining blocks, t. their bed joints. 

(3) , By crushing of the material at a joint, if the pressure be ex- 
cessive or distributed over too small an area ; and this would probably 
always take place, except in very light structures of strong mate- 
rial, when overturning is just about to take place at a bed joint, as 
crashing would be most likely to occur somewhere along an edge of 
the block. 

166* For, consider the equilibrium of any one block such as CDEF, 
as shown in Fig, 56, Plate XIII,, which is acted on by its own weight W, 
through its centre of gravity G, and by the impressed forces P„ P^, P,, 
and P^, acting as shown. In order to determine the magnitude and lino 
of action of the resultant force R, describe a stress diagram, ahcdef^ as 
shown in Fig. 57, the side ah of which represents P, ; hc^ P, ; cc?, P,; and 
e/, W ; take a a§ polo, and join ac, ad, ae, and a/. Then a/ represents R. 
The line of action of the resultant of Pj and is determined by drawing 
through the point of intersection of the lines of action of P, and P, a 
straight line (P, + P,) parallel to ac; that of (P, 4 - P, + P,) by drawing 
through the point of intersection of the lines of action of (P, -f P,) and 
Pj a straight line (Pi + -j- P^) parallel to ad; and so on. In this 
way the point O in which the resultant R = (P^ 4 . -p -f -f W) 
of the whole system meets the surface AB of the block on which CDEF 
rests is found. O is tho centre of pressure, or centre of resistance (para. 
5) of the joint AB. 

167. Now, it is obvious from statical considerations that O must fall 
within EF, resistance being afforded only between tho points E and F 
of the bed joint, otherwise tilting of the block will ensue. 

168. It is also evident that the direction of R must be such that its 
inclination to the normal at O must not exceed the angle of friction of 
the material of the blocks, otherwise motion along EF will ensue. In 
other words, the angle RON must not exceed tho angle of friction, or, as 
it is usually called, the angle of repose of the material. 

“ It would appear desirable to allow a margin of security to guard 
against accidents and the disturbing effects of shocks, and only to con- 
sider a structure safe in which the direction of the resultant forces on 
any bed joint makes with the normal to that joint a greater angle than 
that of which a certain fraction of the co*e£Bcient of friction is the tan- 

VOL. II. r 
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^^ent, anU it is proposed to fix this fraction at J. Tliere is seldom any 
tlifficulty in doing this, as, in cases where sliding is at all likely to occur, 
the bed joints can bo inclined so as to reduce the angle.”* 

169. In structures subjected to a single oblique external pressure 
applied at or near the top, as in the case of house walls and abutments of 
arches, it is evident that the direction of the resultant thrust makes a 
greater angle with the normal to the bed joint (supposing the bed joints 
to be parallel with one another) at the joint next below the point of 
application of the thrust than at any other, and it is, therefore, only 
necessary to enquire into the stability of that joint. 

170. If, however, more than one oblique pressure be applied, it may 
be necessary to enquire into the stability of several of the bed joints as 
regards sliding. 

171. If the centre of pressure at any bed joint wore to be actually at 
the edge of that joint, the whole pressure would be concentrated on that 
edge, which would, in any ordinarily heavy structure, be unable to boar 
the pressure, and would therefore be crushed. If the centre of pressure 
were even too near to the edge of the joint, there might be sufficient con- 
centration of the pressure on the edge to crush or crack the material, and 
failure might ensue. It becomes necessary, therefore, to consider how 
far inside the outer edge the centre of pressure must be, in order to elimi- 
nate the risk of crushing. 

172. But before proceeding to the question of strength at a Plane 
Joint, which involves the consideration of the distribution of stress 
over the piano surface, the principles of which are applicable alike to 
structures of Cemented and Uncemented Blockwork, we may at once 
state the General Conditions of 8tahiliiy of a Structure of Uncemented 
Blocks, 

The conditions of stability of a structure of uncemented blockwoik 
are two in number, viz,: — 

I, — The line of resistance must intersect every led joint sufficiently far 
tcithin the outer edges to prevent any tisk of their cinshing, 

II. — The angle which the resultant piessure on any bed joint makes with 
n normal at that joint must not exceed J of the angle of repose that 
angle the tangent of which is J of the co-efficient of friction J, 

It will be observed that in these conditions no account is taken ot 

• Wray ami Seddonsi’ " Instruction m Coni-trucUon/’ Jrd Edition, page 3j3, 
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the tensile strength of the materials, their power to resist crushing and 
sliding being alone relied on. 

173. In Figs. 58 and 59, Plate XIV., the treatment of a general case 
of a structure of uncemented blockwork is shown. Each block is supposed 
to be subjected to the action of its own weight, and a single load only. 
The several weights W,, W^, Wg, act through the centres of gravity 
of the respective blocks I., II., III., and IV,, and the applied loads arc 
represented by P^, and P^, — P, being applied to block I., P, to 

block II., and so on. 

A polygon of external loads (including the weights) is first drawn 
{Fig. 59), and then the points a/, a/, a'^ a/, in which the total resultant 
load on each block meets the upper surface of the block below it are 
determined in the usual way. The polygon formed by joining the 
points of resistance, or centres of pres.sure a*, a/, is known as 

polygon of r:^si8tance. It will bo observed that if the thickness of 
each block is supposed to become infinitesimally small, the polygon be- 
comes a curve. It will also be observed that the polygon of resultant 
active pressure docs not coincide with the so-called polygon of resistance ; 
the curves of active and passive action will, however, so coincide (para. 
52). 

The line of resistance of a structure, as defined in para. 5 is, in fad, 
(he locus of the centres of pressure or resistance of successive joints , the 
centres of action and reaction being coincident and the planes of the 
joints parallel to one another. The direction of the resultant pressure 
at any joint does not, therefore, necessarily coincide with that of the 
tangent to the line or curve of resistance at the joint’s centre. For in- 
stance, in Chap. XV., it is shown that the line of resistance of a reservoir 
wall or dam, when empty of water, is inclined to the vertical, although 
the resultant pressure acting at the “ centre ’’ of each joint is necessarily 
vertical. On the other hand, the direction of the resultant pressure at 
any vertical joint of an arch ring is tangential to the curve of least 
resistance. 

It will bo further observed that the magnitude and line of action of 
the resultant of the forces acting on a structure, whether it be a single 
Mock or group of blocks, are independent of the order in which tlio 
forces are considered. Thus, it is often convenient to deal first with the 
vertical loads, by means of an equilibrium polygon, described so that ils 
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angles lie on the lines of loads produced^ as explained in paras. 87 and 
88 ; a convenient position can thus be selected for it on the paper. By 
means of this polygon the line of action and magnitude of the total 
resultant vertical load acting on each sncceesive joint can be ascertained. 
The corresponding resultant oblique loads can then be introduced in 
their proper places, and the line of resistance determined with fewer lines 
than by the method above described. This method is fully illustrated 
in Chap. XV., wherein the stability of walls, built to retain water, is 
considered. 

Structures of Cemented Blockwork, 

174. These structures are cantilevers, and are treated as such. The 
following remarks refer in the main to them. Their weight and form 
alone being insufficient to ensure stability as regards overturning, the 
tensile strength of the material must be relied on to^ counteract that 
tendency. It will be observed that the danger of sliding at a bed joint 
is absent in these structures, the force producing such tendency being 
resisted both by the force of friction at the bed joint and by the shearing 
strength of the material, which latter forces in every case far exceed the 
former. It is, therefore, only necessary to enquire into the stability of 
the structure as regards overturning and crushing. *It is evident, 
however, that when a stress is applied to a structure of cemented blocks, 
sufficient to call the tensile and adhesive resistance of the material into 
play, the Engineer can only count upon whichever of the two resist- 
ances is the smaller. 

176, “ If the mortar used by the Engineer be divided into four 
classes, viz. : — 

** (a). Cement mortars^ made of one part artificial cement (such as 
Portland) mixed with not more than two parts sand, or of a natural 
cement (as Roman) with not more than one of sand ; 

** (6), Hj^draulic mortars, one part to two of sand ; 

‘‘(c). Pure lime mortars, one part to not more than three of sand, 

“ (All the mortar being properly mixed without excess of water and the 
bricks or stone well wetted), experiments and experience tend to show — 
“ l 5 <. That cement mortars are capable, after a comparatively short 
time, of exerting a tensile and adhesive resistance nearly equal to the 

• Wray and Soddon*’ “ Inatruotlon in Construrtlon," Srd Edition, p. 3M. 
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tensile resistance of good brick, or about 280 to 300 lbs. per square 
inch.* j 

“ 2nd, That the tensile resistance which strong hydraulic mortar is 
capable of exerting is far in excess of the adhesive resistance of the 
same mortar, and that it is not safe to calculate upon the best hydraulic 
mortar adhering to the hardest bricks, after a period of six months, with 
a greater ultimate strength than 36 Sbs. per square inch. The adhesion 
to comparatively soft bricks does not exceed 18 lbs. per square inch.f 
Zrd, That it is not judicious in designing any structure to take into 
consideration the tensile or adhesive resistance of the weaker hydraulic 
or pure lime mortars. 

176. ** The cracking and crushing resistance of brickwork is much leas 
than that of the bricks themselves, its value depending greatly on the 
nature of the mortar in which they are laid (see Hurst's Handbook and 
Notes on Building MaterialSy School of Military Engineering^ Chatham). 
For practical purposes it may be concluded that, alter allowing time for 
setting, say from three to six months, according to the mortar, good 
brickwork will begin to fail by cracking at a pressure of 200, 400, or 
700 ft)8. per square inch, according as it is laid in pure, hydraulic, or 
cement mortar; for ultimate crushing^ from one-and-a-lialf to twice these 
pressures would be required.” 


* Raulcine't Useful Rules aud Tables.*' p. 

t Minntei of Proceedings of lostitute of CItII Bogineers^ Vol XVI 1., p. 420. 
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DISTRIBUTION OP STRESS AT A PLANE JOINT. 

177. If the intensity of stress acting over a plane surface bo uni- 
form and constant in magnitude, the centre of stress corresponds xvith 
the centre of figure of the surface, and the structure is subjected to simple 
longitudinal strain only. Conversely, if the point of action of the re- 
sultant normal pressure applied over a joint correspond with the centre 
of figure of the joint, the intensity of stress is uniform and constant, 
and if N represent the value of the resultant pressure, A the area over 
which it acts, and n its intensity, wo have the relation N = wA. 

On the other hand, if tlie centre of pressure of the cross section do 
not coincide with its centre of figure, but deviate from it by a certain 
distance, then will the distribution of the stress over the surface be 
unequal . 

178. Now it has been universally assumed that in the latter case the 
distribution of stress is a unijoiniihf varying one, that is, that the inten- 
sity of the stress at any point of the surface to wliich it is applied varies 
directly as its distance from some neutral line in the surface, along 
which there is no stress at all. Thus, if the normal stress at any point 
in a joint bo represented by a straight line drawn at right angles to 
the joint’s surface at that point, the locus of the extremities of the 
straight lines representing the stress intensities acting over the whole 
area will evidently lie in a plane, which will bo parallel or inclined to the 
joint’s surface, according as the neutral axis is, or is not, situated at an 
infinite distance from the section of the structure under consideration. 

Graphical Investigation, 

179. Let AB, Ftg, 60, represent the surface cut by a plane at right 
angles to the plane oi the joint (f>,, cut by the plane of the paper), and 
suppose R total normal pressure N to be applied to it. Let AB and 
suppose the width of the surface (perpendicular to the surface of the 
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cutting plane, or that of the paper) to be unity. Then N may bo repre- 
sented in magnitude by the area of the rectangle Aa&B, whoso breadth is 

N 

AB and height = Aa = mean value of N = — == ^ (say). 

180. Now the rectangle AaiB, although it may always represent 
the total magnitude of the resultant stress acting over the area AB, can 
only represent the stress distribution^ when the neutral axis K is at an 

N 

infinite distance, that is, when the mean stress — is constant and equal 

to w. The centre of stress is then at C midway between A and B ; N 
acts along cC, that is, passes through the centre of figure of the repre- 
sentative rectangle Aa^B. 

181. Now suppose the neutral axis K to approach AB, so that the 
locus ab takes up some such position as Uj b^ {Fig, Gl). Then the re- 
presentative stress area is the trapezium Auj^iB, the area of which 
still equals AaftB = N, but the sides of which Aa, and represent 
respectively the maximum and minimum intensities of stress acting over 
the surface. The line of action of N, as before, passes through the 
centre of figure of the representative figure Aoi^jB, and now meets AB 

in some point, Oj, lying between A and C, such that AOj is > -^ and 
t 

^ 2 * 

182. lu order to measure the relation between the maximum, mini- 
mum, and mean intensities of pressure, let N = resultant normal pres- 
sure over the joint area, of width one inch, 

i inches length of joint = AB. 

d inches = distance of centre of resultant pressure Oi from outer 
edge A of joint. 

Y maximum stress intensity per square inch = Ac/i. 
y z=i minimum stress intensity per square inch = B^i. 

Then, dividing the trapezium Aai&iB into two triangles by joining 
the points A and h\ and equating the moments about A, wo have 

X ~ (n X t) X d — X T h ~ X — 

2 .'i 2 3 


t 3nd Y 

whence 1 / = -- , (I). 

Hut n = or y 2n — Y (2). 
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Hence, from equations (1) arul (2) we have 
Maximum stress intensify =: Y -= 4n — i= (2 — 

Minimum „ „ = y = — - 2n = — ( j - i; ...(4). 

183. Suppose the neutral axis K to move up to, and coincide with, B, 

o N 

Fig. 62 ; then ^ — 0 and Y = ^ == 2n; the represeutatiye figure be- 
comes the triangle Aa^B ; and since the line of action of N passes 
through its centre of gravity, we shall have It will ho noticed 

that in the three cases considered above, the stress intensity is all of 
one kind. 

184. Suppose now the axis K to pass to the left of B, and fall be- 
tween B and C, so that d is necessarily < ~. Then y in equation (4) 

becomes negative, or the stress intensity at B becomes tensile. Since 
structures of uncemented blockwork are incapable of resisting a ten- 
sile strain, while those of cemented blockwork are capable of doing so, 
it becomes necessary to examine what will be the representative stress 
area in each case, in order to determine the point of action of the 
resultant stress and the limits of stress magnitude. 

186. If AB, Fig, 63, represent the joint of an uncemented blockwork 
structure, then the triangle may bo looked on as non-existent, and 

the triangle Aa^K as the representative area of N, so that in this case d 
— 

a * 

As a rule, the magnitude and point of action of the resultant stress, 
that is, the values of N and d, are known. It is then only necessary to 
take AK = 3(i to find the position of the neutral axis K, Since the re- 
presentative areas Aa^K and Aa^B are always equal, if Aoa = Y == maxi- 
mum stress intensity, we have J3cf x Y = = N ; whence Y = | 

186. It will be observed that if AB represent the joint of a structure 
of uncementod blockwork, equilibrium is only possible provided tbe re- 
sultant applied load N fall within the area of the joint, that is, between 
A and B, action and re-action being equal and opposite over the area. 

187. If AB, Fxg, 64, represent tbe joint of a cemented blockwork 
structure, then the area of the triangle Ao^K represents the total com- 
pressive, and that of the triangle KBd, the total tensile, resistance that 
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will be called into play by the action of the applied load N. Since these 
resistances are opposite in kind, tb^ difference of the triangular areas must 
be equivalent to the magnitude of the total resultant stress of that kind 
to which the larger area corresponds (in this case compressive) ; hence, 
if €K be taken equal to KB, and er be drawn parallel to to meet 
in r, then will the triangular area rcK = the triangular area 
and the trapezium ha^re represent in magnitude the total resultant 
compressive load N applied to the joint. 

188. As a rule the magnitude and point of action of the resultant 
load are given, and the values of Y and y have to be determined. If, 
however, Y and y are given, then by setting up Aa^ = Y at A and 

== 3 / at B, perpendicular to AB, Fig. G5, and joining and ft,, the 
point K is found, and therefore the lines of action and magnitudes of 
the compressive resistance C, and the tensile resistance T, are known, 
the former acting at a distance Ak = ^ AK from A, and the latter at 
Br ~ J BK from B. 

The position of O, the point of action of the total resultant stress 
N, may then be found as follows 

(The triangles Aa^K and KBft, being reduced to the same base, or to 
the same height, and thus represented by the length of the straight lines 
tc and Ttj Fty» 65). 

At r, the point of action of T, set up rt to represent T, and rc to 
represent C ; complete the parallelogram produce ct' to meet AB 
in 0 : then O is the required point of action of N, For N = C + ( — T), 
and, therefore, on the surface AB we have the system of two couples 
T X Or and C X acting. Putting Ok = x, and kr := we have T 

(s + *) = C* or Z = 

T> X T . . X ht' Ok 

But — IS, by construction, = — = — = 

C ' ^ rc rc Or 

189. If N, or w, be eliminated from the equations of para. 182, wo 

have = I I } » so that when Y = + y, d » i, as in para. 

177; when either Y or y is zero, (f = as in para, 183; when either 
Y or y is negative, d has an infinite value ; and when the value of d is 
zero, Y — 2y. Since the values of T and 0 \ary with those of Y 
and — y, it will be observed that the nearer T and C approach to equa- 
lity, the further O recedes, and that when T =r C, the points c and 
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Fig. 65, correspond, and O becomes situated at an Infinite distance. 
The surface is then acted on by a single couple of resistance, and the 
case is reduced to one of pure Transverse Strain, such as is afforded 
by the vertical section of a horizontal beam supported at its extremities, 
and loaded by vertical loads. K then coincides witli C, the middle 
point of AB, 

190. It will be observed, then, that as K passes from coincidence 
with B to coincidence with C, O passes from distance = J AB, to right 
of A, to an infinite distance to left of A. 

When O coincides with A wo have from equations (3) and (4), putting 

£/ = 0 . 

Y = = 4n = 4 Art, and 3/ = — — 2n= — 2B^, 

so that = 2 or BK = ^ AB (Fig. 66). 

KB 2fi j V ./ / 

191. When O passes to left of A, d has a negative value, and equa- 
tions (3) and (4) become 

Y =3 4n + ^ ^ ^2 + and is in compression, (5) 

— y = — (2n + sa + (l -f and is in tension, ...(6), 
or the following form may be found more convenient :-t- 


Y = « + 4) (7) 

- y = - n (^ + 2), (8), 


remembering that the elements t and d are expressed in inches, and that 
n = — the average intensity of normal pressure per square inch. 

191a. The relations between the maximum intensity of stress Y 
acting at A, and minimum y acting at B, produced by a given resultant 
load, on a given cross section AB, and the corresponding positions of 
the centre of stress O, and neutral axis K, may be briefly summarised as 
follows ; — 

(1) . When Y and y are equal and both positive^ O falls at C, the 
centre of figure of the cross section, and K is situated at an infinite dis- 
tance to the right of B. 

(2) . As y dirainiphes in value, relatively to Y, K approaches B, and 
O moves towards A, until, when y = 0, K coincides with B, and O 
becomes distant ^ AB from A. 
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(3) . As increases numerically, but with negative sign^ K continuea 
to approach C and O to move still further towards A, until when, y =3 
— i T, 0 coincides with A, and K is distant J AB from B. 

(4) . As the negative value of y continues to increase, K approaches 

C and O moves to the left of A, until, when ^ — Y, K coincides 

with C, and O is situated at an infinite distance to the left of A. The 
stress- system then consists of a couple. 

192. For convenience of reference, the different cases of uniformly 
varying-stress-distribution over a plane joint are here enumerated. 

Applicable to uncemented joints only. 

Case /.—Compression increasing from zero at some point within the 
joint, to a maximum at one edge, the remainder of the joint being under 
no stress ; due to the centre of pressure being situated at a distance 
from the edge of maximum compression less than J width of joint 
(para. 184). 

Applicable to uncemented and cemented joints alike. 

Case IL — Compression throughout joint increasing from zero at one 
edge to a maximum at the other ; due to centre of pressure being situa- 
ted J width of joint from edge of maximum compression (para. 183). 

Case III. — Compression throughout joint, but greater at one edge 
than at the other ; duo to the centre of pressure being situated within 
the centre third of the joint (para. 182). 

Applicable to cemented joints only. 

Case IV. — Tension on one side, and compression on the other side, 
of a neutral line in the joint; due to the centre of stress being situated 
at less than ^ width of joint from edge of maximum stress (para. 100). 

Case V. — Tension on one side, and compression on the other side, of 
a neutral line in the joint ; due to centre of stress being situated outside 
the joint (para. 191). 

193. It will be observed that, in order to expose the whole of a 
joint surface to compressive stress only, it is necessaiy to retain the 
centre of pressure within the centre third of the joint. This rule is 
always observed when designing retaining walls. It is usually observed 
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alflo when designing arch rings, though sometimes it is considered suffi- 
cient to retain the centre of pressure within the centre halj of the arch 
ring. 

194, In order, then, to ascertain whether a structure of given form 
and material is sufficiently strong to withstand the effect of a given 
system of applied loads, it is necessary first to determine, by methods 
already explained, the point of application, inclination, and magnitude 
of the resultant pressure acting over the surface of that joint at which 
crushing or sliding is most likely to occur, the component normal to the 
joint surface being that which causes the former, and that parallel to the 
surface that which causes the latter, effect. The case of sliding has 
been already dealt with, and may bo neglected in the case of cemented 
blockwork. As to crushing and tensile resistance, the elements N, d, 
and t of equations (3), (4), (5), (6), (7) and (8) being now known, the 
values of Y and y can be at once determined, and compared with the 
corresponding values of safe crushing strength, and either safe tensile 
or safe adhesive strength, according as the material is weaker in tensile 
strength or the cement in adhesive strength. 

196, The relations investigated above are applicable to joints of 
rectangular figure only. Professor Rankine in his Applied Mechanics, 
p 229, gives approximate positions of centres of pressure in joints having 
cross sections of figure other than rectangular. Ho says on p. 227 — 

** It appears that the exact determination of the limiting position of 
the centre of pressure at a plane joint is, strictly speaking, a question 
relating to the strength of materials (f.e., to their resistance to crushing), 
Novoribeless, an approximation to that position can be deduced from 
an examination of the examples which occur in practice, without having 
recourse to an investigation founded on the theory of the strength of 
materials.” lie then gives approximate positions for centres of pres- 
sure, under the condition that the pressure decreases uniformly from ti 
maximum at one edge to nothing at (he opposite edge (Case IL above). 
Applying the above condition to joints of ordinary forms, and taking 
the following measurements at right angles to the nentral axis of the 
joint : — 

< = AB =* breadth of joint in direction of pressure, 
d ~ AC = distance of centre of pressure from edge of maximum 
compression. 
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^ ^ ^ distance between centre of pressure and the point 

at winch the vertical passing through the centre of gravity 
of tlie superincumbent mass cuts the bed joint. 


Figures of base or joint 
under conslderatiou. 

Minimnni 
value of <i. 

Maximum 
value of p 

lUfln. 

Solid of pressure. 

Square i 

or V 

Bectanglo, j 


V- 


Ic 

.J 


Circle | 

or \ 

Ellipse, j 

ii- 

it. 


©*■- 

0 

Hollow square ♦ 
(factory chimney), 


it- 

.A j 

iP 

% 

Circular ring * 
(factory chimne)), 

i ^ 

it. 



0 


The solids of pressure for the different sections graphically represent 
the stress decreasing uniformly from a maximum at one edge to nil at 
the other. The centre of pressure passes through the centre of gravity 
of such a solid, and cuts its base at a distance^? from the centre of the 
base, or from the point in which the vertical passing through the centre 
of gravity of the structure above any joint cuts that joint, I 

196. The simplest method of applying these principles in any partic- 
ular case, is to draw on a large scale the proposed structure, and to 
test it for stability, altering the dimensions and form until the required 
degree of stability is obtained. 

When the applied pressures and the bed joints of the structure arc 
all horizontal, this can bo readily done by equations, as in the Examples 
of Chimneys, which will be found in the next Chapter; but when either 
the pressures or the joints are inclined, it will generally be found simpler 
to employ graphic methods. 

197. For structures subjected to the action of vertical loads only 
and for ordinary structures, or those whose lines of resistance are not 
very oblique to the bed joints, it is sufficient to measure the intensities 
of stress at these joints only. But for large reservoir walls, or import- 

* These Tallies of d and p are in practice correct enough for thin rings as in factory chimneys. 
Rank ine's Applied Mechanics, p 22D 

t The above is taken from Wray and Seddons' “Instruction in Construction,*’ 3rd Edition, p 330 
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ant structures whose lines of resistance are oblique, obliging the plane 
of the wall's face to be built with a ‘‘hatter/’ that is, an inclination to 
the verti<!al, Professor Rankine considers that the safe limits of stress 
should decrease with the increase of the “batter.” See Chapter XV., 
and Appendix B. 

Analytical Investigation, 

198. The investigation, given above, of the distribution of stress over 
a rectangular area may be regarded as a semi-graphical one. The 
general analytical treatment may be briefly stated ns follows : — (Com- 
pare Chap. XIII. of Vol. I., and Rankine’s Applied Mechanics, 8rd 
Edition, para. 91, p. 76). 

If the state of stress shown in Figs, 61, 62 and 66, bo represented 
slightly differently, as in Fig, 67, that is, by setting off* a length equal 
to the mean stress immediately below a, of Fig, 61, or a.fi of 
Fig. 62, or of Fig, 66, and drawing ab parallel to a^b^ (or or 
as the case may be) so as to pass through C, then it will be seen 
that the state of stress, in each case, may be supposed to bo made up of 
two parts, viz. : — 

(A) . A uniform stress, represented by the parallelogram a^abh^ of 
Fig, 67, whoso mean intensity Cc is the mean intensity of the entire 
stress, and whose centre of stress is at C, the centre of figure of the 
cross section under consideration. The mean intensity 

^ Total Stress 

^ Area 

(B) , A uniformly varying stress, represented by the equal tri- 
angular areas aCA and CB^, which stand for stresses of opposite kinds, 
so that the total resultant magnitude of this second stress is zero. The 
intensity of this stress at any point is the deviation of the actual 
intensity of stress at that point from the mean intensity. Thus at A 
the intensity of this stress is Aa = Aa^ — a^a. The actual intensity 
of stress at any point of the surface, then, will be measured by the alge- 
hraic sum of the intensities (A) and (B). Thus, it Y and y as before 
represent the maximum and minimum intensities respectively, we have 


Y = Aa + (0- 

bb^, ( 2 ). 


The system of stress (A) is equivalent to a total lebultant force N, 
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directly applied along the neutral surface, so as to meet the surface 
AB at C. 

The system of stress (B) is familiar as representing the state of stress 
of a beam subjected to pure transrerse strain (para* 198, Vol. I.), where 
C is a point in the neutral surface of the beam. The moment of re- 
sistance, iH, of such a beam, if of isotropic material, wo know to bo 

measured by — I, where Vb measures the distance of the extreme fibre 
yb 

from the neutral surface, and /b the intensity of stress to which that 
fibre is exposed (/b = fyh if f is the intensity of stress at unit distance 
from the neutral axis), and I represents the value of the moment of 
inertia of the cross section about an axis passing through its centre of 
figure C, a point in the neutral surface above referred to. 

If, then, wo suppose the neutral surface passing through C to bo 
known and described, and resolve all the forces acting on the structure 
at the points where they meet that surface parallel to it and to the 
surface AB under consideration, then will the sum of the former compo- 
nents (those acting along the neutral surface) bo measured by N, and 
the moment M of the latter will bo resisted by M, so that we shall have 

M = « = ^ I, in which /b corresponds to Aa or of Fig, G7, so 
that we shall have from equations (1) and (2) 


Y = + (3). 

y — 


If now 0 be the point in which the resultant R of the whole system 
of forces acting on the structure meets the plane of the snrface AB, 
and if we suppose R at O to bo resolved, as before, parallel to that 
surface and to the neutral snrface above referred to passing through C, 
then will the former component of R be equal to N, and the moment 
of the latter about O be measured by M. 


Then we shall have OC = -jj-, since 00 X N = M, 


or^ using the symbols d and t of para. 182, 

OC = - d + 4- = 


M 

N 


Tbns, M = N - d). 
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Tho* value of I for a rectangular section, whose breadth is b, and 
deptli (para. 209, Vol. 1.) xii the case under consideration, 

6 1 ‘and (i = so that I = -jgi a^^d /b being equal to \ 

we have -j-yi + n = N (--d)x ^ j 

80 that, Y = |(3-y + l) = ?^(2 -^) 

which is the same expression as equation (3), para. 182. In a similar 
way, equation (4) of this para, may be shown to be the same as equation 
(4) of para. 182. So also for equations (5) and (G) of para. 19 1. 

199. In para. 57(^), Vol. I., the case of a “ short pillar’^ is consi- 
dered, which is so loaded longitudinally that the line of action of the 
total resultant load W, while parallel to the axis of the pillar, yet 
deviates from it by a certain distance a^o, and it is stated, but without 
proof, that if 

aj, =: distance in inches of the point of greatest stress from the axis 
of the pillar 

I = moment of inertia of cross section, whose area is A, relatively 
to its neutral axis, 

, Mean intensity of Rtress 1 

* Maximum intensity / *^1 A\ 

Comparing this case with what has been stated in the previous para- 
graph, we see that 

W = total resultant load and corresponds with N, so that n = — . 

Xo = deviation of centre of pressure from centre of figure of cross 
section, and corresponds with OC of the previous paragraph, so that 

sr and therefore M zz Waro. 

w 

In this case the resultant applied load is parallel to, what in the 
previous paragraph is called, the neutral surface passing through C. 

Xj ss distance of extreme fibre from centre of figure of cross section, 
and corresponds with yb of previous paragraph. 

1 is the same as in previous paragraph, so that 

y yb becomes y. 
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Ilenco, the maximnm intensity of stress of equation (3) becomes 

M 


Y n + ^ y. 
and, therefore, wo have the ratio 


W . W 

A + T 


Mean intens it y of stress 

Maximum intensity of stress W 


W 

A 


X + T 


1 + 


X, A 


which is that given in para. hl(b)^ Voh L, above referred to. 


.V /?. — It is to be particularly observed that, throughout this Chapter, Me tyrnhol 
d (representing the distance of the centre of pressure from the joint’s e<ige) \$ wea- 
mred from that edqa of the joxnt towardi^ wkxch the centre of pve^rare lies, that 
IS, the edge at which the maximum intensity of pressure occurs , and it it be de- 
sired to adapt the equations to the case in which d is measured from the edge of 
minimum intensity of pressure, then f — ti must be suhstituteil for d, For instance, 
2 

if d he put = - t in equation (3), para. 182, then Y = O, which ih contrary to 
3 

hypothcfiio , but if the equation be written Y ^ | 2 ~ 3 ^ put 

2 2N 

jf, then Y , which is in accordance with the contents of the Chapter. 
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N 



[ AHT. 200-202. 


CHAPTER Xll. 


TALL CHIMNEYS. 

200 . The following remarks on Factory Chimneys are, by permission, 
taken from Colonels Wray and Seddons’ “ Instruction in Construction,*' 
Srd Edition, p. 338, et seq. 

Tall chimneys are regarded as structures of uncemented blocks, for 
reasons which will subsequently appear. 

The only force tending to overturn a chimney or make it slide on any 
bed joint is the proasuro of the wind. It is usual to assume that the 
wind blows horizontally, and with the same force at all heights aboTO 
the ground, although its velocity is sensibly diminished by friction 
against the cartli’s surfaco,* Again, the surface exposed to the wind 
is regarded as being vertical, ignoring the external batter given to tall 
chimneys. Both of errois are on the side of safety. 

201. For the pos'-iltle wind pressure to be provided for, see para, 116 
(2), Vol. I. An ample Hllowance should be made, as it must be re- 
membered that in high winds tall chimneys rock considerably, their caps 
often swinging through several feet, whilst the danger lies in the possi- 
bility of an exceptionally heavy gust happening to strike the shaft when 
in full swing to leeward. 

202 . The chimneys in the following Examples, both of which are in 
existence, can resist wind pressures from base to summit of 49*4 lbs. 
and 44 lbs., respectively, without the pressure at the edges of the bed 
joints exceeding the limit of safety, which in most cases would afford 
ample security, especially when it is not very exposed, or the base is more 
or less protected by surrounding buildings. 

* Mr. B. Donglaa Arobtbald, in Nature^ lUb January, 1883, gireathe following as the most re* 
liable formula for deducing the velocity of the wind at any height from its recorded velocity at 
a given height— 

v_ «/S 

t h 

where V and H are the velocity and height at the upi)er level, and e and A thoee at the lower 
level. 
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The great St. Rollox chimney at Glasgow, designed by Professor 
Kankino, is capable of resisting 55 lbs, at its weakest joint. 

203. That the cylindrical does not offer nearly so much resistance 
to the wind as the rectangular form is well known, though the actual 
decrease of pressure is not known exactly. 

Kankine says,* but without giving any proof, that the actual pressure 
against the side of a cylinder is about one-half of the total pressure 
against a diametral plane of that cylinder ; but as any error should bo 
on the side of safety, it is recommended on the following grounds to take 
three-fourths instead of only one-half. 

If the surface of ImU a cylinder is treated as a series of 0 inclined plsnoB, Fiff. 68, 
and the horizontal force (P|,) of the wind against each inclined surface, taken from 
the Tabic, para. 116, Vol I., the effect of the mud affinn^t the surface of a cylinder 
in found to he about *74, or say of what it loovld be ayatnst a diametral piano 
of the cylinder^ or against a square chimney with sides equal to the diameter of 
the round chimney. 

Against an octagonal chimney, the effect of the wind, by Ibo same process, is found 
to ho about *70 of that against a H(iuare shaft of the same (hameter. 

Again, the normal component of a horizontal wind force of intensity p, acting on 
the surface of a cylinder, may bo represented hy j? cos a (where a is the angle which 
the direction of p makes with the normal to the curve), hcncc, neglecting the com- 
ponent tangential to the surface of the c> Under, the portion of p cos a, acting in the 
direction of the wind, and, tending to overturn the chimney, is p cos’* a . and the 
sum of these forces acting on the scmi-circumfercnce of a chimney whose dia??ieter is 

TT 

unify = 2xiXi>^ ^ cos^u rfa = »7854 p, or practically the same as above 
(radius being J). 

204. No calculations for sliding on the bed joints arc required, since 
even in tlio smallest chimneys, only half a brick thick, for every foot of 
Hat vertical surface exposed to the wind, more than a cubic foot of 
brickwork, weighing about 110 lbs., would have to be moved. Now, 
taking the co-efficient of friction for wet mortar as low as *5 {Useful 
Rules and Tables, p. 186, and Rankine’s Applied Mechanics, p, 211), the 
resisting force would be more than 110 X *5 = 55 lbs. ; therefore, even 
the smallest 4^ inch brick chimney would resist a 55 lbs. wind pressure, 
and a 9 inch chimney nearly twice as much. 

No calculations are required as regards overturning about the edge 
of any bed joint, since this could never occur if the following conditions 


• HanKme’ii "Applied Mechanics, '* 3ra Edition, p, 2 to 
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with regard to the opening of tlie bed joints and resistance to crushing, 
are fulfilled. 

Long before actual overturning could take place the bed joint of 
minimum stability would begin to open up at the windward edge, afford- 
ing additional hold to the wind, besides admitting cold air and wet, and 
so injuring the draught of the flue; for, owing to the tendency of such 
structures to rock in high winds, it is never safe to reckon upon either 
the tensile or adhesive strength of the mortar. Hence, in designing 
chimneys, no tension should be allowed in any part of any bed joint. 

When the centre of pressure is kept within the limits which ensure no 
tension being set up in any bed joint, the maximum intensity of pressure 
is at the leeward edge of some joint, and equals twice its mean intensity, 
or twice its intensity had it been uniformly distributed over that bed joint 
(para. 193) ; hence, if no bed tends to open under the wind pressure, and 
if the resistance the outer edges of the bed joints are capable of offering 
to compression is uniform throughout the structure, any undue yielding 
under compression, if it takes place at all, will occur at the leeward 
edge of the joint of maximum compression, which may, or may not, 
coincide with the joint of maximum stability. 

206. From the above considerations, the two following rules are 
arrived at for the stability of chimneys : — 

1. The centre of pressure at the joint of minimum stahility m\isi remain 
within the limits which allow of the pressure varying from nil at the wind- 
ward edge to a maximum at the leeward edge. 

2, The maximum intensity of pressure at the leeward edge of the joint 
of maximum compression must not exceed the safe limit of resistance of 
the materials under cornpression. 

Bends in Flues and their Junctions tvith Chimneys. 

206. As sharp bends in flues check the draught, they should always 
be carved round to the new direction as easily as possible. 

207. An important point, generally neglected in factory chimneys, 
is the curving of the top of the horizontal flue into the vertical chimney 
flue, which, if properly done, would increase the upward draught, and 
in many cases lead to economy by enabling the height of the shaft to be 
reduced, 

208. When two flues enter the base of the shaft from opposite direc- 
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lions, a mid feather, generally consisting of a vortical firebrick dwarf 
wall, is carried across the shaft at least to the top of the due openings, 
to keep the two blasts from interfering with each other; this would not 
he required if the flues were properly eased into the shaft. 

209. In bringing a flue through the wall of a factory chimney, care 
must be taken not to reduce the bearing area of the shaft below the 
limit of safety ; this can be met by adopting a stronger section for the 
l>ase of the shaft where pierced by the flues, or, at any rate, by thicken- 
ing the cheeks of the flue opening. 

EXAMPLE I. 

Circular Brick Chimney. 

210. It is desired to inquire into the safety of a circular brick 
chimney of the dimensions shown in Fig. 69 standing on a bed of Port- 
land cement concrete, by determining — 

1st, The maximum intensity of pressure on the brickwork at the 
leeward edge of the joint of maximum compression, when the pressure 
at the windward edge is reduced to nil. 

2nd. The maximum intensity of pressure on the foundations under 
the same conditions. 

3rf7. What wind force would reduce the intensity of pressure at the 
windward edge of the bed joint of maximum compression to nil, 

Fmarlcs. 

In this case it is evident that, if there is no tendency for the joint to 
open at tlie base, there will be no tendency for any joint to open. 

The weight of the brickwork will be taken at 112 lbs. per cubic foot. 

The independent firebrick lining only affects the weight on the founda- 
tions. 

It is evident from Fig, 69 that the mass above every successive bed 
joint, from the top downwards, increases more rapidly than its bearing 
area ; and hence, that the maximum compression on the brickwork will 
be at the base of this shaft, i.e., at 136 feet from the top. 

With a circular chimney shaft the centre of pressure at any bed joint 
at which the pressure varies from nil at one edge to a maximum at the 
other, is at ^ the diameter of the shaft from the edge of maximum com- 
pression, see para. 195. 
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Calculations. 

(1). Afaximum Intensity of Pressure at Base. 

Cubic feet of brickwork = 136' x ^ (11 -5* - 7-3*) = 8,378 cub. ft. 

Weight of shaft = 8,378 cubic feet X 112 lbs. z= 938,336 lbs. 

Area of base of shaft = ^ (15* — 9*) =? 113 ft. super. 

938 33G 

Mean pressure on base = — = 8,304 lbs. per ft. super. 

Maximum pressure at windward edge on base, that at the leeward 
edge being ?ii7, =: 2 x mean pressure =r 16,608 lbs., or 7*4 tons 
per foot super., or 115 lbs. per inch super. 

This would give a factor of safety of a little over 3 for good stock 
brickwork in hydraulic lime mortar, against cracking, and much more 
against crushing, para. 176 ; whilst the Portland cement foundations 
would, if properly made, bo oven stronger than the brickwork. 

(2). Maximntn Intensity of Pressure on Foimdations. 

When the centre of prossuro is at \ the diameter, or 3| feet from 
the edge of tlic base, the resultant of the wind pressure and the weight 
of the shaft, cuts the base of the concrete foundation at nearly ^ of its 
width from one edge, thus producing a maximum compression at that 
edge of about twice the mean pressure. 

Mean pressure at base of concrete due to shaft = = 1 ,501 lbs. 

Maximum ditto = 2 X 1,501 3,002 lbs. per foot super. 

Adding the weight of the concrete, at 120 lbs. per cub. ft., which 
for a thickness of 5 feet gives 600 lbs. per foot super. ; the weight of 
the firebrick inner shaft, at 112 lbs. per cub ft., which works out to 
84 lbs. per foot super, on the foundations below the concrete; and, say 
I of the weight of the 10 feet of earth resting on the edge of the con- 
crete (since it is partly supported by the surrounding earth), which 
taken at 120 lbs. per cub. ft., adds 324 lbs. to the pressure per foot 
fiiiper, on the foundations ; we have 

Maximujii pressure on foundations = 3,002 + 600 -f 84 -f 324 =^4,010 
lbs,, or nearly 1*8 tona per foot super., which, for the limit of pressure 
at one edge, is not too great, on a good sound foundation, such as firm 
gravel or sound hard clay. 
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([{). Wind force required to reduce the pressure at the windward 

edge of the base of the shaft to niL 

The effect of the wind upon a circular surface is taken as | of its 
effect upon a flat surface (para. 203). 

The wind force concentrated at its centre of pressure, at the 
centre of gravity of the portion of the shaft above ground, acts with a 
leverage of 67 feet above the base. 

Equating the moment of wind pressure about the base of the shaft, 
with the moment of the weight of the shaft itself about the point at 
which the centre of pressure cuts the base, wliich, under tlie condition 
tlvat the pressure at one edge is reduced to ?ii7, is at ^ the diameter, 
or at 3| feet from the centre of the shaft, wo have 

I X wind pressure x 126' X 11*25' x 67' = 938,336 lbs. X 3 75 ft. 
wind pressure = 49*4 lbs. 

Conclusions, 

As the calculated maximum intensities of pressure are within safe 
limits, and can only bo attained under a wind force of nearly 50 lbs. 
per square foot, acting at the same moment over the entire height of 
the shaft above ground, it is evident that the stability of the structure 
is insured, without calling upon the mortar to exercise any tensile or 
cohesive strength whatever. 

An additional element of safety is duo to the vertical component of 
the wind striking on the slightly battered surface of the chimney, which 
for facility of calculation has been treated as vertical. 

EXAMPLE II. 

Square Brick Chimney. 

211. A square brick chimney has a side elevation and central verti'- 
cal section (omitting projections of cap, and without the fire-brick lin- 
ing), as shown in Figs, 70 and 71, the batter being half an inch to a 
foot. 

Inquire into its stability by determining— 

Ist, What wind pressure the chimney ia capable of bearing when 
the position of the centre of pressure, at the joint or minimum stabili- 
ty, is at the limit consistent with there being no tendency of the joint 
to open. 
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2n(L Whether the maximum intensity of pressure, at the leeward 
edge of the joint of maximum comjjfession, is limited to what is neces- 
sary for safe resistance to crushing. 

The axis of the chimney is assumed to be vertical, and the strength 
of the mortar is neglected. 

Remarks, 

As regards resistance to overturning, or rather to the opening of the 
bed joints, it is evident from the small increase in the thickness of the 
brickwork at the bed joints AB, CD, EF, that there will be less stabili- 
ty at GII than at any joint above GH ; whilst below GH the stability 
of the shaft is greatly increased by the projecting buttresses; so that it 
will only be necessary to determine the wind pressure required to force 
the centre of pressure to its extreme limit, at the joint GII. 

As regards failure by crushing, it is only necessary to inquire into 
the maximum intensity of pressure at the same joint, GII, as below it 
the bearing area increases considerably, whilst the centre of pressure 
does not approacli so near to the outer edges of the joints. 

PreUmiHarit'}^. 

Lot jt — intensity ot horizontal wind presanro. 

„ H — height of whaft exposed to wind abo\o joint ot raiuiinuiu aUihility, 

,, h rji height of centre of pressure of wind abo\c same joint. 

,, D = external diameter of shaft at same joint. 

„ rf = external diameter of shaft at mean height above same joint. 

,, W = weight of portion of shaft under consideration. 

„ m = leverage of \V about centre of pressure when the latter has reached its 
limit 

Resistance to Bed Joints openinr/. 

The shaft being sipiare, in order that there may not be any tendency 
for the joints to open, the centre of pressure must never approach 
nearer the edge of the bed joint of minimum stability than jlD (para. 
1D5). 

Taking this limit of stability, and equating the Moment of wind 
pressure with the Moment of the weight of shaft, 
pdW X h =: W X my ... 

(HI being the bed joint of minimum stability — 

At (jlll, w = (J - ^) D = = y. feet. 


( 1 ). 
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Above GH, height of shaft H = 90 feet. 

„ ,, mean outer diaiLoter ” c/ = 9*1 feet. 

„ „ the height k of the centre of wind pressure or centre 

of figure KGHL {Fig, 71) = 41*8 feet. 

,, ,, W = 422,946 lbs., obtained as follows : — 

At mean height above EF, width from out to out = 8*7 feet 
ij in to jn — — S*7 feet. 

„ „ „ area of brickwork, deducting recesses, 

=. 8 7» - - 4 X 4-5' X f' = 3G'4r> sq. ft. 

Weight of shaft above EF = 30*45' x 72' X 1 10 Iba. == 288,084 lbs. 

Between EF and GH, height of shaft = 18 feet. 

„ „ mean width, out and out = 10‘6 feet 

„ „ „ in and in =0*1 feet. 

„ „ mean area of brickwork deducting recess, 

= 10*6=* - C-l’ - 4 X 0*6' X i' = GG'O sq. ft. 

Weight of shaft between KF and GU = 66 0' X 13' x HO lbs. = 184,262 lbs. 
Total weight above GH = 288,684 -f 134,262 = 422,946 lbs. 

By substituting in Equation (1) — 

» X 9-1 X 90 X 41-8 = 422,946 X — 

O 

whence p ss: 45*3 lbs. per sq, ft. 

By proceeding in the same way at the joint EF, it would be found 
that p would exceed 45‘3 lbs., showing that the joint of minimum stabi- 
lity is at GII. 


Resistance to crushing. 

At the bed joint Gil, where the intensity of pressure will be a 
maximum — 

Normal pressure == weight of shaft above GH n 422,946 lbs. 

Area of bearing surface, deducting recesses, nil® — 6*5* — 4 x 
6*5' X f ' = 68 sq, ft. 

422 946 

Mean intensity of pressure per square inch m 

square inch, which would give a maximum intensity of 86*4 lbs, per 
square inch, leaving an ample factor of safety, seeing that stock brick- 
work in lime mortar is capable of bearing 400 lbs. per square inch before 
beginning to yield (para. 176). 

The chimney is therefore perfectly safe against crushing under llie 
wind pressure that brings it to its limit of stability as regards the ten* 
dency of the joints to open. 

VOb. II. 


o 
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Summary. 

It appears that this chimney, supposing no reliance to be placed on 
the tenacity and adhesion of the mortar, is safe against a wind pressure 
of 45 lbs, per square foot of flat surface directly opposed to it. 

If the wind pressure wore to exceed 45 lbs. per square foot, the centre 
of pressure would approach somewhat nearer to the leeward side of the 
chimney, the maximum intensity of the pressure would be increased, and 
tension would be set up on the windward side. 

To fulfll the conditions of stability under 50 or 56 lbs. wind pressure 
over its entire height above GH, the dimensions of the shaft should be 
slightly increased. 



11 Brick 



8 Brick 


8 Brick 
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CHAPTER XIII. 

EXAMPLES OF BLOCKWORK STRUCTURES.^ 
EXAMPLE 1. 

Buttress. 

212. A buttress of strong brickwork, weighing 112 lbs. per cubio 
foot, of the form and dimensions given in Fig, 72, and of a uniform width 
of 5 feet, has to sustain two inclined thrusts in the positions, and having 
the directions and magnitudes shown in the same figure ; the tenacity 
and adhesion of the mortar to bo neglected. 

Inquire into its stability by determining — 

1st. Whether the line of resistance intersects the bod joints of 
minimum stability, AB, CD, and sufficiently within their outer edges 
to insure safety against crushing. 

2nd. Whether the buttress is secure against sliding on the joints 
GH and EF. 


Rmarks, 

The pressures P and Pi are the thrusts due to a roof and an arch. 

As regards failure by overturning, the buttress is evidently not liable 
to overturn at any point above K, the pressure P having no leverage 
above that point. 

Further, by drawing a diagram and describing the curve of resistance 
as explained in para. 173, it will bo seen that, for a structure of uni- 
form width to which a single lateral force, as P, is applied, the curve of 
resistance continually approaches the outer face of the structure as it des- 
cends ; hence, the buttress is more likely to overturn about the bed joint 
AB than at any joint above it. 

Owing to the increase of width at EF, it is not so liable to overturn 

• The data of theae examples are taken from Wray and Seddons’ “ Instruction in Construction,'* 
3rd Edition, p. 335, stq 
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“ The following enclosure walls have been actually constructed. A 
long length, 550 feet, of one of then^ (Wall No. 1), was blown over, as 
if it had been hinged at the footings. 

They are given as typical examples of enclosure walls, and are 
intended to show that, under a horizontal uniformly distributed wind 
force, normal to the wall, of 55 lbs, on the square foot, these walls can 
only remain standing by virtue of the tenacity and adhesion of the 
mortar. 

** Wall No, 1, (Fig, 7i ), — Weight of material = 105 lbs. per cubic 
foot. * * This wall was built in pure lime mortar, 1 lime to 2 sand, 

and was blown down about 18 months after it was built. 

Wall No. 2, (Ftg, 75 ), — Weight of material ^112 lbs. per cubic 
foot. * * This wall was built in grey chalk lime mortar, 1 lime to 

2 sand. In this case, the wall being very low, the friction of the wind 
against the ground would act more than in the other cases. 

Wall No, 3, (Fig, 76 ), — Weight of material ==: 112 lbs. per cubic 
foot. Pressure per square foot required to overturn the wall = 21 lbs. 
This wall was built in grey chalk lime mortar, 1 lime to 2 sand. 

“ Wall No, 4, (Figs, 78 to 80^. — Weight of material = 112 lbs. per 
cubic foot. Pressure per square foot required to overturn the wall =r 
25*4 lbs. This wall was built with brick in grey chalk lime mortar, 1 
lime to 2 sand. 

“ From the above it appears advisable, in constructing an enclosure 
wall of an ordinary section, on any very exposed site, to provide a mortar 
of considerable tenacity and adhesion.’’ 

Exa^npleB. 

The data of the following Examples are taken from Cols. Wray and 
Seddons* “ Instruction in Construction,” 3rd Edition, p. 350, et $eq. 

** Wall No, 5 , — A long enclosure wall, 16 feet high, Fig, 77, and three 
bricks thick laid in hydraulic mortar, weight only 100 lbs. per cubic foot, 
is built in an exposed position where it might be called on to resist a 
wind pressure of 55 lbs. per square foot. 

“ Determine the compression per square inch on the lee side of the 
bed joint at the footings, and the tension per square inch on the wind- 
ward side of the same joint, when the wind is blowing perpendicularly 
to the face of the wall, with its maximum force, and uniformly all over it. 
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** This wall is of an ordinary height as enclosure wall of a prison, 
dockyard, &c. Such walls are, however, seldom made as thick as three 
bricks. A uniform width has been assumed for the sake of simplicity 
in illustrating the principles involved. 

‘‘ It may be regarded as certain that, in any but very exposed positions, 
the wind never acts with its maximum registered force on a long length of 
low wall, and even in such positions there must be some reduction in its 
force near the lower part of the wall, owing to the friction of the wind 
along the ground ; however, in very exposed sites it is better to provide 
for the maximum registered wind pressure. 

“ As the wind seldom blows with its maximum registered force, and 
still less often with its maximum force normal to the face of the wall, it 
is justifiable to calculate upon the mortar having time to acquire a con- 
siderable proportion of its ultimate tenacity and adhesion to the blocks, 
before the wall is subjected to the greatest pressure it can over have to 
bear. 

‘‘Keferring to Useful Rules and Tables^ p. 204, it would be justifiable 
to calculate in this case upon the tenacity of good hydraulic mortar one 
year after mixture, given at 140 lbs. per square inch, allowing a proper 
factor of safety (say 3, as the force is only occasional), and upon the 
adhesive resistance of the mortar being 3G lbs. per square inch with the 
same factor of safety. 

** The ultimate crushing resistance of good hydraulic mortar is certainly 
not less than 500 lbs. per square inch. 

VreUminanes. 

“ Let W lbs. = weight of one foot run of wall ~ 16' x 1' x 2^' X 100 = 3,600 lbs. 

The total normal pressure per foot run of wall at ground line = W 
= 3,600 lbs. 

aroo 

** The intensity of pressure, W, being uniformly distributed, = 

X 144 

s=s 11*11 lbs, per square inch = N.” 

Total wind pressure acting over one foot run of wall 16 x 1 X 
55 s= 880 lbs. 2 = P. 

If a diagram be drawn to a large scale, d will be found to measure 
about 10 inches. This may be corrected by calculation as follows: — If 
h be height of wall in inches, remembering that W acts through the 
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h 

centre of gravity of the wall and P at ^ above ground level, also that 
the cross section of wall at that level is the weakest with regard to over- 
turning, we have the relation d + ^ | : P : W, or, - 


8 x 12:: 880 : 3,600, whence d = 9*96 inches. 

Substituting these values of n, d^ and i in equations (7) and (8) of 


para, 191, wo have 


Gd 


6 X O-DO 
2 25 X 12 


1 ^^ -- 2*21 
- 75 fi- 


nance Y =s 11*11 X 2*21 = 69 lbs. per square inch compression. 

— = Y — 2fi = 69 — 22*22 s= 46*78 lbs. per square inch tension. 

There is therefore a factor of safety of ==: 7*2 against crushing, but 

the wall must fail by the opening of the joints on the windward side, if 
the wind ever blows with its maximum force normal to its face, the 
adhesive resistance which the materials are capable of exerting being 
only 36 lbs. per square inch, against a tensile stress of 47 lbs. nearly. 

This source of danger might be entirely avoided by using cement mor- 
tar in the lower part of the wall. 

** Wall No, G. — A long enclosure wall, 15*5 feet high, and of the plan 
and section given in Ftffs, 78 to 80, of brick in hydraulic mortar, weighing 
108 lbs. per cubic foot, is built in an exposed situation in a country where 
the force of the wind has been registered at 55 lbs. on the square foot. 

Determine the compression per square inch on the lee side of the bed 
joint at the ground level, and the tension per square inch on the wind- 
ward side of the same joint, when the wind is blowing perpendicularly to 
the face of the wall, with its maximum force, and uniformly all over it. 

“The same remarks as to wind pressure and strength of materials 
apply as in last Example. 

“ As it makes no difference, and is more convenient to deal with, the 
plan of the wall will be taken as in Fi^, 80 in place of Fi^, 79. 


Preltfninaries, 

“As the wall is not uniform in section throughout, it is beat to take as a i/nit vf 
lengthy the portion 19*5 feet long, between the centres of two alternate piers. 

“ A height of 16 feet is taken because the coping being inclined does not offer the 
same resistance to the wind as a vertical surface. 

“Then W = (19*5 X 16 x 1*5 + G x 16 x |) X 108 = 54,432 lbs. 

= total normal pressure per unit ofkngth at ground level.’’ 




PLATE XVII. 
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The area over vfhich tin’s is nniformly distributed 

= (19-5 X 1’5 + 2 k 3 X i) = 31*5 sq. feet. 

Hence, intensity of pressure per square inch = .7/5 = 12lbs. = n. 

The total wind pressure per unit length = 19 5 X 10 X 55 = 
17, ICO lbs. 

Drawing a diagram and proceeding as explained for the last Example, 
we have d + 9 : 8 X 12 : : 17100 : 54432. 

Whence d = 30*2G — 9 = 21*20 inches and is negative. 

Substituting these values of ?i, and i in equations (7) and (8), para, 

191, wo have C ^ = 7-09. 

AVhenco Y = 12 X 11*09 ~ 133 lbs. pressure per square inch. 

- y Y — 2/1 =: 133 — 24 = 109 lbs. per square inch 
tension. 

Hence, at the leeward edge there is an intensity of pressure of 133 lbs, 
per square inch, and at the windward side a tensile stress of 109 lbs. per 
square inch. 

“ There is, therefore, a factor of safety of more than 3 in compression, 
but this wall must fail by the opening of the joints on the windward side, 
if tlie wind ever blows with its maximum force normal to the face of 
the wall, the adhesive resistance of the materials being only 3G lbs. per 
square inch to resist a tensile stress of 109 lbs. 

** This source of danger may be avoided by using cement mortar in the 
lower parts of the wall, which, with a tensile strength of about 280 Ihs. 
per aq. inch {vide para. 170), would give a factor of safety of over 2.*’ 


VOL. n. 


p 
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CKANES. 

214, Cranes are cantilerera, and may be regarded as structures inter- 
mediate between those employed in spanning an interval and those not 
so employed. They are in fact equivalent to beams or arches cut short, 
loaded at the free extremity and firmly fixed at the other extremity. 

Ftgs. 81 to 83 illustrate the analogy existing between the supported 
beam and cantilever, 

Bearn A is supposed to be supported at both extremities and loaded 
at the middle C. 

Beam B is supposed to be loaded at both oxtromitios and supported 
at the middle C. 

Each portion A'C, A"0 of Beam B, forms a cantilever^ supposed to 
be fixed at extremity C, and loaded with R' at A' and R" at A". 

The method of examining the stability of all these structures is the 
same in principle as that already described. A skeleton system of 
imaginary resultant forces, which produce an effect exactly similar to 
that of the system actually applied, is supposed to replace the latter, 
and the resulting effect on the several pieces and on the material of 
the structure is then examined. The joints of structures composed of 
open frame work are considered as belonging to the first class, those 
of structures of solid wood or iron as belonging to the second. In tbo 
former, the centre of resistance of a joint must correspond with the 
point of intersection of the axes of the several bars which meet at that 
joint ; in the latter, the joint itself affords a certain area within which 
the centre of resistance may lie. Having no equivalent closing piece, 
such as the imaginary tension bar afforded by the abutments of an 
arch, or the imaginary compression bar afforded by the piers of a sus- 
pension bridge (para 19), the forces resisting the action of the bending 
moment must be supplied by the material of the actual pieces of the 
structure itself, and hence the state of strain of a cantilever becomes 
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reversed as compared with that of an equal portion of a similar beam 
or arch similarly loaded {Fig$, 811o 83), the upper fibres or pieces being 
thrown into tensile and the lower into compressive strain. Thus it will 
be seen that the section of maximum bonding moment occurs at the 
point of support or fixation (para. 91), and that the curve is convex with 
regard to the axis of abscissfe, and not concave, as in the case of the 
beam or arch. This is sufficiently evident from Pigs. G and 7, Ex. 1 and 
2, para. 182, Part II. of Vol. L, and the accompanying Figs. 81 to 83. 

2 15. Thus, if we wish to design a cantilever of uniform strength with 
flanges of equal width above and below, and a web connecting them, 
since the bending moment is, as in the case of the supported beam, re- 
sisted by the flanges, and the shearing force by the web, the form of the 
web, that is, the depth of successive sections of the cantilever measured 
parallel to the total resultant load, will, as in the case of the beam, 
be determined by the curve of bending moments or equilibrium polygon, 
If, on the other hand, the flanges are to be parallel to one another, then 
the same curve determines their width or thickness, as the case may be, 
due allowance being made for the difference of strength of the material 
ill compression and in tension (para. 61). 

The general subject of Cantilevers has been sufficiently dealt with in 
Part IL, Vol. I. ; the special application in the form of Cranes will now 
be considered. 

216. The Jib Crane consists of a vortical standard AB, Fig. 84, 
(which represents a skeleton crane), freely moveable about a pivot at B, 
which is firmly imbedded in the ground. The jib BC is attached to the 
standard at B, just above the ground level, and usually in such a man- 
ner as to be capable of being raised or lowered by altering the length 
of the tension piece AC, which is sometimes made of rod-iron and some- 
times of chain. BC thus becomes moveable both in a horizontal and 
vertical piano, and the point C (from which the load is suspended) may 
thus be brought immediately over the position of the weight to be raised. 
At C there is a block through which a chain passes, one end of which 
is fastened to the weight and the other carried to a winch placed some- 
where near B. 

217. The Derrick Crane, Fig. 85, is similar irv principle to the Jib 
Crane. Its standard, AB, however, is not deeply imbedded in the 
ground, but guyed back by chains or rods AE,, AE^, which are known 
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ftH back stays, and may be cither anchored into the ground, or more 
usually fastened to the two horizontal pieces BE^, BE^,, which make a 
right angle (E,BEj,) at B. The piece AC is always a chain, and by it 
the jib BO is raised or lowered, by means of a winch, placed near B. 

218. In each of these Cranes it is obvious that, on applying the 
load at C, the piece AC is thrown into tensile, and the piece BC into 
compressive, strain, and that the upright piece AB tends to be broken 
across, the fibres towards the jib being compressed, and those on the 
opposite side extended. The standard AB becomes, in fact, a cantilever 
subjected, in addition to transverse strain, to the action of a resultant 
longitudinal shearing stress, equal in magnitude to the load applied 
at C. The frame ACB is likewise a cantilever, obliquely loaded at C. 

219. Comparing the figure of either of these cranes with the diagram, 
Fig» G, para, 182, Part II., Vol. I., it will bo seen that it is an oblique 
projection of the curve of bonding moments of a cantilever loaded with 
a single weight at its extremity ; and seeing ibat the weight of such a 
crane is small compared to the loads it is called on to lift, there is good 
reason for so shaping it. The weight of these structures is in fact usual- 
ly not taken into consideration. 

220. If we take AB {Fig, 81) on any scale of moments to represent 
the moment of the load at section AB (ABC being drawn parallel to 
the pieces of the frame), then will xy represent the moment at any 
section xy, 

221. Moreover, the shearing force is in this case constant, and equal 
to the load at C, so that if AB bo taken on a scale of loads to represent 
it, and the parallelogram AD be drawn, then will it be a graphic rep- 
resentation of the shearing force acting at all sections taken parallel to 
the direction of W, 

222. Or the case may bo treated otherwise as follows : — 

Taking AB to represent the greatest Load W that is ever likely to 
bo lifted by the crane, and drawing AC, BC parallel respectively to the 
stay and jib, wo have the sides of the triangle BAG parallel to the 
pieces of the frame and also to the forces acting at the point 0, so that 
CA will represent the tension in the stay and BC the compression 
in the jib (both of wnich are constant if the weight of the structure be 
neglected), on the same scale that AB represents the load at C. As 
ABC also represents the figure of the frame, consider the state of equilib- 
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rium at any section xy» Through y draw hd^ and tlirongh li draw Bl) 
(meeting xy in x'), both parallel to AC. Then the bending moment 
at section xy is represented by the area of the parallelogram scD, and 
is resisted by tho tension in CA and the compression in BC. Resolving 
the latter stress parallel to AC and to tho direction of W, wo see it is 
equivalent to forces BD, DC, that is, to a force equal and opposite to 
CA acting at together with a shearing force DC, equal and opposite 
to AB, and acting along the section xy. 

Hence the resisting couple is obviously represented by tho parallelo- 
gram Ad, But taking tho part xd SkV/iiyy being common to tho two 
parallelograms Ad, xD, wo have the remaining area Ay equal to the 
lemaining area yD, which obviously is the case by the properties of the 
j>arallelogram. Hence, the bending moment, which is represented by 
the parallelogram xD, is always equal to the moment of resistance 
represented by Ad, 

223. If we wish to measuio the state of stress of tho upright canti- 
lever AB, wo join AD, Fig, 84. Then tho triangle ABD is a grapliic 
representation of tlie curve of bending moments acting on the standard 
AB (ordinates being measured parallel to BD, which should represent 
the maximum bending moment at B). Thus the bending moment at 
any section, as 5, whose plane is taken parallel to BD, is measured by bd' 
on the same scale of moments as BD measures the bending moment at B. 

There is also tho shearing force due to the load at G and equal to it 
acting along AB, 

224. It should be observed that the above measurements suppose the 
j)ulloy supporting tho load at C to bo frictionless. Piactically this is 
not the case. The chain passes from the pulley at C to a winch or 
drum at E, and tho result of friction in the pulley is to make the stress in 
EC always greater than the weight (W) when it is being lifted, and less 
when it is being lowered ; and if the pulley be not in good working order 
and not properly lubricated, this difference may be considerable. Tho 
effect upon the pieces of the crane is to diminish tho stress in tho stay 
and increase that in the jib.* 

225. Tho Wharf Crane, Fiy, 87, is much used in docks and quays for 
loading and unloading ships. Its foot rests in a'pivot at G, wherein it 
can revolve in a horizontal plane around a vertical axis. The portion of 

• The Dcbigu ol btruaurce," Anglm. p. IfJH, 
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the crane above ground forms a curved cantilever and that below a 
fitraight one. These cranes are usually made of wrought-iron or steel, 
their cross section being either rectangular, circular, or of H form. 
Their sides are often open and braced, Fig. 88. 

The lifting chain passes over a pulley at C and is led over a series of 
pulleys, or rollers, placed at intervals along the top and back of the jib 
(f.e., the side opposite to that on which the weight hangs). 

The portion, or pieces, of the structure on the side removed from the 
load will be in tension and those towards the load in compression. 

226. Thus considering any section ary, Fig. 87, whoso plane is parallel 
to the direction in which the load acts, t.e., vertical, and distant x from 
it, wo have an active bending moment =: War, which must be resisted 
by the resultant tensile stress in the upper fibres, and the resultant 
compressive stress in the lower fibres, of the structure. 

Example of Braced Iron Crane. 

227. Fig. 88 represents the frame diagram of a braced crane, com- 
posed of open frame work, and Fig. 89 shows the corresponding stress 
diagram on a scale of 20 tons to the inch, the weight W suspended at c 
being supposed to weigh 20 tons. The stresses developed in the several 
pieces of the frame are shown in the accompanying Table. 

A few words are necessary in explanation of the stress diagram, Fig. 89. 

Bow’s method of lettering has been employed (para. 258a, Vol. L) 

It will be noticed that the strnctnro is supported vertically at the 
point a;, horizontally at the ground level y, and that the vertical load 
W 20 tons) is hung at c {Fig. 88). 

The vertical load W", hung at c, must then, if equilibrium obtain, 
be counterbalanced by an equal and opposite vertical resistance or 
shearing force, W, acting at x. The suspension of W at c causes a 
tendency of the frame to revolve round » towards c, and consequently 
produces a horizontal pressure acting throngh y. This active horizontal 
force, which we may call H, must be balanced by an equal and opposite 
passive force H, acting through a?, if the frame is to remain at rest, 
otherwise the couple W . «y, which tends to produce revolution in the 
direction of the hand$ of a watch, will not be resisted by an equal and 
opposite couple, such as H . a'y, tending to produce revolution in a 
contrary direction. 
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The structure may, then, be regarded as being kept in equilibrium by 
this pair of equal and opposite couples. 

But the two passive forces II and W acting at x are equivalent to a 
-single resultant R, say, which resultant must be equal and opposite to 
that of the two active forces W and II acting at z. 

The structure then may equally well be regarded as being kept in 
equilibrium by the equal and opposite forces R, the one active, in direc- 
tion fx, and tending to cause the frame to revolve about its centre of 
mass in the direction in which the hands of a watch move, the other 
passive, acting in direction xt, and tending to produce revolution in an 
opposite direction. 

The triangle xyz, moreover, evidently has its sides proportional to the 
magnitudes of the forces W (yx), U (yz), and R (»*), 

Tho triangle XYZ of Fig. 89 is similar to the triangle xyz of Fig. 88 
and has its side XY = 1 inch, to represent 20 tone. XY then repre- 
sents tho vertical load applied at c, and YZ the horizontal pressure 
applied at b. 

We see, then, that while the upper and left sides of the frame suffer 
no change in external loading, a change occurs on tho right side at b. 
Therefore tho external area beyond the upper and left sides may be denoted 
by (X) throughout, and that of the area to the right of the lower and 
right sides of tho frame— the part above the horizontal ab by (Y), that 
below it by (Z), vide Fig. 88. 

The effect at point b of tho vertical load W, hung at c, may be mea- 
sured graphically m the usual way by drawing the portion of the stress 
diagram of Fig. 89, which is shown to tho right of the vector JY, which 
vector represents the stress developed at joint b in the corresponding bar 
J Y. The diagram of actual stresses at b is shown by the polygon JYZKJ 
of Fig. 89, tho side YZ measuring the external or active, and KJ the 
internal or passive, horizontal stress at b. 

The frame, Fig. 88, may, in fact, be regarded as being made up of two 
parts, that above ab, which is loaded with W at c only, and whose stress 
diagram is shown to right of the vector JY of Fig. 89, and the part 
below ab, which is loaded in addition with tho horizontal force H at 
6, the stress diagram of which is shown to left of vector J Y. 

The accompanying Table shows the values of the stresses in the 
several bars of the frame : — 
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Table of Stresses {Figs, 88 and 89).* 

i 


Outside Flanges,,. 

AX 

CX 

EX 

GX 

IX 

1 


NX 

j OX 

Stresses in tons, .. 

-18 

i -'>2 

-70 

-00 

1 

-78 

-45 

-13 

1 15-5 

lusido Flanges, . 

BY 

DY 

1 

FY 

IIY 

j JY 

KZ 

1 MZ 

OZ 

Stresses in tons, .. 



+31 

+C2 

1 +73 

+81‘5 

1 1 

1 +94 

+ 94 

+65 

+38-5 

Braces, 

YA 

AB 

1 

nc 

CD 

DE 

EF 

FG 

GII 

Stresses in tons, 

+25 

-lo" 

+33 

-4 

+33 

+15 

+86 

+33 5 

Braces, 

HI 

IJ 

j JK 

1 

KL ; 

LM 

MN 

i 

NO 


Stresses in tons, 

+ 1^ 

+5*5 

j +27 

-3G 

+23 

1 

-39 5 ' 

+7 



228. Fig, 8G shows an arrangoment, commonly known as ** sheer 
legs/’ It is a kind of crane used by builders and erectors, and possesses 
the advantage of portability. It consists of two main posts, or struts, 
CF, and CF^, of equal length, the lower ends, and F,, of which rest 
on the ground at a considerable distance apart, and the posts meet to- 
gether at 0, where there is a pulley block, round which a rope passes. 
The rope is attached to the weight at one end, and the other end is 
taken to a crab. The sheer legs are prevented from falling forwards by 
means of a stay or *• guy ” EC ; sometimefl by several stays. The stays 
consist of ropes or chains, which are fixed by means of spikes or pegs 
into the ground, or are fastened to posts or other convenient objects. 
They are arranged so as to be easily lengthened or shortened. The posts 
are thus capable of moving in a vertical plane round the imaginary 
axis F.Fj. 

If the plane, containing the point of attachment of the load to the rope, 
viz., C, and the point E, ent the imaginary axis in the point B, the 
stresses along the pieces CE, OB can be at once determined, and the 
stress along CB can then be resolved along CPi and CF^, and thus tlie 
resultant stress in each piece of the frame bo determined. 


* Anglin’s “ Dofllgn of Striictnros," p 106. 
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HETAINING WALLS— WALLS TO RETAIN WATER. 

229. ^ A Retaining Wall, properly speaking, is a wall built to retain 
water or an artificial bank of earth, and differs from a llreast Wall, the 
function of which is often merely to protect a newly exposed surface of 
earth from the weather, and by so doing to prevent its getting into a 
condition to require greater support. 

230. The dimensions of a breast wall must depend upon a variety of 
considerations, such as the length of time the newly opened ground is 
exposed to the action of the weather, the nature of the strata cut 
through, and their inclination. 

Thus in Fig, 90, taken from Dohson^s Art of Building^ p. 22, the 
wall towards which the strata dip, should manifestly be made stronger 
than the wall on the other side of the cutting, where it need be little 
more than a thin facing to protect the ground from disintegration. 

If the soil cut through consist of clay which has been subjected to 
great pressure, it swells when exposed to the air, and exercises a force 
on the back of the wall which is very difficult to estimate. The dimen- 
sions of such walls must be determined by experience. 

231. In order to calculate the dimensions of retaining walls, the 
Engineer must know or assume the angle of repose of the earth to be 
supported, the angle of repose of masonry or brickwork on themselves 
or each other, and on earth of different kinds, and the weights of earth 
and masonry. 

282. The angle of repose of earth is the angle at which a bank of 
that particular earth will stand permanently when the cohesion of its 
particles has been destroyed by the influence of the weather, leaving the 

• Paragraph! 829 to 241 are taken, by permission, Irom Cols. Wray and Seddun’s ** Instraction 
in ConstruciioD," 3rd Kditiou, p. 37S, tU rrg. 

Q 
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earth to depend for its stability upon friction alone ; and when the state 
of the earth as regards moisture is the same as that in which the earth 
behind the wall can, by proper drainage, be ensured to remain. 

The angle of repose of masonry on masonry, brickwork on brickwork, 
&c,, is the angle of which the co-efficient of friction of the particular 
materials is the tangent. This does not take into consideration the 
resistance of the material to shearing. 

233. The average values of the weight of earth and masonry, and the 
angle of repose and co-efficient of friction of various kinds of earth and 
masonry, are given below in Tables I., II., and III. ; but it is always 
better to ascertain these values by observation or experiment, where 
practicable. 

Table I. 

See Rankine'd Useful Rules and Tables and Unwin's Lectures on 
Railway Construction^ 



CO'Offlcient of 
friction. 

Angle of 
repose 0. 

Sand, fine and dry, •< ». 

•75 to *6 

CO 

o 

O 

CO 

o 

wet, * • • • t . 

40 

26® 

,, Tcry wet, 

.62 

32® 

Vegetable eartb, dry, .. 

.55 

29® 

,, ,, moist, • . 

1 to M5 

45® to 49® 

„ „ very wet, 

*3 

17® 

„ p punned, 

2.26 to 340 

66® to 74® 

Clay, dry, 

.55 

29® 

„ damp, .. } 

„ well drained, ) 

1 

45® 

,, Wet, • • • . • • 

.31 to .25 

17® tol® 

Gravel, clean, •• 

Ml 

48® 

with sand, • • • ■ 

.40 

26® 

Loose shingle, •• 

.7 to .8 

35* to 89® 

L^eat, « • . • . . 

•26 to 1 

14® to 46* 


Weight per 
cubic foot. 


89 lbs. 
to 

118 lbs. 


100 lbs. 
to 

120 lbs. 


120 lbs. 
to 

135 lbs. 


00 lbs. 
to 

110 lbs. 
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Table 11. 

Bee Harikine^s Applied Mechanics^ p. 211. 





/, or tan f. 

0. 

Masonry and brickwork, dry, • • 



.0 to .7 

31* to 36* 

„ with wet mortar, 

„ with slightly damp mortar, 



about *47 

about 254® 



„ -74 

„ 

„ on dry clay, 



„ .r,i 

27* 

„ on moist clay, 



„ .33 

,, 181“ 

Timber on stone, • ■ • • 



O *4 

„ 22* 

Iron on stone, •• 



.7 to .3 

35“ tol«|* 

Timber on timber, dry, 



‘5 to .25 

?G4“to 14“ 

„ ,, soaked, 



.2 to .04 

JU“to 2“ 

„ on metal, . . • • 

Metal on metal, •• 



.(5 to .2 

81“ to 111* 



.25 to .15 

14“ to fj. 


Table III. 


Brickwork, ordinary stock, in mortar, « . 100 to 1 10 lbs. per cubic ft. 

„ „ in cement, •• 102 to 112 „ „ 

Masonry, rubble, . . •• •• •• 140 „ „ 

„ asblar, limestone, •« .. 150 „ ,, 

„ granite, .. •• •• ICO to 170 „ „ 

Obalk, *• «• «« *• «.117 to 174 ,, ,, 

284. Retaining walls are always treated as Structures of Un- 
cemented Blocks, and the first determinations necessary are the direction, 
magnitude, and point of application of the resultant pressure of earth or 
water which the wall will bo called upon to retain. 

We shall consider Structures designed to retain pressure from without 
under two heads — 

I. Structures designed to resist Water pressure. 

11. Structures designed to resist Earth pressure. 

Structures designed to resist Water Pressure. 

235. The pressure of water, regarded as a perfect fluid and incompres- 
sible, which for the purposes of the Engineer it may be taken to be 
without appreciable error, is {vide any Manual on Hydrostatics J — 

l5/. Directly proportional to the surface on which it presses. 

2nd, Directly proportional to the depth of that surface l)elow the 
surface of the water. 

t 

Zrd, Normal to the surface against which it presses. 

ith. Equal in intensity in all directions. 
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Thus, let AB {Fig, 91) bo a plane surface, such as the side of a 
reservoir, pressed upon by water which it retains ; then the pressure on 
a unit of surface CD is equal to the weight of the column of water 
CDEF standing on it, tho centre of pressure being at the intersection 
of a vertical through the centre of gravity of tho prism CDEP with its 
base CD; and the direction of the pressure is normal to CD. 

For the vertical wall GII {Fig, 91), the vertical pressure per unit 
of surface at the depth GH is equal to the weight of a column of water 
of the height GIT, having a base of one unit of surface; and as water 
presses equally in all directions, tho intensity of the pressure normal to 
GII, at the depth GH, is given by the weight of tho same column of 
height GH. 

Expressing this symbolically, the intensity of the pressure on cither 
the sloping or the vertical wall = w'h ; where to' is tho weight of water 
per cubic unit, and h the mean depth of the superficial unit. 

236. In dealing with water pressure, English Engineers usually take 
the units of length in feet, and the units of weight in lbs., the weight 
of water per cubic foot being taken at 62*5 lbs. ; its true weight at a 
temperature of 60® Fahr. being 62*68 lbs. per foot cube. 

273. Tho graphic representation of the pressure in the two cases is, 
as shown in Figs, 92 and 93, the base BC of the right-angled triangle 
ABC representing w^h in each case, t.«., the depth of water in feet 
multiplied by the weight of water per cubic foot, on any convenient 
scale; and as tho pressure varies uniformly with tho depth, tho area 
of the triangle ABC will represent the whole pressure on the face AB, 
the resultant of which, passing through the centre of gravity of the 
figure in a direction normal to AB, fixes the centre of pressure at D, 
where BD = ^ BA. 

238. Since the area of the triangle is measured by ^ w'h}, if y be 
written for h, and x for the corresponding resultant pressure, the locus of 
the curve, the ordinates of which represent depths and abscissas corre- 
sponding pressures, will be given by the relation x qc if. This represents 
a parabola whose apex is at A and axis coincident with the surface. But 
it must be remembered that the point of action of the pressure, to which 
X corresponds, is at depth = § y below tho surface. If the value of 3 / 
be calculated for one or more depths, the curve can be described by the 
method explained in para. 18i, Vol. I. 
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239. It IS sometimes convenient to treat the vortical and horizontal 
components of the normal pressure separately, as in Fig. 94, the vertical 
component v being the weight of the prism of water AEB, acting 
through its centre of gravity at D ; and H being tlie horizontal pressure 
on the vertical plane EB, acting at D, where BD = ^ BA, 

240. When the water presses on a polygonal face, as is sometimes the 
case in large reservoir dams, the pressure on any side such as CD (^Fig. 
95) may be represented by a trapezium, CEFD, where CE = w^h and 
FD = 

The centre of pressure II is found by drawing HG normal to the side 
CD through the centre of figure G of the trapezium. 

In this case the vertical component is the weight of the prism of 
water CEFD, F'ig. 96, lying vertically above CD, thus adding to 
the weiglit and stability of the wall, the centre of pressure II being at 
the intersection of the vertical through G, tho centre of gravity of the 
prism, with its base CD, Tho liorizontal component is tho difierenco 
of the pressures on the vertical planes CE and DF, acting at H, as 
represented by tho figure Z^Dm, and tending to overturn the wall, 

241. When the surface on which the water presses is curved, tho 
pressure may be found by replacing tho curve by a polygon having a 
large number of sides, and dealing with each side of the polygon as in 
the last casoi 

The Conditions of StahiliUj of a Reservoir Wall or Dam, 

242. In the following pages tho design of a Wall or Masonry Dam, 

required to resist the pressure of water or other fluid on one side only^ 
such, for instance, as might be built across a valley to dam the course 
of a river, and maintain the surface of the water above its natural level — 
will be considered. Such a wall, being regarded as a Structure of 
Uncemented Blockwork, can afford tho necessary resistance in virtue 
of its weight alone, and its profile, therefore, must be designed so 
as to fulfil the conditions of stability referred to in Chapter X,; its 
horizontal trace depending, as a rule, on considerations other than those 
of stability, such, for instance, as the form of the ground surface or 
valley, &c. ^ 

In the Engineer of January 5tb, 1872, the copy of a Report by Pro- 
fessor Rankine on the Design and Construction of Masonry Dams was 
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published; a portion of it is reproduced in Appendix B. From para. 
11 of this Report it will be seen that Professor Rankine considers that 
there ought to be no practically appreciable tension at any point of the 
masonry, whether at the outer face when the reservoir is empty, or at 
the inner face when the reservoir is full.” This condition is evidently 
of primary importance on the inner face, where any penetration of water 
into an open joint would decrease, by its upward pressure, the stability 
of the dam. It has been already shown (para. 193) that this condition 
is secured by so designing the profile that the lines of resistance shall in 
all cases — that is, when the reservoir is full as well as when it is empty — 
lie within the middle third of the walFs thickness. 

As the depth of the wall, then, measured downwards from its top 
as origin increases, so also must its horizontal thickness, in order to ful- 
fil the necessary conditions of stability and strength at each horizontal 
joint, and it will bo seen from para. G of Professor Rankino’s Report, 
that he considers that the limit of the safe intensity of vertical pressure 
should decrease in some proportion as the inclination of the wall’s sur- 
face to the vertical, or its hatter^ increases. For, the direction in which 
the pressure is exerted amongst the particles close to either face of the 
masonry is necessarily that of a tangent to that face ; and, unless the face 
is vertical the vertical pressure found by means of the ordinary formula is 
not the whole pressure, but only its vertical component ; and the whole 
pressure exceeds the vertical in a ratio which becomes the greater, the 
greater the batter, or deviation of the face from the vertical. The outer 
face of the wall has a much greater batter than the inner face ; there- 
fore, in order that the masonry of the outer face may not be more severely 
strained when the reservoir is full than that of the inner face when the 
reservoir is empty, a lower limit must be taken for the intensity of the . 
vertical pressure at the outer than at the inner face,” In paras. 9 and 13 
of the Report the proposed limits are stated ; they should be such that 
the vertical pressure per square foot at the inner face shall never exceed 
that of 160 cubic feet weight of masonry, which, for ordinary brickwork, 
amounts to about 20,000 lbs ; and that at the outer face the weight of 
126 cubic feet of masonry, or about 15,625 lbs, per square foot for ordin- 
ary brickwork, at the point where it is most intense, and to diminish 
in going down from that point.” 

It will he sufficient for all practical purposes to regard an expression 
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of the following form as a symbolical statement of tire law of strength 
of the wall, viz., limit of vertical pressure not to exceed S per 

square foot, where x represents the angle the tangent to the waira face, 
or the batter, makes with the vortical, and S stands for the limiting in- 
tensity of pressure in pounds per square foot, when the face is vertical. 
This subject will be treated more fully later on (para. 252 J. 

243. The Conditions of Stability oj a Reservoir Wall or Dam may 
be briefly stated as follows 

(1) , The resultant of all the forces acting at any horizontal joint 
must fall within the middle third of the thickness of the dam measured 
at that joint. 

(2) . The stresses in the faces of the dam must not exceed the safe 
limit. 

(3) . These two conditions must bo satisfied for the two cases of both 
reservoir full and reservoir empty. 

A fourth condition might be added, vu., that at every bed joint the 
dam must be safe against sliding ; but this condition is practically al- 
ways fulfilled when conditions (1) and (2) are satisfied. 

244. Before the design of the profile can be commenced, it is neces- 
sary to determine the width of the wall’s top, the case when it is possi- 
ble to have a feather edge seldom, if ever, occurring, it being generally 
necessary for some reason — such, for instance, as to resist the shocks 
of waves in a largo reservoir, or to afford a passage either for carts or 
foot passengers, or for the transport of materials for repairs — to give 
some considerable thickness to the wall at top ; which top surface is, 
moreover, for purposes of safety usually made flush with that of the 
highest water level. Failing any determining considerations, however, 
such as those alluded to, Mr, Courtney in Paper No. 2110, Vol. 
LXXXV. of the ‘‘Proceedings of the Institute of Civil Engineers” 
gives the following empirical formulas: — 

If 5, represent the width of the wall's top, 
its height above highest water level, 

H, the total height of the wall, 

Then 


h, = 4 0 + 0-07 II, 
d, = 1*8 + 0 05 H, 


( 1 ). 

( 2 ). 
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Design oj the WalVs Profile, 

245. The width of wall at top having been thus decided on, its 
profile may be designed in four portions, as follows : — 

Portion /. — It is evident that the upper portion of the wall’s profile 
may bo rectangular, and that there is a certain depth cfj, Fig, 96a, at 
which condition (J), which limits the centre of pressure to the middle 
third of the wall’s thickness, is just fulfilled for the full reservoir, and 
more than fulfilled for the empty reservoir ; the same condition being 
more than fulfilled at all depths less than d^, 

Portion II, — Below depth d^ it is usual to batter the outer face while 
retaining the inner face vertical, and it will be found that at a certain 
horizontal joint of this portion of the wall, condition (1) is just fulfilled 
for the full, as well as for the empty, reservoir wall. 

Portion III, — Below this horizontal joint, therefore, it becomes neces- 
sary to batter the inner, or wetted, face as well as the outer, or dry, 
face, in order to retain the lino of pressure within the middle third of 
the wall’s thickness when the reservoir is empty. 

Portion IV* — This duo fulfilment of the first condition of stability 
for the dam’s wall when the reservoir is full as well as when it is empty, 
will bo found to include also the fulfilment of the second condition down 
to a certain horizontal joint of Portion III., below the depth of which 
it will he found necessary to increase tlio batter of both faces in order 
to retain the maximum intensity of stress within the prescribed safe 
limits. 

Each of the four portions will now be dealt with separately. 

Design of Portion I, 

246. Supposing the breadth of the wall’s top, and its height 
above highest water level, to bo known, let ABED, Fig, 96a, represent 
a cross section of the rectangular portion. Then, if W represent the 
weight of ABED, acting vertically downwards through its centre of 
gravity and bisecting DE in g, the thickness of the wall (measured at 
right angles to the plane of the cross section) being supposed eq[ual to 
unity ; and if 

P represent the resultant horizontal fiuid pressure, acting over tho 
vertical area of wall of height di and width unity, at a depth == 
below the fluid surface ; 
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w, the weight of a cubic foot of masonry ; 

w'y that of a cubic foot of the fluid contained in the reseivoir. 

Then, W = + ^1,), and P = -y x d*. 

If the line of action of W meet that of P in jj, and the horizontal 
surface of the joint DE in q ; and if r be the point in which the result- 
ant of P and W combined meet the surface DE, wo have 
fjr P w'di"* 

W “ 2wdi {do + di) 

. w^di* 

whence qr = pq 

^ 2wbi (<io -b di) 

But and qr in the limiting position imposed by condition 

(1) must not exceed Putting^ = wo have for the limiting 

position the relation 

d,^ - eb,' {d^ + d,) == 0, (3). 

If, however, as is usually the case, the surjace of the Jluid in the 
reservoir he supposed to he flush with the top of the dam, so as to provide 
against a possible rise due to a flood, or an increase of pressuie due to 
waves, then d^ will vanish from equation (3) and the relation becomes 

rf, = *, (4)- 

This value of d^ may bo either calculated numerically, or determined 
geometrically by the following simple construction : — 

Draw CB and BD, Fig, 96c, at right angles to one another, talung 
CB = on some convenient scale of loads, and BD — on the 
lineal scale; join CD, and draw DE at right angles to it to meet CB 
produced in E; then evidently BD = \/CB x BE. Now take BA 
== w, on the same scale of loads as BC = , and on AE describe the 

semicircle AGE, producing BD to meet it in G ; then, evidently 
BG = VAB X BE, but BD = X TIe 

/. BG = J3D = h - d, 

•f CB 

Below depth d^, the horizontal width of the cross section must be 
continually increased as the depth of the wall, measured from its top as 
origin, increases, in order to satisfy condition (1), and for this portion 
it will be found best to calculate an approximate profile by the simple 
formulae to be given presently, and teat its stability by graphic methods 
already described, altering the calculated profile, if necessary, accordingly. 

B 
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Design of Portion //• 

247. The increase in horizontal widtli for increased depth of wall 
below the fluid surface, required to fulfil condition (1) for both reservoir 
full and reservoir empty, may be calculated for a series of zones, whose 
bases are horizontal, on the supposition that the outer or dry face of the 
wall is polygonal, and the inner, or wetted, face vertical ; moreover, by 
reference to the profiles given in Plates XXll. and XXIII., it will 
be observed that the outline of the dry face is such that but little dif- 
ference in the section results from supposing the top joint DE to be 
coiiimon to all the zones, their heights and width of base alone varying ; 
tlmt is, from supposing the extremities D and E of the base of Portion 
L to be joined by straight lines to the extremities M and Q respectively 
of any zone base C^M, as shown in Fig, 966 ; any difference being on 
the side of safety, as will be proved numerically. The more exact ex- 
pression will, however, first be formed, in order that the numerical com- 
parison may be made, and the simpler form will then be deduced from 
it. Fur reasons of simplicity and safety, moreover, the surface of the 
fluid will in each case be supposed flush ivith the top of the dam. 

The following method yields a result which may bo made to differ as 
little as is desired from the true one by sufdciontly diminishing the zone 
height. 

Let GF, Fig, 066, be the lowest joint whose proper width 6 is known ; 
W' the weight of the structure lying above GF; the distance c of its 
line of action from the vortical through B, that is, from the wetted face of 
the wall, being supposed known ; lot a bo the vertical height of the 
several zones, that is, the vertical distance apart of the extreme zone 
joints, which may bo made as small as we please; and x the required 
width of the zone base LK next below GF, Then we have for the total 
weight T of the structure lying above LK 

T = W' + w \ab + J j2 W' + u-a (* + 6)[ 

and for the distance c of its line of action from the vertical through B, 

^ i W' + wa + 6)j 

— . 1 ^ W'c -p wa (o’* + 6a? -p 6®) » 

3 i 2 W' -p 7va (a? -p 6) J 

It will simplify the calculations if we write A for the area of the whole 
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section of the wall lying above joint GF, so that W' x= \w. The above 
equations then become 

T = ^ {2A +a (x+ 6)| (5). 

— 1 I -t- .f hx h"^) I . . 

liA -h (.r 4 - 6 ) i’ t V* 

If be the depth of LK below the highest assumed water surface, wo 
have for the resultant 6iiid pressure P', acting over the vertical area of 
the wall, whose depth is d and width unity, the expression P' =r ~ 
the centre of which pressure is at a depth = J d below the water surface, 
that is, at a point situated vertically above LK. 

If, as before, wo suppose the line of action of P', (which, under the 
assumption that the wetted face of the wall is vertical, acts liorizontally) 
to meet that of T in the point p ; the line of action of T to meet the 
joint^s surface in q; and that of P and T combined to meet it in r, Ftg^ 
96^, then will 


rq __ I*' 2 ' 1 f 

M “ 'i' ^ I 2 A + „ (X + J) I ^ ' 

“ y ^ 0 1 a A + a f* V i) J “ 30 i 


2 A 4" rt Qx 4* ! 


' Y 0 ) 2 A 4 - rt fx 4 * j 30 I 2 A 4- ^ (a* + I 

In order to fulfil condition (1), c 4- rq must not exceed § so that 
in the limiting position we have 


G Ac + a 4- ix 4- -f 


2.r {2 A 4" a (^ + a?)} 


.*. x2 4- X ( 4 — 4- ~ G c 4- ^2 

\ a / a ' aO 

and 

'=I<(4)’ + 2(t) + 5 ! ’-(2 7- + !)'">' 


in which expression a may be made as small as we please; the smaller 
a is taken, the more nearly will the polygonal form of the dry face ap* 
proach a curved one, and the more accurate, therefore, be the result, 
247a. In order to arrive at a numerical result for purposes of com- 
parison, let a be reckoned in terms of d^^ Thus, if a “ where y is 
any positive number, integral or fractional, then = 1 : (I 4 - Sv) f/,, where 
SkZ, stands for the sum of terms similar to yd^ ; the last term under the 
radical sign of equation (7), remembering that d^ ^ y/d 6, by equation 
4), then becomes 
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£ _ 4 Xv)» ,3 _ (1 + TvY . 3 

aO vdi X 0 ^ V ‘ 

Equations (6) and (7) may then be written 

_ G Ac + -^(x-^-bx + 6') d, 

~ 3 { 2 X A + -^ (a; + ft) rf. j 

• = [,^I<C4,)+ 2(»+Sc)j+ l-S5J' + <l±^’V]‘ 

-1/(4,)+ II w- 

For purposes of comparison it will be sufficient to deal with the zones 
shown in Figs, 97a and 97^/, Plate XXIII., whose heights are equal to 
; the values of x and c for the first four half zones will, however, be 
also calculated. 

If, then, V be put = we have, in equations (8) and (9), for the first 
half zone, lying immediately below Portion I., 

( whence c = 0’520 h^ 

~ [ and X = 1‘330 b. 

c = \ ‘ 

d = ) 

If, again, y = wo have for the second half-zone 
Sv = 1 \ 

A xzz A, -f- ^ (I ^ 1 *33) ft, X 4 I 

= 1*5825 I whence c “ 0*604 

5=133 5, [and a = 1*755 5j 

c = 0*52 5, I 

d = 2 (/, 1 

In this way the values of c and x corresponding to increasing values of 
d may be determined in terms of 5„ as shown in the following Table: — 


1 

2 

1 

4 


e -r- 

r Ji. 

flf « 3bi, 

H 

0'520 

1*330 

0*443 

2 

0*604 

1 755 

0f)«5 

^4 

0723 

2*248 

0*747 

3 

0*869 

2766 

0-922 

4 

J-077 

3*821 

« • • 

6 

... 

4*749 

• • « 
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From columns 2 and 4 of the alcove Table it is evident that the batter 
of the inner face commences at some depth greater than and less 
than vide para, 250. 

248. Now, equations (8) and (9) are troublesome to apply, and, 
moreover, any error made is cumulative, so that since, as will bo seen, a 
sufficiently accurate result may bo obtained under the hypotheses men- 
tioned at the commencement of para. 247, wo shall, as already explained, 
suppose the top joint DE, Plates XXII. and XXIIL, to be common 
to all the zones, their heights and bases only varying, moreover, the 
value of d will be reckoned in terms of ; thus, if cf = where n is 
either a positive integer or fraction and reckoned from the base of 
Portion I., then, in equations (6) and (7), 

a = nd^f A r= and c = 

cf, disappears entirely from these equations, and they become 

7 1 / 3^1^ n q - &i a; q- \ if (a? + fti ) na? q - ( n Hr 3) 1 MOI 

^*“31 26, q- /I (A + *) j ^ I n* + (n + 2) i ' ^ 

* = ^ [* (:)■ + ; {5 + <“ + »■) +•.]'- i (i + 

or® = 2 ^ X 6, |(4n‘+ 12«*+17n* + 24n+16)i - (» + 4)|, (12), 

any one of which expressions is easy of application. 

The values of x corresponding to successive values of n may now bo 
expressed directly in terms of 5,, thus— 


1 

2 

3 

4 

d -7- di. 

n. 

JCn -T" ~ 

(»„ - -i- bf. 

n 

i 

1*330 


2 

1 

1*772 

0*442 


u 

2*262 

0*491 

3 ! 

2 

2*772 

1*000 

4 

3 

3*803 

1*031 

5 

4 

4*831 

1*028 

6 

5 

5*854 1 

1*023 

7 

6 

6*871 j 

i 

1*017 








126 


CHAPTER XV. 


[ ART. 248fl, 


SO that the relation exhibited in column 3 may be written x =5 
where k haa the above numerical values for the particular value of n 
chosen. 

From column 4 it is evident that between the values n = 2^ and n = 
4J about, that is, from depth d — - to depth 5*5(:/,, about, the sur- 

face of the outer face of the wall is nearly a plane, whoso inclination 


to the vertical, or batter, is approximately equal to tan“* ^1-03 
that is, to tan“’ shice d^ — x b^ by equation (i). 



248a, For purposes of comparison the values of a: 4- as given by 
equations (9) and (12), are shown in the accompanying Table, and It will 
be observed, since the several values of x vary only with that of 5,, that 
they are the same for all profiles, of whatever material the wall be built 
and whatever fluid the reservoir contains, provided only that the width 0 / 
the loalls be the same at top ; and that such ]>rorilcs dider only in regard 
to (?,, which is a function of fl, being more elongated the greater 0 is. 
Profiles of walls, therefore, of the same top widtli, but built of different 
material or to retain different fluids, may be regarded as projections by 
paiallel rays of some ideal profile, the inclination of the projecting rays 
differing according to (he value of fl, which, were the fluid distilled watei, 
would represent the specific graNity of the material of wliich the dam is 
constructed. 

The values of x given in the accompanying Table are those usually 
comprised in Portions II. and 111. 


d 4- <1,- 

Values of a* ly 

Difference. 

By Equation (0). 

By Equation (12) | 

H 

1330 

1 1-330 


2 

1755 

1 1*772 

+ 0-()17 

24 

2*248 

2*2G2 

+ 0-014 

3 

2-706 

2'772 

+ 0-006 

4 

382 1 

3 803 

-0-018 

5 

d-lA9 1 

4-831 

+ 0 08-2 


It will bo observed from the above Table that the profile, as designed 
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by equation (12) is, with exception of a short portion lying at a depth of 
about below the wall’s top, slightly broader than that designed by 
equation (9) ; and with regard to this portion it must bo borne in mind 
that no account has been taken of the weight of masonry making up tho 
batter of the inner face of the wall, nor of the obliquity with regard to 
the horizon of the fluid pressure on that face, both of which causes tend 
to throw tho centre of piessure of the full reservoir dam farther towards 
the inner face of the wall. It may, therefore, be concluded that equa- 
tions (10) to (12), while yielding a profile sufficiently accurate in form, 
possess the advantage of great simplicity as compared with equations (G) 
and (7). In para. 250ci tho stability of the structure at depth d = 
is examined, 

249. Ktpiation (11) or (12) determines the profile of a dam-wall, 
whoso lino of resistance cuts every horizontal joint at n distance of two- 
thirds its thickness, measured from the wall’s inner or wetted face, the re- 
servoir being supposed full ; and equation (10) determines the locus of tho 
centres of pressure of successive horizontal joints, i.e., the line of resist- 
ance, of the same structure, when the reservoir is empty. If, then, c be 
put equal to and the two equations solved for simultaneous values of 
X and Uf the horizontal joint will be known at which tho first condition 
of stability is simultaneously satisfied for the case of reservoir full as 
well as that of reservoir empty. Equation (10) under these conditions 
reduces to tho form 

X = (n + 3), (13), 

the locus of which, since n is, hy hypothesis, a continuously varying 
(juantity, is a straight line, which may be described by producing tho 
veitical drawn through B upwards to C, Figs. 9Gt, 97a and 97c?, making 
DC = 2BE = 2^/], joining CA and producing it. 

Thus, values of x corresponding to given values of r?-, the increments 
of which may bo made as large or as small as we please, being calculated 
and plotted, the point K, Fig, dObj in which the straight lino represent- 
ed by equation (13) meets the polygon thus represented by equation (11) 
or (12), determines the horizontal joint LK at which condition (1) of 
para. 243 is just satisfied when the reservoir is full as well as when it is 
empty. The batter might, indeed, be commenced rather above the joint 
given by this geometrical construction for reasons of safety, vide para. 250. 

It will be observed that the smaller the increments of n be taken tho 
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more nearly will the form of the outer face approach a curved rather than 
a polygonal one ; also that the distance nd^ is measured downwards from 
the point E and corresponds to depth = (n + 1) measured from B. 

Prom the wall’s top down to this joint the inner, or wetted, face is 
built vertical ; below this joint, a batter must bo given to it in order to 
retain the line of resistance of the empty reservoir wall within the middle 
third of its thickness. 

— Equations (12) and (13) mighty of course^ he at once written 
down without previous formation of the more exact forms expressed hg 
equations (8) ayid (9). 


Design of Portion III. 

250. By equating equations (12) and (13) we have 

4n* + 12n* + 17n* + 24n -J- 16 = {n (n + 3) + (« + 4)}^, 
and, by multiplying out in the usual way wo obtain the relation 
(n» - 2) (3n + 4) - n = 0 

one positive root of which is evidently greater than 1*470 and less than 
1*475. At the horizontal joint, therefore, at which the inner face of 
the dam should cease to be vertical n is rather less than 1*475 cf, ; 
it would be safe to make it l'4c?, or l*3c/, ; the former value will bo 
adopted. At a depth, therefore, of 2*4rf, (or 2*4 x X below 
the wall’s top, the batter of the inner face should commence. Below 
this depth the profile of the outer face may still be designed by moans 
of equation (11) or (12), values of x being measured, as before, from 
the vertical passing through B, the batter of the inner face being so 
slight as to add but little to the weight of the wall. For the same 
reason the hypotheses mentioned at the commencement of para. 247 
may still be observed ; so that if (» — 1*4) d^ be the height of zone 
KLNM, lying immediately below joint LK, Fig. 965, whose base NM 
is made up of QM = x and QN =: a;', of which x is given by equation 
(11) or (12) and corresponds to depth = (n + 1) and is the 
lequired batter base of the inner face, then may the magnitude of a' 
be determined by taking moments about Q in the usual way, thus — 

If W' be the weight of the structure lying above joint NM, and c' 
the distance of its line of action from Q, then 

W' =1 IT {1^ (n — 1*4) + (n — 1) dfi^ + \nd^ (x ^ 5j)} 

= {(" — 1*4) ic' + no? + (» + 2)}. 
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In taking moments about Q, a?' must be regarded as opposite in sign 
to Xy so that 

W'c' ^ J [ — (n — 1*4) ^ (xy + (n + 1) b* + n (a; — b^i 

{6, + M*- J.)}] 

= i f — (« ~ 1 ■1) (*')* + ” (*’ + + *i)’ + 3^i’} 

substituting for and putting o' = ^ ( — + *) we have 

(2* - (?«^+ 3) M 

l-4r + (/i + 2) ^ ^ 

or, substituting for x the value in which k has the proper numerical 
value coi responding to that of «, as given in the Table of para, 248, wo 
have 

— J 2A — (rt -f 3) ^ 

I 1-4 A + (a -f* 2) J 

The values of .t' corresponding to tlioso of x, or A 6,, and n can thus 
be tabulated — 


d -7- 

n. 

h X “T” 6ji 

A' ^ 

3 

2 

2772 

0 069 

4 

3 

3-803 

0*156 

5 

4 

4-831 

0*208 

6 

5 

5-854 

1 

1 

0 244 


250a. It can now be shown at once that, although the direction of 
the fluid pressure on the inner battered face of the dam be still supposed 
horizontal, the first condition of stability is amply satisfied for the full 
reservoir wall, designed by equation (12) at depths = 4f/,. 

For, referring to Fig, 96^, and to the Table given in para, 248, it is 
easy to show that 

If n ^ 3 j 

X — 3*8035 , 1 The area of QBADM =r 7*91255, 
sc' = 0*1565, J and that of LNQ = l*2485,ff, 
dr=:Ad^ ) 

whence, in Fig. 965, tlie total weight borne on the joint NM 
=: T' = 91G055,(/, X w, 

the resultant horizontal fluid pressure = J ^ whence, 

if S be the distance of the centre of pressure of the full reservoir wall 

B 
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from N, wc have, as in para. 247 (remembering that T' acts at ^NM 
from N), 

i (*' + «•) _ P" 

^ T' 

^vhcnce, by substituting the numerical values, we have 

a =1= 2*48416,. 

Now the total width of the joint NM = a:' + == 3 9596, ; hence 
the limiting value of ^ § X 3*9596, = 2*63936,, so that there is a 
difference of 0*1556, on the side of safety. 

Graphical Constructions for drawing in the Lines of Resistance* 

251. The dimensions of the profile up to this point are, as a rule, best 
determined by calculation ; by the following geometrical methods the 
lines of resistance may bo diavvn in graphically ; they are usefully applied 
in Part IV. 

(«). draw the Line of Resistance of the Empty Reservoir*^ A.% fully 
explained in paras. 87 and 88 of Chapter VII., let the positions of the 

centres of gravity of the zones I., II., III., , Fig* 97, into which 

the profile has been divided, bo denoted by the letters g^^g^ , 

and through these points draw the vertical load-lines ^|U?,, 

; set off the weights O?o„ tv-i *..*tVjW, of the successivo 

zones, commencing fiom the top, to any convenient scale, and on any 
convenient load-line ()?n, Fig. dlb; and with any convenient pole P de- 
scribe the stress diagram P024^, and at a convenient distance above or below 

the profile describe the ec^uilibrium polygon 1 2 3 4 5 G Fig* 97c, 

with its angles lying in the lines of action of the corresponding loads, so 
that sides 1 and 2 balance the load line through that is, balance load 
?c,, sides 2 and 3 that through g^, and so on ; and by the method fully de- 
scribed in para. 89, determine the linos of action, sliown in dotted lines, of 
the combined loads to, + + lo^, lo, + + to, -f- tv^ 


(that is, by producing the sides of the polygon 1 2 3 4 succes- 
sively to intersect side 1); then will the points c/, c/, c/ in 


which the verticals through these points of intersection, being the lines 
of action of the several combined loads, successively meet the corre- 
sponding horizontal base-joints on which they rest, be the centres of 
resistance of those joints, and the line joining them be, therefore, the 
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locus of those centres, or the Line, of Resistance of the Empty Reservoir. 
It will be observed that, whereas tliis line of resistance is inclined to the 
vertical, the direction of the resultant loads on the seveial joints is veili- 
cal. This construction is applied to the bottom three zones only of 
Fig. 97a, 

(5). The resxdtant horizontal jlxdd p'temre acting on each zone or ,vjs- 
tern of combined zones may bo represented graphically in the following 
manner; tins pressure, if the surface of the zone exposed to the action 
of the fluid be vertical, is the whole resultant fluid pressure, and it 
inclined to the vertical, is the horizontal component of the wliolo result- 
ant fluid pressure, enabling the latter to bo determined by combinin-r 
this horizontal component with the weight of the fluid superincumbent 
on the exposed surface, vide para. 257(o). 

Calculate the resultant horizontal fluid pressure acting over a vertical 
surface of the wall of width unity and depth equal to that of the lowest 
horizontal joint of the profile, and draw in the curve of horizontal pres- 
sures, which will be a parabola, para. 238 ; the magnitude of the result- 
ant horizontal fluid pressure acting over the exposed surface of any block 
or combination of blocks, or at any depth, is then at once known by 
measurement from the curve. If, for instance, the resultant horizontal 
pressure P/, acting over the depth BS, Tig. 97a, were represented by 
the straight line Sir, and the parabola Bjt drawn in, then would the 
resultant horizontal pressure acting over blocks I. to V, be represented 
by P/, and that over block VI. by the difference P/ — P/. It will 

be remembered that each of the resultant pressures P'p P/, P/ 

acts at ^ the depth of the lowest horizontal joint to which it corre- 
sponds. 

This construction is specially applicable to Method L, following {Fig. 
97a). 

(c). The total resultant fluid 'pressux'e acting over the exposed suxface of 
any zone^ and its line of action may bo graphically determined or follows: — 

At the foot S of the vertical tbrongh B, Fig. 97c/, set ofl’ S/ = 7a X 
w'h = the intensity of fluid pressure at depth BS = multiplied by 
some convenient multiple m; and join /B. It is necessary to employ 
the multiple m = 10 or 20 as the case may be, as otherwise the quantity 
w'h would be too small to plot. In the example given, Fig. 97c/, m is 
taken equal to 20. Since the intensity of pressure varies directly as the 
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depth, the abscissa; of the figure BS/, drawn parallel to S/, measure 
the intensities of pressure at the corresponding depths. For instance, 
tv measures the intensity of pressure at the depth nr A', on the 
same scale as SI measures that at depth BS; moreover, the area of 
the figure lying above any abscissa, as measures the resultant 
horizontal fluid pressure acting over a surface of width unity and extend- 
ing to the depth B^, the line of action of such resultant fluid pressure 
l)aBsing through the centre of gravity of the representative triangle 
B/y. Similarly the area of the trapezoid <S/t;, lying between the two 
abscissue tv and S^, measures the resultant horizontal fluid pressure act- 
ing over the corresponding exposed surface i'S', its line of action passing 
through the centre of gravity of the trapezoid. And since the intensity 
of fluid pressure is uniform at the same depth and acts always at right 
angles to the surface exposed to it, if these abscissae be set off at their 
proper depths, as t'l;' and B'Z', at right angles to an inclined surface, 
as i'S', immersed in the fluid, then will the Theorem be equally true of 
the transformed trapezoid The Theorem is illustrated in 

Fig. &7</, and requires no further comment. It is specially applicable to 
Method IT. following. 

The area of the representative trapezoid may bo either calculated, or 
determined graphically as follows 

If in Fig, 07(1, measure m y, to* h weight units, and measure 
m y w^li' weight units, and length units be the distance between 
S'Z' and that is, the length of S'i', then will the area of the 

trapezoid v'/'S'i' be measured by “ x te' (h + A') weight units = 

X viw' {h + = iT" As in Fig, 98, take ca = 

2 !^ • .1 

— and ch =: m, each in units of length, and inclined to one another at 

any convenient angle ach ; take cd = v^t' + and draw de parallel 
to la ; then cd = erf X = (v'i' + X = ^w\h + h')* 

(d). To draw the Line of Resistance of the Full Reservoir , — The line 
of resistance of the full reservoir may be drawn in by either of the fol- 
lowing methods:— 

Method I, — By ‘combining tlie resultant fluid pressures acting on 
systems of successively combined zones with the already determined 
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weights of the latter, as in Fig. 97<J. The line of action of the result- 
ant weight of any system of combined zones being known from section 
(a), page 130, it is only necessary to draw through the point, in which it 
is cut by the line of action of the corresponding resultant fluid pressure, 
a straight lino parallel to the resultant of these two forces, as given by 
the stress-diagram. The point in which this latter resultant line cuts 
the horizontal joint on wliich the combined zones stand is the centre of 
pressure of that joint. In this way the line of resistance of the wall, 
when the reservoir is full, may be drawn in. This method is apiilkd to 
the bottom three zones only of the profile shown in Fig. 07a. 

Method II. — By the general method described in para. 173, that is, 
by determining tlio point in which the resultant line of action of the 
combined loads acting on each zone separately meets the corresponding 
zone base, or horizontal joint on which the zone stands, and joining the 
points so found, as in Fig. Old. In applying this method it is only 
necessary to bo careful to see that that resultant lino is selected on the 
stress-diagram which belongs to the forces under consideration, and not 
some other ; and to remember that the centre of pressure of a joint is 
determined entirely by the system of forces acting on the blocks which 
rest above it. 


Design of Portion IV. 

252. Up to this point the wall’s profile has been designed so as to 
satisfy the first condition of stability alone, para. 243, the fulfilment of 
this condition providing a wall broad enough at every Iiorizontal joint to 
bear the vertical load which rests upon it. But below a certain joint, 
the position of which may bo determined by a simple geometrical con- 
struction, the profile so designed will be found too narrow to satisfy the 
second condition of stability, which has reference to the wall’s strength, 
and therefore from this joint downwards the profile must be proportion- 
ately widened. The position of this joint may bo approximately deter- 
mined as follows : — 

To determine the horizontal joint, dividing Portions HI. and I V. — If 
horizontal measurements be reckoned, as heretofore, from the inner, or 
wetted, face of the wall as origin, since the line of pressure of the full 
reservoir falls within the outer half, and that of the empty reservoir 
within the inner half, of the wall’s thickness, the condition of strength 
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of the two cases of reservoir full and reservoir empty may be symboli- 
cally represented by the following expressions *— 

For the full reservoir, w'hen the centre of prcssnro falls within the outer 
half of the joint, the maximum intensity of pressure 

— ^ [2 - (/3 - < or = S ( or K, suppose,. ..(IC). 

For (he empty reservoir, when the centre of pressure falls within the 
inner half of the joint, the maxiinuin intensity of pressure 

~ [2 - < or = S' ( -^ 2 "* ®“PPose (17;, 

where T or T' stands for the total vertical load resting on the horizon- 
tal joint whoso breadth is ft and centre of picssme distant ^ or y, as 
the case may bo, from tlio inner, or wetted, edge, the baiter of the outer 
face being that of the innei corrcfiponding limiting inten- 

sity of prcssiue S, or S', when the face is vertical. 

Hitherto T has been always equal to T', because the weight of water 
resting on the inner face of the wall has been left out of account, ilio 
batter of that face being so insignificant as to render the obliquity of the 
fluid pressure on that face with regard to the horizon scarcely worthy of 
consideration. But if the batter of each face has to be increased in or- 
der to obtain tlie necessary width of profile, and that of tlio inner face 
become considerable, the actual direction of the fluid pressure on it must 
be taken into account, and the vertical component of that pressure, being 
the weight of the water superincumbent on the inner face, will add 
mateiially to the wall’s stability, and allow of the masonry being cor- 
respondingly diminished in weight. The value of T, tlierefore, will dif- 
fer from that of T' throughout Poition IV. of the wall. 

Througbout the whole of Portious II. and HI., that is, for the whole 
portion of the wall’s profile designed to satisfy the first condition of 
stability, para. 243, at each horizontal joint of the full reservoir wall 
5 is not > ^ fij and at each one of the empty reservoir wall ^ is not < J /3, 
so that, since for this portion of wall T = T', we have the maximum in- 

2T 

tensity of vertical pressure equal to — , that is, to twice the mean in- 
tensity, and the single condition of strength becomes 

f =K, ( 18 ). 
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It will bo suflicient to concern ourselves with the outer or dry face 
only, as the fornuilas can be adapted without difficulty to suit the inner 
face, if necessary. 

It has been already pointed out in para. 248 that, at a short distance 
below the base of Portion I., the surface of the outer face becomes prac- 
tically an inclined plane, the batter remaining constant for some distance 

and approximately equal to tan“* ^1*03 x = tan~^ j , so 

that for this portion of the wall the value of K is known. Before, then, 
the limits proposed by Piofessor Rankme in the Ileport referred to in 
para. 242 can be adopted, the value of S iiiust be determined which will 

make the expression S equal to the weight of 125 cubic feet 


of the material of which the dam is to bo built, for the particular value 
■=: tail”* j of the batter. We have, by equating these quantities, 


s q = 125 10 


• S — X 

• • I* ' 

1 + curf X 

in whicli \ can cither be measured from the diagram or calculated nu- 
merically as follows ' 


cos X = 


V 1 + tail-' X n/ 0 +- (1 0.'!)" 0 + 1 OC 


Henco S = 250 x to -r { 1 + } • 

If IV 125 lbs. and 0 = 2, the wall being built of brickwork to re- 
tain water, weighing G2 5 lbs. per cubic foot, the most common caac, 
then S = 17,284 lbs. nearly. 

If w; = 162’5 lbs. and 0 = 2*6, the wall being built of granite, like- 
wise to retain water at 62*5 lbs. per cubic foot, then 8 = 22,007 lbs. 
A uniform value of S = 20,000 lbs, througliout is Bometimes adopted 
for brickwork (vide Example II., para, 257 (ri)). 

Now, equations (12) and (15) enable the curve of breadth, correspond- 
ing to given increments of height, or rather depth, of the wall, whose 
profile fulfils the first condition of stability, to be determined ; for our 
present purpose it will be convenient to deal with curves of breadth and 
length (or rather depth) corresponding to given* increments of 
of wall. Such curves may bo approximately described by laying off from 
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the load line Owj as in Ftg, 973, the breadth and height (or rather 
depth) of profile corresponding to given lengths of the load lino, that 

is, to given weights of the wall. Thus, for the zones L, II., III., the 

curves of breadth and height (or rather depth) can bo at once plotted, as 
in Ft<j. 973. 

For the breadth curve of strength, then, corresponding to given incre- 
ments of weight, we have the following geometrical construction — 

E(j[uation (18) may be written thus — 

T _ K _ nK 1 

/3 ““ 2 ” 2 ^ n » 

in which n is any positive integer, and K = the weight of 125 cubic 
feet of the material of the wall ; it evidently expresses the relation T 

weight units : weight units :: length units : n length units, 

or, ~ weight units : n length units T weight units : /3 length units. 

Now, T is some length measured on the load lino Ow^ Fig, 07h; if, 
therefore, Ow bo produced upwards to so that Ok =z half the weight 

of 125 X n cubic feet of material = — X n, as measured on the 

scalo of loads, and if a length H n feet be then set off at right 
angles to Ow and on the reverse side of it to that on which the breadth 
and depth curves are plotted, and the points I and 0 be joined and 10 
produced, then will the straight line ZOx represent the curve of strength, 
which fulfils the second condition of stability and gives the breadth of 
profile corresponding to given increments of weight of the wall, as mea- 
sured on the load line In the example given in Figs, 97a and 973 
n is taken = 20. The intersection of Ox, therefore, with the breadth 
curve (which fulfils the first condition of stability) already plotted, 
determines the width xy of the horizontal joint, down to the level of 
which the profile, as already designed, is both stable and strong enough 
at every horizontal joint to bear the imposed vertical load. The approx- 
imate depth yr of this joint below the water surface may be at once 
ascertained from the depth (or height) curve already plotted, and the 
magnitude of the corresponding vertical load Oy = T, resting on the 
joint, by measurement on the load line. These approximations must 
bo checked by comparison with the profile and by calculation of the 
weight, &c. 
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Below tlie critical joint, thus determined, the width of the profile 
must be increased beyond that given by equations (12) and (15); 
moreover, the line of resistance of the full reservoir wall will no longer 
necessarily fall at a distance of two-thirds the wall’s thickness measured 
from the inner, or wetted, face, nor that of the empty reseivoir at 
one-third that thickness, so that the value of 5 in equations ()G) and 
(17) must be determined. 

To determim the Projih of the Zones. 

253. The profile of this portion of the wall is often designed graph- 
ically by a process of trial and error, but it will be found more satis- 
factory to calculate a section by means of the equations following, 
employing the graphic method to draw in afterwards the Hues of re- 
sistance. 

For the full reservoir, then, wo have for the limiting intensity of 
stress of the outer or dry face the relation, vide equation (16), 



or 6 T5 - 2 T/3 = (ID), 

in which T stands for the total vertical load resting on the horizontal 
joint whoso breadth is /3 ; 5 for the distance of its centre of pressure 
from the inner, or wetted edge, of that joint ; K for the limiting intensity 

of normal resistance = 125 X w x or S x a»id 

for the batter of the outer, or dry, face of the wall (para. 212). 

Let B, Fig. 96t/, bo the breadth of the lowest horizontal joint of the 
portion of wall already designed, D its depth below the water surface, 
W the weight of the wall lying on breadth B, and c the distance from the 
Joint’s wetted edge of its line of action ; then, if 5 ^ be the batter base of 
the inner, or wetted, face of a new zone, lying immediately below that one 
which rests on the joint whose breadth is B, so that B is the top width 
of the new zone; and if z bo the height of the new zone, and the 
batter base of its outer face, then will 

13 = 8, + B + a,, (20), 

and for the total weight T resting on the new joint whoso breadth is /3, 
including the weight of the water superincumbent* on the inner face, 
we have 


T 
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T =r (2 D + r) s, + W" + ~ (. 9 , 4- 2B + s,) (21). 

The distance c of the line of action of T from the wetted edge of the 
joint may be determined in the usual way, by equating the moment of 
T about that edge to the sum of the moments of the several parts 
making up T about the same edge, thus — 

6 T c = I 2 (3 D + I + (G B + 3 52) + G W" | 

+ zw(3n^ + 3 H- 5/) + 6 W"c (22), 

and the value of 0 may be found by substituting for c in the relation 
(as in paras. 21G and 247), 

S — ^ (D + ^) : : A (f) 4. «)» : T 

which reduces to the form 

G T() — w' (T) 4* d" G Tc 

so that e([nation (19) may now be written down in terms of 5,, and 
known quantities. By reduction a quadratic for 5, of the following form 
may be obtained — 

LV + M.9, 4- N^o, (23), 

in which L =: K — (irz 4- u^'D), 

M - (B 4- s,) {2 K + w'(2 D 4- ^) - - (2 Bzw 4- 4 W), 

N = K (B 4- O’ + 2 W I (B + O- •"« I - { + w' (D+«)’ | 

In which K = S (—^-5-^) where X is the batter, and S has the defi- 
nition given in para. 242. 

It will be observed that when ^ (K — ?(;'13) the co-efficient of 

s,® vanishes, and that it is positive for all values of z less than this one, 
and negative for greater values. The height of the zones should, as 
far as possible, bo retained uniform. 

In applying the above formula it will be best to assume a value for x, 
80 that K and will be known quantities in the equation, and then to 
determine the corresponding value of ; the numerical value of fl ^ + 

B 4“ ^2 will then be known. The value of ^ may afterwards bo calcu- 
lated, if necessary, or determined by graphical construction and measure-^ 
ment, and compared with /I, and care taken that 

2 is not >1/3 
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in order that the first condition of stability may bo satisfied for the full 
reservoir (para. 243). 

254. For the. empty reservoir^ by omitting the terms involving te' in 
equations (21) and (22) it is easy to deduce the results 

Tr /Oil 


in which 

Q = 2 wzsi^ + 3 5, J tuz (2 B + + 2 W" J + | 3 B* -f 3 + s/ | 

-f C W"6- and li 2 \V" 4* ivz (a^ + 2 B + 

Care must be taken that c' is not < 

O 

Remarks on Portion 1 F. 


255. In equation (23) it will be observed that Aj and 8^ vary in- 
versely, and that, in fixing their values, some choice may bo exercised 
within certain limits. For instance, the batter of the outer or dry face 
might be retained constant tbrougliout Portion IV., that of the inner 
being varied to suit each zone, as in F^g, dla; or, on the other hand, 
to avoid encroaching on the reservoir, it might be desiiable to give as 
small a batter as possible to the inner face. Kquation (23) is obviously 
better adapted to the case m which the batter of the outer face is assumed 
and that of the iuncr made to suit it, because if the value of ^ bo fixed, 
then K and arc known, and a, can be easily dctei mined, whereas many 
values for might be tried before a value of suitable for the second 
arrangement above described, could be obtained. The best method to 
adopt is, in fact, to retain B, and therefore also c, constant througliout 
Portion IV., the resulting eiror, if a])prGciab]e, being on the side of safety ; 
the quantity B — 3c will then vanish fiom co-cfiiciont in equation (23), 
since c = ^B. Such a value must bo chosen for x shall cause c' and 
I to fall within prescribed limits for llic value s, of being the lieigbt of 
tlie zone which comprises the whole of Portion 1 V.; K can then be retained 
constant throughout this Portion {vide FKampIe 1. following), and values 
of Sj corresponding to values of z which are less than cun then be cal- 
culated. In this way, after once fixing the value of K and tlie widtli of 
the bottom horizontal joint, the terms in equation (23) involving the 
symbols s, and only will vary. The baiter of* the outer lace will 
thus be kept constant throughout Portion IV. 
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Summary of Steps, 

256. The following Summary of the several steps in the design of 
the dam’s piofilo is added for convenience of reference : — 

1°. Determine the breadth 6, of the dam at top, usually an arbitrary 
quantity, paia. 24 t 

2®. The depth d, — Vo 6, of Portion 1, is then known, para, 240 
equation { t). 

3®. Poitton 1 1 , — The profile of the outer face can now be designed 
by equation (11) or (12), the inner face being supposed ver- 
tical, para. 248. 

4^, Pvrfton ///. — At a depth of 2*lc/, below the dam’s top, tho 
inner face ceases to be vertical, and its batter commenceh, 
which may be designed by equation (14) or (15), paia, 
2:)(). 

5®. In pjiia. 252 llie geometrical construction is desciibed for deter- 
iniumg the commencement of Portion / F., the piofih' of which 
may bo designed by means of equations (23) and (24) of para. 
253. 

C”, Giaphical methods for drawing in the lines of lesistance aie 
desciibed in paras. 251(a) and 251 (t/). 

Examples, 

257. (o). Example I, — Fajs, 67a and 97(/, Plate XX HI., exhibit 
the rough j)iofile ot a dam, 214 feet high, to be built of gianite of normal 
strength, weighing 162-5 lbs. per cubic foot, required to rohisi the jires- 
Hiiio of water, standing llush with its top, the weight of which is taken 
a( 62*5 lbs, per cuhio foot. Professor Hankine’s limits of safe stress 
ai(3 to be employed tbronghout, (yule paras. 242 and 252). 

Fvj, 07a illustrates Method 1. of para. 251, and Method IT. is illus- 
ti.ited in Fig. 07f/, The foimer will be seen to be the simpler me- 
tliod. 

T1 le following summary of steps is added : — 

Portion /. — If II be put =214 m equation (1), para. 244, then 
/q = 10 feet nearly, whence, since la = 162*5 and w" = 62*5, we have, 
by para 246, = 30*63 feet. 

Poitions II. and III, — The following values of x and x' for the cor- 
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responding values of n are given by equation (11) or (12) of para* 248 
and equation (14) or (15) of para, 250 





Feet. 






H 

i 

1*330 

25*27 


2 

1 

t 1*772 

33*67 

... 


u 

! 2*203 

42*00 

... 

3 

2 

! 2*772 

52 07 

1*31 


n 

3*280 

02*32 

... 

4 

3 

3*803 

72*26 

2*00 

5 

4 

4*831 

01*70 

3*87 


The batter of the inner face comuiences at a depth of 2*4 x 80*03 =: 
73*5 feet, below the dam’s top. 

(6). portion IV , — The load lino and curves of breadth and depth 
having been plotted, Fig, as fully described in paras, 251a and 
2ol(i, if, in the formula UA: = J X 125 x x n of para. 252, n be 
put = 20, and w = 162*5 lbs., then will OA; = 203,125 lbs., and kl = 
20 feet; yr will then be found to measure about 122 feet, and the 
hoiizontal joint dividing Portions III, and IV. will, therefore, lie just 
above the base-joint of Zone IV. It has, for simplicity, been taken as 
though corresponding with that joint. 

In designing the profile of Portion IV. by equation (23) of para. 253, 
B being put — 74, the method described in para. 255 has been adopted, 
that is, zone icS T^, Fig, 97t/, has been first dealt with, and a value of 
about 42J®, giving K = 19,200 lbs., been found to give satisfactory 
values for s, and ; the same value has been retained for K in designing 
the remaining zones, that is, first for Zones V. and VI. taken together, 
and then for Zone V. taken separately ; the resulting values of and 
for these several systems of zones, taken in combination with the values 
0 ?' = 2*96 and x =: 72*26 of the base-joint of Zone IV., enable the 
horizontal measurements to be reduced to the vertical passing thiougli 
3^, and the table given above for Portions II. and ill,, to be completed, 
thus — 
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d -T- d^. 

n. 

MK..SUliEMKNT8 IN FUKT, 


H I 


X 

5 

4 

6*27 

28 

9-2G 

100*26 

6 

5 

14*5 

57 

17*5 

129*26 

7 

G 

42*5 

86 

45*5 

158*26 


(c). Stress- Diagram * — There is little to be said in explanation of 
the Stress-Diagram. It will be observed that the figure OfhjjO of Fig, 
97i affords a complete diagram of the external loads acting on the dam, 
of which the portion OfhjO represents the system of fluid pressures. Of 
these, the horizontal components are measured along the horizontal line 
and are given by the parabola Bit of Fig, 97 a^* and the vertical 
components are measured along the vertical line gj. These latter are, 
in fact, tlio weights of the columns of fluid superincumbent on the several 
inclined surfaces, exposed to fluid pressure, of the zones, so that if 5 be 
the batter-base of any one of tlicse zones, z its height, and D the depth 
of its top below the fluid surface, we have for the weight v of supeiin- 
cumbont fluid 

o = “ X ^2D -h 3^ X s. 

Thus for Zone V., v = 54219*4 lbs., since s ^ C*3, 
for Zone VI., v = 80G74-5 lbs., sinco s =: 8*21, 
and for Zone Vil., v 318075*0 lbs,, since s — 28. 

These quantities arc represented in Ftg, 97b by the straight lines 
qf'yf'Fy and yj respectively, and have been already determined graph- 
ically, since the directions of the resultant fluid pressures (being normal 
to the surfaces) and their horizontal components aie known. The 
graphical and numerical methods serve to check one another. 

The Lines of Resistance ,-^ the method of calculation adopted for 
the profile of Zones I. to IV. of the dara is based on the assumption 
that the two lines of resistance, that of the full reservoir wall as well as 
that of the empty one, lie at a distance of one-third the wall’s thickness 
from the nearer face, the graphical construction of Method 1., para, 251, 

• Unless tlio hneul scale be large, these pressures are more nufili cijtlt.uiated 
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is only shown for Zones V. to Yll. of Fig, 07a, the constrnciion by 
Method 11. is, however, shown foi Die entire prohlo of Fig, 07fi. 

{(1), Example II, — Fig, 00, Plate XXIV., shows profiles of three 
dams, superposed on ono another for purposes of illustration, each being 
of the same height, 214 feet, and each designed to resist the pressure of 
water, as in tho previous example. 

Ono of tho dams is supposed built of brick, weighing 125 lbs. per 
cubic foot and capable of resisting a limiting intensity of pressure 
throughout amounting to 20,000 lbs. per square foot for a vertical 

face, so that K = 20,000 in equation (23) of para. 253. This 

profile is indicated by a thin firm lino. 

The second profile is to be built of weak but heavy stone, weighing 
162*5 lbs. per cubic foot, but no stronger than tho brick, in this 

case also K == 20,000 in rortion IV.) This profile is indi- 

cated by a thin broken lino. 

Tho third profile is that woiked out in Example I., the material being 
granite of normal strength, and Professor Rankiue\s limits of strength 
being employed. 


The Dam^s Horizontal Trace, 

258. With regard to the plan of tho dam, Professor Rankino makes 
the following remarks in tho Report already alluded to in para. 242, and 
published in tlio Engineer of Stli January, 1872 — 

“ As regards the effect of giving the wall a curvature in plan, convex 
towards the reservoir, 1 look upon this as a desirable and, in many cases, 
an essential precaution, in order to prevent tlio wall from being bent 
by the pressure of the water into a curved sliapc, concave towards the 
water, and thus having its outer face brouglit into a state of tension 
horizontally, which would probably cause the formation of vertical fis- 
sures, and perhaps lead to the destruction of the dam. T consider, how- 
ever, that calculations of stability which treat tho dam as a horizontal 
arch are so uncertain as to bo of doubtful utility ; and I would not rely 
upon them in designing the profile. In fixing tho radius of horizontal 
curvature, I consider that tho Engineer should be guided by tho form of 
the gorge iii which the dam is to be built, making that radius as short 
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A8 may bo conHi«tont with convenience in execntion, and with making 
tho ends of tho dam abut normally against the sound rock at the sides 
of the gorge.’* 

Col. Wray, R.E., remarks “as regards there being no opening 
through the dam, it is better to avoid such openings, as likely to induce 
unequal settlements, and there is seldom any serious difficulty in run- 
ning a tunnel round the end of the dam in the natural rock to receive tho 
outlet pipe with the necessary arrangements.”* 


« Cols. Wray and Seddon's " Instmctlon In Coostmetion Srd Edition, p. 391. 
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CHAPTER XVI. 


THE STATE OF STRESS OF A MASS OF EARTH, CON- 
SIDERED ON ELEMENTARY PRINCIPLES. 

259. In the preceiHng Chapter the pressure of water against a re- 
taining wail was calculated on the supposition that water is a perfect 
fluid, being fiictionless and incompressible. In a similar way, in cal- 
culating the pressure of earth against a revetment or retaining wall, 
« loo&e mass of earth may he treated as an imperject flmdy the particles 
of which ^ though incompressible y obey the laics of friction and cohesion, 

260. ♦ “ In a mass of earth loaded with its own weight only, the 
gravitation of the earth causes the verticol pressure, the vertical pres- 
sure causes a tendency to spread laterally, and the tendency to spread 
laterally causes the ‘ lateral * or conjugate pressure. f Hence the ver- 
tical and conjugate pressures stand to each other in the relation of 
cause and eifcct or active and passive respectively. 

261. A structure of earth, whether firoduced by excavation or 
embankment, preserves its figure at first partly by means of the friction 
between its grains and partly by means of their mutual coliesion or 
tenacity, which latter force is considerable in some kinds of earth, such 
as clay, especially when moist. It is by its tenacity that a bank of earth 
is enabled to stand with a vertical face, or even an overlianging face for 
a few feet below its upper edge, whereas friction alone, as will after- 
wards appear, would make it assume a uniform slope, 

262. “ But the tenacity of earth is gradually destroyed by the action 
of air and moisture and of the changes of the weather, so that its 
friction is the only force which can be relied upon to produce perma- 
nent stability. In the present investigation, therefore, the stability of 
a mass of earth, or of shingle or of gravel, or of any other material con- 
sisting of separate grains, will bo treated as arising wholly from the 

* Rankino’fl Applied Mechanics. 3rd Edition, pp. 212 and 216. 

t A pair of Btrc&ses, each actintr on a plane, parallel to the dlrociion of the other, are said to be 
conjugal* (aankine’t Applied Mechanlca, p. US), 

U 
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nintnal friction of those grains, and not from any adhesion amongst them/’ 
The more nearly tlie mass of earth is reduced by moisture to a fluid con- 
dition, the more nearly does the nature of its pressure resemble that of 
a fluid. 

263, In order that a body of any material may rest on a plane of 
any, whether similar or dissimilar, material by friction alone, the single 
condition is that the angle between the direction of its pressure on the 
plane and the normal to the plane shall not exceed the angle of repose 
of those materials. 

Thus, in a mass of loose earth, each particle O on the surface, as on 
DE, Ftg. 100a, Plate XXIV., is from elementary statical considerations 
stable so long as the direction of its weight, WO, makes an angle WON 
with the normal ON to the surface DE, not greater than the angle of 
repose, which is the case so long as the surface slope DE has a uniform 
inclination not greater than the angle of repose, <p. For, were the 
plaiu3 DE to be tilted through the least possible angle FDE, so that 
the angle d (or FDG) exceed ip by the least amount possible, the parti- 
cle () would at once slide down the plane, FD, the frictional resistance 
N tan 0 required to balance the tendency of W to slide down the plane, 
or W sin G, being greater than the material of tlie surface is capable 
of exerting, such limiting value being equal to N tan <t> only (9 being 
< 0 ). • 

264. The same condition which determines the stability along a free 
surface of earth is also the condition of stability along any plane in the 
mass. Hence, the mass of earth will be stable if the direction of the 
resultant pressure between two portions into which it can bo divided 
by any plane in the mass makes an angle with the normal to the plane 
less than the angle of repose. 

265, It will be observed that these conditions leave out of consi- 
deration, as has been already pointed out, the forces of cohesion and 
adhesion, the effects of which act in the same direction as that of friction. 
The result is therefore on the side of safety, 

266. The conditions of stability of a mass of loose earth, with a 

plane surface of indefinite extent, are fully considered on pp. 212, 8€q,f 

of Kankine’s Applied Mechanics. It is necessary first to establish the 
following Three Theorems*: — 


* Rankin*'* Applied Mechanic*. 3rd Edition, pp, lie and Iff. 
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Theorem L — In an indefinite homogeneous solid, hounded above bg a 
sloping plane, the pressure on any plane parallel to that sloping surjacc is 
vertical a7id of a uniforyn intensity equal to the weight of the vertical 
prism which stands on unity of area of the given plane. 

For let YOV, Fig. 1006, represent a vertical section of that sloping 
surface along its direction of greatest declivity, and OX a vertical plane 
perpendicular to the plane of vertical section which is represented by 
that of the paper. Let w bo the uniform weight of unity of volume of 
the substance. Lot 15 II be any plane parallel to, and at a vertical depth 
a; below, the plane Y V. If the substance is exposed to no external force 
except its own weight, the only pressure which any portion of the plane 
BB can have to sustain is the weight of the material directly above it. 

267. Consider the equilibrium of a prismatic particle A of the 
mass, bounded above by the piano BB, and below by CO, and laterally 
by two pairs of vertical planes. Then the weight of the prism is equal 
and opposite to and balanced by the excess of the vertical pressure on its 
lower face above that on its upper face, and the pressures, parallel to 
the sloping surface, on its vertical faces, must balance each other inde- 
pendently ; therefore they must bo of equal mean intensity through- 
out the whole extent of the layer between the planes, BB, CC. Whence 
the remaining two Theorems, 

Theorem //.— T/ie stress, ij any, on any vertical plane is parallel to the 
sloping surface, and conjugate to the stress on a plane parallel to that 
surface. 

Theorem III.— The state of stress at a given uniform depth below the 
sloping surface is uniform. 

268. The magnitude of the stresses may be measured on elementary 
statical principles as follows:-— 

Suppose the earth to the left of the vertical plane AB, Fig. 101, Plate 
XXV., to be re’uoved, and a plate, of exactly the same superficial rough- 
ness as that of the earth, to be substituted for it. In order to balance 
the tendency of the mass of loose earth lying behind AB to push the 
plate back and fall forwards, pressure must be exerted on the plate from 
the left, and since the nature of earth pressure resembles that of Iluid 
pressure, a resultant effect of the required amount P, applied at a point 

AB units below A, will be sufficient, as far at* the stability of tlic 
wedge of earth is concerned, to counteract that tendency, P may, in 
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fact, be regarded as equiyalent to the natural resultant re-action of 
the earth which originally lay to the left of AB, 

269. Now it has been already explained that there is no tendency 
of the mass to slide down any plane, whose inclination to the horizon is 
less than the angle of lepose Consider, then, the tendency to slide 
down some plane BC, lying between the limiting planes AB and BD, 
where BD is inclined at to the horizon. 

As in measuring fluid presanre, we may suppose the mass of earth 
ABC to become solid, and apply the principles of elementary statics to 
the consideration of its state of equilibrium. Suppose the width of the 
wedge (perpendicular to the paper) to bo unity. It is eridently kept 
at rest by thiee foiccs, viz*, its own weight W, acting rcrtically down- 
waids through its centie of gravity ; the conjugate pressure P, acting 
parallel to the surface, at a point in AB, distant f AB below A ; and 
the rc-uction K of the longli surface BC. These three forces, theiefore, 
must all pass througli one and the same point if the wedge is to le- 
iiiaiii at rest, and this point will be U, since BU = ^ BC, and PU ineel» 
AB at I AB from B. 

270. Since the surface I3C is rough, it is evident that the least 
possible value which P can have is that which enables it to act i/i con- 
pinctwn with the force of friction, that is, tip the plane BC. In tins 
case the re-actiou li, acting through C, is inclined at above the normal 
UN, diawn to the suiface BC. This value of P, which call P', just 
counteracts the natuial tendency of the mass of earth to press the plate 
forward and fall to the left of AB. It is, therefore, of the natuie ol 
pasMivo resistance, as far us the mass of earth is concerned, but would 
be regarded as an active pressure as far as tbe plate is concerned. 

271. Suppose, now, that the pressure of the plate P is increased 
b(‘yond that just necessary to prevent the mass from sliding down the 
plane BC (viz. P') ; P then becomes an active force as far as the 
mass of earth is concerned, and we know from elementary statical con- 
sideiations that the greatest possible valve which it can have, provided 
the state of rest bo not disturbed, is that which maintains equilibrium 
in opposition to the force of friction. In this case, the re-action of the 
plane BC, passing through O, is inclined at an angle below the 
normal ON, and we know that if this limiting value of P, which call 
P", be exceeded, the wedge ABC will at once commence to slide up- 
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wards, along the surface BC. The force is of the nature of an active 
applied force. We know, further, that for all values of P between the 
limits P' and P" the wedge ABO will remain at rest, the resistance R 
having some inclination less than 0 to the normal ON, either above or 
below it, as the case may be, depending on the magnitude of P. 

272. Now the sides of the triangles OK Ft' and <)KR", 101, are 

respectively parallel to the groups of the three forces acting at O and 
keeping the wedge at rest in the two cases ; hence, the lengths of the 
sides of the tiiangles are respectively proportional to the magnitudes of 
the forces acting in each case. 

Thus, if OK be taken to represent the weight of the same wedge 
ABO in the two cases, then will OR' and KR' represent the resultant 
pressures R' and P' of the wedge against the planes BC and AB re- 
spectively at the moment wlien the wedge is fust about to slide dou'n BO 
under the action of gravity alone; while the sides OR" and KR" will 
repiesent the corresponding pressures at the very instant when the 
wedge is just about to move ujy the same piano, under the action of 
the impressed force P" ( = R"K) acting in a direction parallel to R"A. 

Let the surface plane be inclined at an angle 0 to the horizontal. 
Put CBD = Ftg. 101. Then, since NOB is, by hypothesis, a right 
angle, therefore NOK -f- BO W a right angle, and therefore NOK 
= 90 — BOW = (0 -f x). But NOR' =*0 ; therefore R'OK 

Also R'KO = 90 — 0; therefore KR'O =- 90 — — 0). 

Hence, in the first case wo have P' = W gc a ABC . 

K(3 cosCx — t*) 

and in the second, P" W 

’ KO cos (2 0 -p X 

273. Now, since the area of the triangle ABC gradually increases 

as the value of ^ diminibhes, it is obvious that as ^ from value 

zero to value (90 — 0), i.e,, as the plane of cleavage BC moves from 
coincidence with plane BD to coincidence with AB, the value of 
passes from value zero, through a maximum value, to value zero 
again. Similarly, that the value of X^", under like circumstances, passes 
from a large value when ^ O thiough a minimum value, to a large 
value again as the area of the triangle ABC approaches value zero, at 
which point P'' also = zero. These results will Iw evident from the 
graphical demonstration given in Chap. XVI 11, 



150 


CHAPTER XVI. 


[ ART. 274-275. 


274. Now, to Rpply thcpe considerations to practical cases : — 

Suppose AB represent the surface of a retaining wall, the object of 
which is to keep the mass of earth ABD in position. Obviously the 
wall must be heavy and strong enough to balance the greatest possible 
pressure that the earth can exert against it. Hence, we must measure a 
maximum value of P ; and since the mass of earth tends to move down 
the plane BC entirely owing to the action of gravitation, P must bo 
measured in conjunction with the foice of fiiction, since the friction of the 
particles will tend to prevent the motion taking place. In this case, 
therefore, wo must measure a maxnnum value of P'. 

275- Suppose, on the other hand, there is a heavy building stand- 
ing to the left of the plane AB on the side opposite to that on 

which we liave supposed the wedge to he situated). The weight of the 
building will be distributed over the area on which its foundations 
rest, and will correspondingly increase the intensity of vertical pressure 
over all horiisontal planes beneath that area. Moreover, since the pres- 
sure of earth partakes of the nature of fluid pressure, this increased 
vortical pressuie will nfTect the conjugate lateral pressure all round the 
building and extending up to the surface, in a somewhat similar manner 
to that in which a heavy piston pressed vertically on the surface of a 
liquid affects the lateral pressure against the sides of the vovssel all round. 
The effect of the heavy budding standing to the left of the plane AB 
will, in fact, he to increase the value of P beyond any maximum value 
it could possibly liave under the conditions of the first case considered, 
that is, above the maximum value of P' ; and if wo wish to racasnro 
tlio maximum value that P can have under the new conditions, we must 
remember that, since the force of friction acts as a preventive to motion 
in each case, while in the first case it acted above the normal ON to 
prevent motion down the plane, in this case it must act hehne the normal 
to prevent th(3 increased pressure P causing motion up the plane BC ; 
and, whereas, in the first case, we had to provide against the greatest 
possible passive value that P could have under the given conditions, 
so as to provide against the likelihood of motion taking place at the 
latest possible moment, in this case we must provide against motion 
taking place at the earliest moment possible, that is, under the action of 
the least active forte capable of producing motion at all; so that, while 
in theJHrst case P' must have a maximum value, in this case P" must 
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have a minimum value ; because, when nujtion does occur, it will take 
place along the lino of least resistance, that is, up the plane of cleavage 
which can offer the least resistance, 

276. Now the positions of these planes of cleavage, and the value 
of the corresponding maximum and minimum pressure may be deter- 
mined analytically as follows : — 

Let BC, Fig. 102, Plate XXVI , be any piano of cleavage, AB, as 
before, representing the vertical plane, the resultant conjugate pressure 
over which it is required to examine. Let the surface plane be inclined, 
as before, at Q to the horizon. Draw through B the planes BD, BD'^, 
making the angle of repose ^ with the horizontal at B, BD being described 
above, and BD" below that horizontal plane, and let BD, BD" meet the 
surface in the points D and D'' respectively. Through the points B, A, 
and C, draw the straight lines BD, AF, and CE, each making an angle 
of (90 — d) with BD ; and through the same points draw the straight 
lines BO", AF", and CE", making the same angle (90 — 0) with BD". 
It will be seen at once that BO is inclined at an angle + 0) and BG" 
at an angle (<p — 6) to AB. Also, since BD and BD" are equally in- 
clined to AB, and AB^ is inclined to the normal from A on BD at an 
angle Of and AF" to the normal fiom A on BD" at the same angle 0, 
therefore the straight lines AF and AF" are equal. And since the 
angle OBG" — 2^, and the angle AG"B =5 {(90 — 6#) ~ (^ •— 0) } z= 
90 — 0, because AG" is inclined to the vertical at (90 —5) and BG" to 
it at (0 — 0), therefore the angle AG"B r= 90 — 0, and therefore BQ 
= BG." 


Put CE = a:, CE" a:", and let AF = AF" — a, and BG = BG" 
= c, and put BD = and BD" ==: b". Of these quantities the only 
variables are x and 

Now if the triangles BCE and BCE" of Ftg, 102 be compared with 
the triangles OIl'K and OH"K of Fig. 101, it will be seen that they 
are respectively similar ; that is, that BCE is similar to the triangle 
OH'K, and BCE" to the triangle OU"K, Hence, considering tho 
former pair of triangles, we have— 


P' = W 


KR' ^ Ann 


oc 5 (a — x) 


(6 - xKj 


,if K: 


cos ^ 

fiin (0 e)* 


Hence, differentiating with regard to tho variable x, we have 

dF' I — 2a-) 4 - K (ax — #*) . 

^ oc ^ f 
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and for a maximum value — 

ab — 2bx + Iva:^ = O 

ox b {a — x) = a? (^ — Ko;)... (1). 

/. also \ (a ^ oc)h cos 6 = ^ ® (6 — DE) cos Q 
/. ^ABC = BCE. 

Hence, making the necessary substitution in the relation P' oc 
A ABC we have P'oc a?^ 

Or, taking w = weight of unit volume of the earth, 
we have P' = * 


In a similar manner, considering the second pair of triangles OR'^K 
and BCE''' of Ftfjfs. 101 and 102 respectively, it may be shown that-- 


cc b (x" - a) 


, where K" = 


C08 0 


' (K'V — b^y sin + G) 

Differentiating as before, we arrive at the result that, for a minimum 
value of P", we must have 

b (a - x^') = x" (F' - x"), (3), 

a result exactly similar m form to the one we arrived at wlien considering 
P' ; whence also it follows that the areas of the triangles ABC and 
BCE" must be equal; and also that, for a minimum value, 


P" 


^ cos e,. 


,(4). 


277. Having thus reduced the expressions for and to the 


dV' , dV" 

same form, we may write x for and b for b" and deal with them 
together. Solving the equation wc find x = ± 

Now is in each case = c, being in the case of P' equal to DB ~ 

^ or BG, and in the case of P" equal to D"B -f- BG", whence 

generally, 

X = c ± (r — fl), (5). 

In which expression (c — a) i« positive, since BG is always > AF and 
BG" > Ab^'. 

If ^ be again differentiated we shall have oc ^ 

the negative value of the radical will give a maximum, and the positive 
a minimum, value. 
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Substituting theso values of x in equations (2) and (4) we have 

F = cos e{c~ (C - a)y = cos 0 {2c» - ca - 

2c c (c — rt)}, 

^ cos 0 {c + V c 0 {2c* — ca + 

2c V c (c — a)}, 

Putting AB = A, and remembering that now c == A and 

^ ^ _ /j 0 have, substituting these values 

AH sin AFB cose cos 0’ * ® 


in equations (G) and (7) and reducing 


wll* 

r = COB 0 > 

f cos 0 — ^/ cos* 0 — cos* <p } 


^ CO.S 0 -P a/ cos* 0 — cos' ^ 1 ’ 

f cos 0 + V cos* 9 — cos* 0 ) 


?e//* 

p == cos 0 

\ cos 0 — v cos* 0 — cos* 0 J ’ 


Or, if p* and p" bo the corresponding intensities of pressure 

at depth A, 

we have, remembering that the intensity of pressure increases with the 

depth, it being of the nature of fluid pressure, 


p' ivh cos 0 j 

f C09 0 — i\/ cos* 0 — C 08 * 0 ^ 

(1«). 

[ cos 0 -|- V cos' 0 — cos* 0 J ^ 

p"' =i toll COB 0 1 

cos 0 + a/ cos* 0 — cos* 0 ) 

(11), 

cos 0 — aJ cobJ 0 — cos* 0 J ^ 


BO that the proportion in which the maximum intensity of conjugate 
pressure consistent with stability of the mass of earth exceeds the mini- 
mum is given by the expression 


P" f cos 0 V COS^ 9 — C06^ ^ 1 * 

P' i cos 0 — V cos’^ 9 — cos* 0 ) 

These values are the same as those given on pages 214 and 21G of 
Rankine’s Applied Mechanics, which are arrived at by the application 
of his Ellipse of Stress. 

278. But those conjugate pressures are, by the primary definition of 
them given in para. 260, proportional to the vertical pressures which 
cause them. Hence, if w" be the intensity of vertical pressure over 
unity of area of a plane, parallel to the surface, producing the conjugate 
pressure p", and that causing p\ we have 

7 //' ^ r cos 0 q. COR^ 0 — cos* 0 

tv' \ cos 0 V coa* 0 — coa* f 




( 12 ). 
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279. The practical application of tliia relation is, of course, to tlio 
case in which tlio surface of the ground is liorizontal (0 = 0), and the 
intensity of increased vertical pressure w" that duo to the weight of a 
building, the plane of whose foundation area is parallel to that of the 
ground smface, i,e,y horizontal also. 

If A be the area of the foundation of the building, and h the depth of 
its plane below tlio ground surface, and w the weight of a unit voluiiio 
of earth, then tvh\ will measure the weight of the earth displaced by 
the building ; and if the weight of the building be W, and it bo uniformly 

\V 

distiibuted over the area of its foundation, then will — =: tv" measure 

the intensity of vertical pressure, duo to that weight, and the limit of that 
intensity of pressure is therefore fixed by the relation, putting 0=0 and 
w* = wli in eipiation (12), 


= U-h ( 

V 1 — bin ^ ^ 


(13). 


Tills is the greatest intensity of vet heal pressure^ consistent with stabihtf/^ 
of building^ Jonnded on a hot izantal stratum of eaith at the depth //, the 
angle of repose of the eaith being tp (Rankine’s Applied Meclianics, p. 220), 

280. If, however, the pressure of the building bo not uniformly 
distiibuted over its base, its greatest intensity must not exceed that given 
by equation (Id), and its hast intensity must not fall short of wh, 

281. This condition enables tlic greatest inequality of distribution of 
the pressure of a building, which is consistent with the stability of a 
given kind of earth, to bo determined. 

The most useful aud frequent example of this case is that in wiiich the 
base is rectangular, and the intensity of the pressure increases at a 
uniform rate from one edge to the opposite edge of the rectangle, being, 
tlierefore, of the natuie of a unijotmly varying shess. Vide paras. 178 
and 182. 


In this case V of paia. 182 = ivh y aud y == why and we have 

= XVh * 

2 ^ ( I - sin 

and we may therefore determine, by the equations of para. 182, the utmost 
deviation penui&sible of the centre of resultant pressure on the base of 
the superstructure'^from its centre of figure. 

282. It must be remembered that in the above investigations llie 
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state of stress of a mass of loose earth, the surface slope of Tvhich is 
uniform, has alone boon dealt with ; and further, that the cohesion of the 
earth, a most important element of stabtlit}', has been left out of consi- 
deration altogetlier, thus rendering the results more approximations on 
the side of safety. 

283. The resultant pressure of masses of earth whose surfaces are 
irregular against retaining walls, including cases of surcharges, rampaits, 
and buildings situated near the retaining wall, are best treated by the 
General Grapliic Method, wliich is explained in Chapter XIX, 

254. A most important application of the results of the preceding 
investigations is to the question of the necessary depth of well founda- 
tions in yielding soil. This question has been thoroughly dealt with by 
Major (now Lieuf.-Colonel ) Cunningham, R.h]., and the results of liis 
investigations will be found in the succeeding Chapter and in Appendix 
D, 



[ abt. 285-28G. 


CHAPTER XVH. 

ON THE DEPTH OF WELL-FOUNDATIONS, 

285. Tlie present Chapter consists of an investigation of the neces- 
sary depth of Well- Foundations with vertical sides in yielding soil, 
sufficient only to prevent subsidence. The queslion of the depth neces- 
sary to secure Stability of Rotation under exposure to high winds, cur- 
rent pressure, and other horizontal forces, is fully discussed in Colonel 
Cunningham’s pamphlet on Well- Foundations, which is partly reprint- 
ed in Appendix ]), 

286. Before proceeding to the investigation, however, it will bo in- 
structive to remind the reader of the dilferencc in effect, as regards the 
conjugate earth pressure, between wells, properly hearted with concrete, 
forming solid masonry structures, the bases of which distribute their 
pressure more or less evenly over the soil, and the same wells, unheait- 
ed or hollow. Fig, 103. 

Before hearting, the wells are hollow structures, or shells, fitting 
tightly into vertical holes cut for them in the soil, their lower extre- 
mities being wedge-shaped, with cutting edge. After liearting they 
form solid pillars, which arc called on to bear Ibe weight of a heavy 
superstructure, and which are immersed, or practically float, in a very 
imperfect fluid, which they not only displace but compress vertical- 
ly. It will bo thus seen that while little, if any, direct support to the 
vertical load can be afforded at the base of an unhearted well and con- 
sequently the lateral or conjugate earth pressure remains to the same 
extent unaffected, hearted wells, on the other hand, arc capable of evok- 
ing the utmost intensity of vertical resistance, and so also of conjugate 
lateral pressure, of which the soil is capable, because the vertical load 
of the whole superstructure, loss the resultant friction against the verti- 
cal sides, may bo distributed more or less evenly over the base-area. 
In the case of unhoarted wells, therefore, the least possible intensity of 
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conjugate eartli pressure or p' = wh must be provided for ; in 

the case of hearted wells, the greatest possible, or ;/'= wh 

It will only be necessary to examine the case of vortical wells, pro- 
perly hearted with concrete, forming the foundation of a heavy super- 
structure, the weight of which is thus transmitted fairly evenly over the 
soil on which it rests. The following paras., 267 to 297, are to a largo 
extent taken from Colonel A. Cunningham’s Paper on Wcll-Founda- 
tions, published in the lloorkeo ‘‘Professional Papers on Indian En- 
gineering,” Second Series, Vol. IV., No. CLIII. 

287. Such being the case, it seems obvious that the solo Sdpport- 
INO Forces which prevent subsidence of a Well-Foundation with ver- 
tical sides arc — 

1°. Vertical upward Re-action (R) of the subsoil against the base,— 
including in this of course tluid-prcssure, if water has access to 
the base (as in a pervious subsoil). 

2®. Vertical Friction (F) of tho subsoil against the masonry. 

It is clear that if — 

II =; Maximum vertical Rc-action developable in subsoil against base 
of one Well. 

F = Maximum vertical Friction developable in subsoil against sides 
of one Well. • 

W = Weight of one Well with its Superstructure and Live Load, 
then the Well must sink so long as R -p F < W, and will sink no 


further when R -f F = or > W, and that if R, F, W be expressed in 
terms of tho depth, then the solution of tho equation 

R + F= W, (1) 

will give the value of tho least necessary depth, to prevent actual subsi- 
dence, and on tho other hand for a given depth the ratio 

(II F) -7- W = Factor of Safety (1a), 


or shows the excess of the Supporting Forces over tho Weiglit of Well 
and Snperstnicturo. 

288. The internal subsoil-pressure at any depth below tho bed is 
the sum of the pressures due to tliree causes — 

1®. Atmospheric pressure. 

2®, Pressure due to depth of water in streamr 

3®. Internal pressure in the subsoil due to its own weight. 
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The first of these may bo neglected for all practical purposes, and it is 
wise to neglect the second also, as though increased depth of water 
undoubtedly increases the subsoil internal pressure cceteris parihns in 
propoition to the depth of water, still this increase cannot be depended 
on, and it is more than probable that certain physical causes, such tm 
increased permeation of the soil, tend (with increased head of water) to 
loosen the coherence of a pervious subsoil — wliich is the case in hand — 
and pro ianto diminish its power of resisting pressure and of yielding 
friction. 

It will, tlierefore, be assumed that the internal subsoil pressure is that 
due to the third cause, t.e., to its own weight only. In order to obtain a 
definite solution, moreover, it will bo supposed that the subsoil is homogt^ 
neons, that the level of the bed is maintained unifoim, and that the quali* 
ty of the subsoil is invariable, that is to say, that its power of resisting 
pressure and yielding friction are unaffected by any change in the depth 
of water. 

These limitations make the quantities (/>, p, to'', which express the 
physical properties of the subsoil in the following investigation, con- 
stant. 

289. Let A area of base of Well in sg. ft., 

C =1 circumference of Well xnjt., 

10 = heavineSL of masonry tn lbs, per c.ft , 
k = depth of base of AVell below surface of soil in ft., 
w ~ weight of masonry of one Well above surface of soil 
with weight of supcrstructuro and Live Load in lbs. 

Then, since the Well has vertical sides — 

Ah voliuiio of masonry below surface of soil in c,ft,, 
tv Ah = weight of masonry below suifaco of soil tn lbs., 

Ch = surface of masonry in contact with soil in sq,fL, 

W ~ w + wAli, (2). 

Let ^ = angle of repose of subsoil, 

p = co-ellicient of friction between subsoil and masonry, 
tangent of angle of repose of the soil on the masoniy, 
to"' =z heaviness of subsoil in lbs. per c. ft., 

X zz any depth below surface of soil in ft. 

Then by para. 277 (or liankine’s Applied Mechanics, Art. 199), the 
Well being propeily hearted: — 
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„ 1 -f sin ^ _ r maximum subsoil horizontal pressure-intensity 
1 — am ^ I at depth x, 

j maximum subsoil normal pressure upon the 
^ masonry at depth x, 

,, 1 -f sin 0 __ ( maximum 'vertical friction-intensity between 

^10 ^ ^ ( masonry and subsoil at depth x. 

Thus the maximum vertical friction-intensity developable at any depth 

varies as the depth, or is a ^ nutformly-varijing * stress, (para. 178.) 

Ilenco by the known laws of such stress, — 

Mean intensity of max. ver- ^ r. . ^ 

. , - . . * , f 1 i* 1 intensity of the same at 

tical fnction oyer a vertical > = j ol < , , , 

i * depth h, 

piano of depth h, ^ 1 


intensity of the same at 
depth h, 


^ ^ 1 — sin 0 


.*. Total vertical Friction against 
sides of Well of depth /<, 


} = s 


r = c/i’, 

^ “ 1 — fciii 0 ^ 


Also by para. 279, or Jlankine's Applied Mechanics, Art. 199, 

.1 -f sin 0v3_ ( max. subsoil vertical (upward) pressnre- 

VI — } intensity depth x, 

Vertical lie-action of soil \ /l+sin0v» ^ 

> or U H7 // ( , ) A, (4). 

against base, J 'I — sin 0' 

290. It will ho observed that R varies as the dejitli, and that 

vanes as the square of the depth, so that below a certain depth, whicli 

may bo found by equating equations (i/) and (4), F increases 'much 

more rapidly with the depth than U; also that in very yielding soils for 

which 0 is of course small, is not much > 1, so that if the depth 

^ M — sin 0 ' ^ 

h is large, as is necessarily the case with slender Wells, F is a much 

larger quantity than R, which proves what is already practically known 

(see Art. 13 of Paper LXXXlll. on Well- Foundations, which is partly 

reprinted as Appendix D of tliis Volnmo;, that — 

“The Vertical Friction is the principal Supporting Force in case of slender Well 

f'oondationa in water-logged sand,’’ 

Hence substituting from (2), (3), (4) into (1), the* resulting equation 
for finding h proves to be an ordinal y quadratic. 
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^ ^ 1 — BUI ^ 

Writing 


/I 4- sin A \2 * , 

Ah = yr w • Ah, 

\ l — Bin ^ ' 

I — sin ^ y 

1 -J- bin 0 “ 


(5). 

(«). 



2// w 
liw" ■ O ’ 


(7), 


the general equation from vyhich h is to be found. 

291. Case of cylindric Well . — If the submerged portion of the Well 
be a cylinder, of radius r (in feet), then A = 7 rr*, C = 2irr, and Eq. (7) 
becomes— 



(7a). 


292. Case of Quicksand , — This is by far the most important case in 
practice — being that of many large Indian livers. Adopting the conclu- 
sion (r. supra) that R is a very small quantity compared with F, and may 
as an approximation be neglected, the fundamental equation (1) becomes 

F = W, (8), 


and Eq. (7), (7a) become 

^ 2F ni A , 2/;' W 

General case — /r . —r, . h = — , 

fji w io fin/' U ’ 

C>,lindric wdl-h^-’^.^.rh= 


.(9). 


(9a). 


The error made in the value of h resulting from Eq. (9), (9a), due to 
neglecting R, is on the side of safety. 


293* J'^xample. — In tlio Kali Nadi Viaduct, a weight of 414 1 tons rests on 
each well abo>o level of bed •, the wclU are 12 feet cylinders ; the subsoil is said (by 
the Resident Engineers) to bo of such a nature that 

<p =3 15®, I, w' 100 lbs. per c. ft. 

Find least depth h ncccsvsary to prevent actual subsidence. 

1 — sin 0 _ 1 


SohUioti, Hero A' 


1 4 sm ^ 


*588, -p- = 1*7 (Hnnkino^s Applied Mechanics, 


Art. 201), -i- = 3, r = to = 120 lbs. perc, ft., w = 4U 4 X 2,240 lbs. 
Hence Eq. (7a) becomes 

A. -H 3 X (.-7 - -.88 X X 6A = X 

whence ^*4- 18^ = 868-3, nearly. 


V X G 

^ - 9 ± V868 3 4-“8'l = - 9 ± V'dWs = - 9 ± 30*8 


^ = 21 8, nearly. 

This is the very Fast depth at which under idl the hypotheses the Well would 
just ceate to itnA— in fact it might be said to be floating at this depth, its weight 
being just balanced by the Supporting Forces. 
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294* The Well is, of course, sunk hollow, the soil being excarflted to 
receive it, and the process of hearting accomplished after it lins been sunk 
to the required depth. It is known that in many cases in the process 
of sinking, tlic subsoil is compUtcly removed fiom underneath the base 
of the Well, at which time the Vertical Re-action (K) of the subsoil 
can only be the hydiofetatic pressure due to the head of water within the 
well. 

295. With regard to tlie values given to the constants 0, and to'" 
in the above example, Colonel Cunningliani in the paper alluded to makes 
the following remark • — 

“ It seems douhlful if the values 0 = 15*^, ^ can be depended on, 
as they are apparently th(‘ figures for masonru tn contact ivith moist clap 
of Art. 110 of Uankiue’b Civil Kngineermg. Tlio value w'* 100 Ihs. 

per cubic foot also seems very laige for quicksand.” 

He, therefore, pro[)osos a metliod, sinilar to the following, for practi- 
cally measuring the value of the Total Yertii'al Fiiction (F) developed. 

296. Supposing the Well to have veitical sides both externally and 
internally, and in addition to previous notation, supposing 

a =: Area of liollow at base of Well in square foot, 
tF hcavinoss of water = 62. J lbs. per cubic foot, 

= bead of water inside* Well above the base. 


Then R iv (A ~ a) //', (10). 

W r== w -f- w (A - a) A, (11). 


In general during the piogress of sinking, R -r F < W, but iu the 
state bejore actual subsidence occurs (the Well being unheaited), 

R + F W, 

whence, i fiw” . ^ ^ . Ch- + w' . (X - a) h" ~ W, 

^ — am _ W - (A - a)^' 

^ 1 + bin 0 * 

2 W + — w'tr) (A ^ n) 

in which equation Wy w\ 0, A, a are all constant, and arc known 
quantities, and w, A'', h are quantities whicli vary during the progress of 
sinking, and are the quantities to he observedy whilst /i, 0 are the quan- 
tities sought. 



• Thu Is n<it necfPwUy the samr r 6 thf» bead outude the Well 


y 
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897, It may bo objected to the calculation here proposed that there 
is only one equation (12) to determine two quantities 0. The result 
of calculation from Eq. (12) will of course give only the value of the 

quantity fx . (not of either /x or 0 separately,) whereas the use 

of the general equation (7) or (7 a) above requires a knowledge of 
both /.i and 0 , 

It must bo observed, however, that the quantity found (^fx . f ^ ^ 

= -^ ) is sufficient for the determination of the Total Vertical Fric- 
tion (P) by Eq, (3), and that in the very case of most practical im- 
portance — that of Well-Foundations m quicksand — this has been ex- 
plained above (para. 292) to be by far the most important element of 
vertical Ro-action, and is all that is wanted for solution of the special 
equations (9) or (9a) for quicksand, so that the application of this 
Method, though insufficient in general (i. e., for any soil), would bo of 
groat importance for quicksand. 

If a sufficient number of observations were obtained of the quantities 
w, /i", corresponding to different depths (/i), the correctness of the Theory 
could also be tested. Colonel Cunningham adds : — 

“ Great care would be necessary to use only such observations of w, 7i", 
h as were really suitable fo^ the object intended. It is absolutely neces- 
sary that — 

1®. There should be no subsoil below the base of the Well at time of observation. 
2°. The observationa be recorded just at the time that actual subsidence is begin- 
ning. 

4V. The quality and state ef aggregation of the subsoil at well-base bo also 
simultaneously recorded. 

4®, The mean level of actual bed of the stream near the masonry bo also simulta- 
neously recorded. 

** Unless these precautions be carefully attended to, the resulting 
values of ^ -f- A:' (for the same soil of course) would be so discordant 
as to bo obviously inaccurate, and it would bo hopeless to attempt to 
reconcile them. 

“ But it seems probable that the observations do not admit of accu- 
rate determination, in consequence of the difficulty of ascertaining 
whether the necessary conditions were approximately fulfilled, so that 
some discordance must bo expected in the results, — as is always the 
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case in the determination of all physical constants, and it would pro- 
bably be a tedious work to reconcile them, 

“ The importance of the result aimed at seems, howeyer, to make it 
advisable to attempt to determine this quantity (fi -f* k*) for water-log- 
ged sand, such as is common in Indian rivers. If this constant wore 
known, the Problem of Btadility of Rotation of Well-Foundations 
treated of in (Colonel Cunningham's) Paper, No. LXXXIII. of the 
Eoorkeo * Professional Papers,’ (and partly reprinted in Appendix D of 
this Volume) could also be completely solved^ so that the solution of 
the Pioblem, of necessary Depth of Well-Foundations in quicksand in 
all its aspects could then be effected with some chance of approxima- 
tion.” 

298. It will be interesting to trace the relative change of value 
obtaining between a variable deptli h and the corresponding values of 
the resistance referred to in para. 289, that is, between the values of F 
and h on the one hand and R and h on the other. 

If h bo raeasnred on some lineal scale vertically, and the correspond- 
ing values of F and R on some scale of loads horizontally, it will be 
evident from equations (3) and (4) of para. 289 that the extremities 
of successive values of F will trace a parabola, wliose apex is at point 
// =: 0 and axis coincident with the surface ; also that the direction of 
measurement of h is that of the tangent to the parabola at the apex. 
It is also evident that the extremities of successivo values of R trace a 
straight line, which is inclined to the vertical and passes through the 
point h = 0. The straight line and parabola evidently intersect at the 
deptli given by equating the values of U and F in equations (3) and (4), 

that is, at the point where A = the upper sign being 

used in the case of solid, and the lower in that of hollow, wells. This 
relation is graphically rejiresented in Fig, 103. 

Thus, when sinking an imhcarted well, the resistance is at first almost 
entirely direct and due to the pressure on the annular base. At the 
depth given by the lower signs of llie above equation the lateral and 
basic resistances are equal, and at greater depths the former resistances 
rapidly increase. 
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CHAPTER XVIIl. 


GRAPfllCAr DKTERMINATION OF THE MAXIMUM AND 
MINIMUM CONJUGATE rilESSURES AND THEIR 
PLANKS OF CLEAVAGE.* 

299. In the relatioiiK (para. 272 and 101 ) P'«; aABC— - 

COS {X — 0) 

ftiul P" cc ^ is evitlciit that as ^ increases the 

area of the triangle APC (.Inninishcs, and vjre vej'su, so thnt when ^ rin O, 
— O, and P" has some )uinu‘iical valne, increases, the value 

of P' increases up to a certain point and then dinmiiNhos, wliilo that of 
P" gradually diuiinishos^and then iiioieasos, until, when ( 2 ^ + ^ - 0 ) 
= 90°; that is, when ^ r= (90° -f ^ — 2^) ; that is, when the ])lano 
of cleavage corresponds with liG", Fj^s, 102 and lOt, P" lias an infinite 
value 

300. The several values of the resultant pressures P^ acting parallel 
to the surface plane and at a distance — ^ All below A, and corre- 

fljionding to tlie several planes of cl eavage Be,, Be^, Bc^ Bc^, BD, 

Ftg. 101, Plate X^WIF,, may be graplucally^deterinined as follows : — 

Let A B, as before, represent a vcitical plane dividing the mass, and 
through B, us before, let the plane BD be described making an angle 
equal to 0 °, the angle of repose of the earth, with and above the horizon- 
tal drawn through B, and let BD' be desciihed through the same point 
13 making an angle <p with and hcloiv the same horizontal* 

Tlirough the points c,, , »?i:c., in which the planes of cleavage 

meet tlie surface, draw the verticals meet 

tlie planes of repose BD and BD'' m the points c’/ and c,", and c/, 
and c/', L^c., respectively. 

Then it is evident, since the triangles ABc,, ABc^, ABCg, &c., have 
tlie vertex B common that their areas are proportional to tiie lengths 

• TbiB nietlmd Is takc'^ from Cbalmcr'» *‘Graj>htca( Deiet mi/iatton of Forets m Engmttrxng 
Chap Vll. 
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of tlieir bases, Ac,, Ac^, Ao^, itc, ; tliat is, to the lengths Bcj*, Be,', 
Be/, &c. ; or the lengths Be/, Be/, Bcj", i^c. 

If, now, thiough the points c,', e/ Cg', cte., wc draw straight linos 
inclined at (1)0 — 0) to BD, that is, parallel to B(l, to meet the corre- 
sponding planes of cleavage in the points 1', 2', 3^, c*v.c., then will the 
seiios of triangles Be/1', Be/2'', Be/3', ifcc., have their sides mutually 
inclined to one another at the same angles as aio the forces faien in ordcr^ 
which act on the concsponding wedges of earth A Be,, ABe,, A Beg, e^c., 
when motion is just about to take place down the corresponding plane of 
cleavage; and the triangle OlvlB, Fig. 101, Plate XXV., may in fact 
bo regarded as representative of any one of them, after revolution, m the 
direction of the hands of a watch, through an angle (1)0° — <p). 

So that, if the weight of any one of tlie wcilges, ns A Be,, bo nume- 
rically calculated, and the ({uantily so obtained bo compared with the 
representative straiglit line, as Be/, the scale of all the other repre- 
sentative quantities will bo at once known ; and, llicrefore, also tho 
magnitudes of the several conjugate pressures 1", corresponding to tlio 
several planes of cleavage when motion \sjust about to take place down 
them and acting paiallel to the siuface at a depth = ®iVB below x\, 
will bo likewise known, 

{Similarly, if thiough the points Cg", c/', c/', tic., straight lines bo 
draw n making an angle = (90 — 0) with that is, parallel to BG", 

and these stiaight lines bo produced to meet tlie coi responding planes 
of cleavage produced in tlie points 3", 4", 5", &c., llien will tho sides 
of tho senes of triangles so formed represent on the scale of loads 
already determined, tho several forces keeping the corresponding wedges 
of earth at rest at tho moment when motion is just about to take place 
up tho corresponding plane of cleavage ; and the triangle OKR", Ftg. 101, 
Plate XXV,, may bo regarded as rcpioscntative of any one of them. 

301. Xow it rnny be proved that the points 1', 2', 3', <lc., Ho on 
an hyperbola, wliicb touclies AB at B, and cuts tho surface AD at D. 
A geometrical proof will bo found in Chalmer’s Gtaphtcal Dctenni- 
?iation of Forces in Engineering Stnicturesf p. 303, but, as the result is 
not of any practical importance, no proof is ofiered here. Similarly, the 
points 1", 2", 3", tic., may be shown to lie on an hyperbola the asymp- 
tote of vvliich IS BC/' produced. 

If these curves be diawn in, it will bo seen tlial the position of tlie 
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plane of cleavage of maximum passive pressure (P') and the magni- 
tude of that pressure are determined by finding the point in which a 
tangent to the lower curve, drawn parallel to BD, meets it ; while the 
plane of rainiinnm active pressure (P'^) and the magnitude of that pres- 
sure are determined in a similar manner by finding the point in the 
upper curve at which the tangent, drawn parallel to BD", meets it. 

These planes and pressures are indicated in Fig. 104, Platt XXVIL, 
by thick link lines ; both planes of cleavage lie near plane BC^. 

302. But the positions of these planes of cleavage may be graphi- 
cally determined at once as follows : — 

The expression oc = c ±: ^ c (c — aj of para. 277 admits of graphic 
representation thus. Through F (or F"), Fig. 102, Plate XXVI., draw 
¥l (or F'7) parallel to DD". (The straight line FF" is necessarily 
parallel to DD" owing to symmetry, para. 27G). Then BZ represents 
(o — a), and BG (or BG") represents the expression c. If, therefore, 
a semicircle bo described on BQ (or BG") and at I the perpendicular 
Im be erected, then will Bw = Vc (c — a). If a circle be described 
with centre B and radius Bm to cut BG (or BG") produced if necessary 
in n and and straight lines be drawn through those points parallel to 
DD", then will the points E and e" be determined, and consequently also 
C and c," and the required planes of cleavage BC and Be" be known. 

303, It is generally, however, more convenient to make the neces- 
sary construction on the surface line DD", instead of on the straight lines 
BG or BG" (compare para. 27G). 

ISinco a: : c : a CE (or c'V) : BG (or BG") : AF (or AF"), 

DO (or DV) : DG(or D'G'') : DA (or D"A), 

a; : c : c — a DC (or DV) : DG (or D'Tr) : AG (or AG"), 

and the expression for finding the plane of cleavage of maximum passive 
resistance, viz, ; — 

a; ~ ^ ^ c {g ^ a') 

becomes, when transformed, 

CD = DG - a/]JG X GA 

the geometrical construction of which is evident and shown in Figs, 102, 
104 and 106. Similarly, the expression for finding the plane of cleav- 
age of minimum active pressure, viz., 

— — a) 
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becomes, when transformed, 

DV = D"a" -f X G"A 

the geometrical construction of which is likewise evident, and shown in 
Figs. 102 and 104. 

304. The pianos of cleavage having been determined by the above 
simple construction, the value of the corresponding conjugate pressure 
is at once known by the method indicated in para. 800 and shown in 
Fig. 104. 

Thus, suppose tbe plane BC of maximum passive resistance P' has 
been determined. Through C, Fig. 102, draw the vertical Cc' to meet 
BD in c', and fromc' draw parallel to BG to meet BC in g. Then 
will the length of c'g represent the maximum passive resistance P' on 
the same scale as Be represents the weight of the wedge of earth ABC. 
This may be calculated and the scale, therefore, determined. 

In a similar manner the magnitude of the minimum active resistance 
P" corresponding to the plane of cleavage Be'' may be determined, 

305. If it bo required to draw a curve the abscissie of which, on 
any given scale of loads, represent the total resultant pressures acting 
over the corresponding depths of the vertical area AB, which are repre- 
sented on any given lineal scale by the ordinates, wo know from para. 
277 that P oc (depth)^, and acts at ^ depth below the surface. If, then, 
for P we write x, and for the corresponding depth we write y, the law of 
the curve is represented by the expression x cc winch is the law of 
variation of a parabola whoso apex is at A and axis coincident with the 
surface. One or two values of P' or P", as the case may be, being either 
calculated or determined graphically by methods already described, the 
curve may be drawn in the manner explained in para, 181 of Vol. I. 
But it must be remembered that the resultant pressure, to which the 
value of X corresponds, really acts at a depth = § y. 
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CHAPTER XIX. 

8TABTLITY OF RLTAINING WALLS TO RESIST THE 
PRESSURE OF EARTH. 

306. Ill inquiring into tbe stability of a retaining wall, it is ne- 
cessary to see that the conditions of stability required in an ordinary 
wall are fullillcd. These have been already investigated, and are as fol- 
lows : — 

The line of resUtance must intersect everif hed joint ^ sujficiently 
far within the outer edges to prevent any risk of their ern shiny, 

2tuL The angle which the resultant pressure at any bed joint makes 
with a normal to that joint must not he greater than the angle of which 
t^ths of the CO ejjlcient of fricttori of the material is the taiigent. 

It is also advisable in every case to inquire both into the stability 
of the wall itself as regards the most dangerous bed joint in the ma- 
sonry and into tlio stability of the wall as regards the earth on which 
it stands, ^ 

In designing a wall for any particular case y the simplest method is — 

Ist, To delLM’mine what form of section the wall is to have, 

2mL Assuming certain dimensions, to inquire whether they fulfil 
the conditions of stability. 

307. Before, however, examining the difTerent forms which sections 
of retaining walls may take, it is necessary to consider the problem of 
how the stability of the retaining wall should be measured, under the 
most general conditions that are likely to occur. 

For hitherto our investigations liave been confined to the examination 
of the state of stress obtaining in a loose mass of earth, bounded above 
by a sloping plane surface ; and wo have seen that in such a mass the 
pressure on any plane parallel to that surface is vertical and of a uni- 
form intensity equal to the weight of the vertical prism which stands 
on unity of area of the given plane ; also that the stress, if any, on 
any vertical piano dividing the mass is parallel to tbe surface. But 
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these conditions are necessarily not applicable to masses of earth whose 
surfaces are irregular, including, for instance, cases of surcharges, ram- 
parts, and buildings, situated near the retaining wall, the pressure on 
which cannot necessarily be parallel to the surface of the mass. For 
these reasons a graphical solution of the general problem is given, 
taken from Chalmer’s ** Graphical Determination oj Forces in Engineer- 
ing Sti-uctures,'* p. 301. 

The general method of treatment is quite similar to that already de- 
scribed for the simpler case of uniform surface slope. 

808. The reader must, however, at once clearly realize that what we 
have hitherto called the maximum resultant passive conjugate resistance P' 
to pressure from without ^ when treating of internal stress in the mass of 
earthy measures also the magnitude of the maximum active pressure which 
the 7)iass of earth exerts (in an opposite direction to P') against the wall 
built to retain \L 

Similarly, what we have hitherto called the maximum resultant active 
conjugate thrust P* against resistance from within the mass^ measures also 
the maxvmim passive internal resistance with which the mass of earth can 
resist pressure from xoithout (exerted, of course, in an opposite direction 
to P"). 

Now the limiting directions of these resultant pressures acting against 
the wall’s interior surface (t.e., the surface in contact with the earth) 
are evidently determined by the value of the angle of repose of the 
earth on the material of the wa]U[, which call for it is at this angle that 
the resultant earth pressure must incline to the normal to the wall’s 
interior surface either above or below it at the moment when the earth 
is just about to slide on the wall, or the wall on the earth. Either of 
these directions is physically possible owing to slight displacement of 
the earth or wall. 

Since vertical subsidence or crushing of the material of the wall 
is the principal danger to be guarded against, it would seem that 
the most effective direction of the resultant earth pressure, when con- 
sidered as an active force, applied to the structure, is that which tends 
in the direction of gravity ; while, on the other hand, when considered 
as a passive force, resisting such tendency to subsidence, its most effective 
direction is that which opposes gravity. 

Hence the active equivalent of P' should act above, and the passive 
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equivalent of P" below, the normal drawn to the surface of the structure 
which is in contact with the earth. 

S09. Now, as in the more simple case of uniform surface slope, so 
in this more general case, it will be found convenient to determine the 
value of P' or P" as the case may bo, by supposing tlio representative 
triangle of forces OKU', or OKU", of Fig. 101, to bo revolved to the 
right, in the direction of the hands of a watch, through an angle of 
90 — 0 *^ in the case of P', and of -f- 0 ® in that of P", so that the 
planes of repose 13 1), or III)", may represent the direction of the 
weight of the earth wedge in the two cases, and it will be, farther, 
found convenient, as before, to lay off the direction of P' or P", as the 
case may be, relatively to that of 13D instead of I3A. A little consider- 
ation will show that this direction makes an angle of + ^') in the 
case of P', measured to lejt of AB, and of -f ^') in the case of P", 
measured to the r^ght of AB. This is at once evident from Fig. 105. 

For, suppose angles measured to the right of AB to be reckoned 
positive nnd those to the left negative. Before revolution in the direc- 
tion of the arrow, the active equivalent of P' produces its greatest effect 
when inclined at (90 -f to the left or negative side of AB. If then 

this direction — (00 -f be revolved in the positive direction through 

an angle (90 — the resulting inclination to A B will be — (90 + <p) + 
(90 — 0 ) = — (0 -f ^ ^ angle measured to the left of AB. 

Again, the most effective direction of the passive equivalent of P" is 
inclined at (00 — 9 ') to the loft, or negative, side of AB. If this nega- 
tive angle bo revolved in a positive direction through tlie angle (90 + 0 ), 
the resulting direction will be iuelinod at — (90^ — 0 ') + (90° + 0 ) = 
H" (^ + 0 ) to AB, or that angle ineabured to the right of AB. 

The corresponding inclinations of the least effective forces are evidently 
formed by adding 20 ' in tlie case of P', and deducting the same angle in 
the case of P", giving (-0 + 0 ') in the first case, and (0 — 0 'j m the 
second. 


Graphical Solution of the General Problem regarding the Stability of 
Retaining Walls to resist Faith Pressure.* 

310. Let AB, Fig. lOf, Plate XXVII L, represent the back of a re- 
taining wall built, to resist the pressure of a mass of earth, whose surface, 

• Chrtliner’s Ompbicftl Dctormination of Foroea, p 301, 
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extending from A to the point D, where the plane of re[)Ose BD meets 
the upper surface, is of the form AaftcriD', and suppoBo that the upper 
surface from the point D' and onwards is loaded with a uniform vertical 
load (that of a wall say). Let represent the parallelogram of 

earth of unit thickness, whose weight equals that of the wall. Then 
the figure BAabccl DJ 'f DB may be regarded as a graphic representation 
both of the weight and figure of the mass of earth lying above the 
plane of repose BD. 

It is first necessary to reduce the irregular figure BAuicrfD'B to a 
triangle of equal area. This is done by the usual method, the steps of 
which arc, for convenience, indicated. 

Join A and h ; draw a I parallel to Ab \ A =: Aab ; hence remainder 
Aal = remainder alb ; hence figure Bl^B figure BAti^B, 

Join 1 and c; draw 12 parallel to Ic ; then l>2cB r=3 Bl^cB =: BA«5cB. 

Join 2 and d ; draw c3 parallel to 2d; then B3^iB = B2tv/B s= h\bcd\i 

Join 3 and I)'^ ; draw’ d\ parallel to 3D' ; then IMD'B = B3dD'B 
= B2cdD'B BUc<zr)'B= BAn^»c(/D'B. 

In order to adapt the representative triangle so as to include the 
parallelogram D'/'/I), draw the straight line aA' parallel to D'D, and 
at a distance = 2D'/^ from it. Through A draw 4A' parallel to BD' 
to meet A'a in A'. Then the triangle BA'L)'B triangle BID'B = 
figure BAaf;a^D'B, 

The plane of niaximnni passive resistance can now be determined 
in the manner already explained thus: — Draw BO malting an angle 
(0 + ^ ) ''ith AB, <p being equal to the angle of repostj of the earth on 
itself, and that of tlie earth on the masonry of the retaining wall 
along the surface AB, and produce Bti until it meets the plane of the 
surface (D^Z) in <L If A'' be the point m which the suiface piano Dd 
cuts BA', then a mean proportional OX to the lengths G A"' and GD will 
determine the point X, in which the plane of rupture BX meets the 
terrain plane. If through X, the straight line XC be drawn parallel to 
BA', to meet BD in C, and through 0 the straight lino CK bo drawn 
parallel to BG, to meet the piano of rupture in K, then will CK repre- 
sent the maximum passive resistance on the same scale that BC re- 
presents the weight of the earth prism BAaic^/D/ yX B, that is, of 
the equivalent earth prism BA'XB winch may bo calculated and the 
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REMARKS ON RETAINING WALLS. 

812. It will be observed that the graphical method described in the 
preceding Chapter measures the stability of the retaining wall in the 
limiting position^ that is, at the moment when the wall is just on the 
point of slipping away from the earth behind it, or the earth from the 
wall, owing to settlement at the foundations or from some other cause. 
Simple cases of walls, however, required to retain masses of earth the 
slope of whoso surface is uniform, cases of ** relieving arches*’ (Example 
II. following) and of underground arches, such as occur in vaults and 
tunnels, are more conveniently dealt with by applying the results of 
Chapter XVI., as illustrated in the two examples following. In thus 
applying these results to measure the stability of a retaining wall at 
any joint, the weight of earth resting on the inner face of the wall 
above that joint is considered as adding to the stability of the wall;* 
and in the case of relieving arches” and of underground arches, the 
earth lying on the extrados is so considered. For instance, in Example 
I, following. Figs. 107 and 108, the weight of the prism of earth LB A 
is considered as adding to the stability of the wall above the joint CB. 

When, however, the back or inner face of the wall rests on the earth, 
as in Figs, 114, 116 and 117, the part of the masonry cut off by the 
vertical plane passing through the heel of the wall is considered as 
adding to the stability of the wall only to the extent of the difference 
between its weight and that of a prism of earth of equal volume,* so 
that if the earth be of the same specific gravity as the masonry of which 
the wall is built, the material of the part of the wall lying behind the 
said vertical would add nothing by its weight to the stability of the 
wall, while, were it of less specific gravity, its presence would be posi- 
tively injurious. It will thus bo seen that in a leaning wall the mate- 
rials are not employed to the best advantage. 

* Eankine'c AppUed Mocbanicsi pftg« S&O, and hit Civil BngindkriDg, page 402. 
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Example I. following is eclocted by permission from Cols. Wray and 
Soddoii's Instruction in Construction,” 3rd Edition, page 873, and 
affords a good and complete illustration of the method above described. 

813. Example L — It is required to design a retaining wall of brick- 
work in mortnr, to sustain a bank of earth, whoso surface is level with 
the top of the wall and horizontal, the bricks and mortar having an 
average resistance to crashing, <lc., as follows: — 

Weight of brickwork to bo taken at 100 lbs, per cubic foot. 

Ullimate resistance of brickwork in mortar to crushing^ 600 lbs. per 
square inch, or 39 tons per scpiaro foot; factor oj safetg, 8. 

Ultimate resistance to crackingy 20 tons per square foot, or, say, 320 
lbs. per square inch ; factor of sajelg^ .3. 

Co-efficient of friction of brickwork, the mortar being moderately 

fresh, 0*74. 

Weight of earth, 110 lbs. per cubic foot. 

Angle of repose of earth behind wall, 37® ; of the earth on which tlio 
wnll stands, 25®. 

Pressure on earth below the wall not to exceed 1| tons per square 
foot, tlio soil being sandy gravel. 

Factor of safety against sliding not to be less than 1*2, both as regards 
tlio masonry joints, and the wail on its base. 

Height of wall above footings to bo 18 feet. 

Ihere being no reason wliy the wall at top should not be built as thin 
as good construction will allow having sufliciont width for a solid 
waifs top Will be taken at two hicks thick. 

Face batter to bo taken at or 18 inches, 

Walt above Foundations (Fig, 107, Plate XXIX.).— Assume for trial 
a thickness at the top of the footings of one-third the height, i,c., 6 feet, 
which will be eight bricks thick, and will allow of the back of the wall 
being built with olTsots inches at every 18 inches in height, ie., at 
every six courses of brickwork. 

Since the moment of the conjugate pressure on the vertical plane AB, 
Figs, 107 and 108, increases as the cube of the height, while the moment 
of resistance increases very little faster than the height, the wall must be 
more likely to overturn at the joint at the top of the footings than at any 
other. At this joint, therefore, tlio centre of proasuro will, in approach- 
ing the edge of rotation, gradually concentrate the pressure at that edge ; 
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so that the same joint which is dangcrons as regards overturning, will 
also be dangerous as regards crushing. 

The mere question of overturning, which only requires tho line of 
resistance to cut every bed joint, need not be gone into, it being covered 
by that of safe resistance to crushing, to insure which tho centre of 
pressure must fall sufficiently within tim edge of maximum compression 
to keep tho latter within safe limits. It is tliereforo sufficient to enquire 
into the stability of tho structure as regards criisliing, and at tlic joint 
BC where it tends to overturn. 

Moreover, as tho pressure tending to produce sliding increases as the 
square of tho lieiglit, while the weight resisting it increases very little 
faster than tho hciglit, this same joint BC must bo that on which tho 
tendency to slide is greatest. 

Then considciing this bed joint BC for a unit of tho wall 1 foot in 
length — 

Weight of wall above the bed joint BC = n,750 lbs. 

„ earth resting on wall, i.c., in 
front of the plane AB, ... ... = 3,025 lbs. 

Total weight on BC, ... = 9,775 lbs. W. 

Tho centre of gravity of the mass is foniul to bo at G, Fxg^ 107. 

Then, tho earth surface being horizontal, tho pressure on the vertical 

plane AB = = 4 594 lbs, which acts at D, Bl) being 

* 2 14 * bin ^ ^ > o 

i AB. 

Thruugh G draw a vertical, and through 14 a horizontal, intersecting 
in O, On any scale of parts, make Ou zz: W 9,775 Iba., and v)Z> 

P = 4,594 lbs. Complete tho parallelogram; then Oc repiesents the 
resultant pressure on BC, and E is the centre of presburo, CE will bo 
found to measure 9| inches. 

Resolve Oe normal and parallel to BC, then cd = 10,100 lbs. is 
the normal pressure on BC; which is spread over a surface equal to 
three times CE multiplied by the length of tho section of the wall under 
consideration, which is one foot, and the maximum pressure at C is equal 
to twice the mean pressure. 

Hence the pressure per square inch at C ~ ~ 59 Jbs, 
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This, giving a factor of safety of over 10 as regards crushing, and 
over 5 as regards cracking, somewhat more than fulfils the rectuirad con- 
dition of stability ; if it had not fulfilled the condition it would have been 
necessary to assume a greater thickness for BC, and recalculate. 

Next, measure the angle Ocd; which is found to be 20°, the tangent 
of which is *36 ; so that, as the co-efficient of friction of this joint is 
given at *7, the factor of safety is greater than required, being nearly 2, 
instead of 1*2. 

The wall itself is therefore stable as regards overturning, crushing, 
and sliding. 

Footings and Foundations , — Assume the general outline of the foot- 
ings and foundations to be as shown in Fig, 108, the underside of the 
foundation being, at its outer end, about 3 feet underground, so as to 
get below the effects of frost. 

Draw a vertical FlI through the back of the foundation. The weight 
of the wall and earth in front of this plane is found to bo 13,401 lbs., 
and the centre of gravity of the mass is at K. 

The preesuro on the plane FH = 6,320 lbs., acting at L, at a dis- 
tance from P = ^ PIL 

Compounding the pressure and the weight, as before, MB represents 
the resultant pressure on the base of wall FN, and the wall is safe 
against overturning, since the centre of pressure, li, falls within the 
base. 

The normal pressure on NF, which is 10 feet wide, is represented by 
/R 14,000 lbs.; therefore, if spread uniformly over NF, the pressure 
would =: 14,000 lbs. -f- 10 feet :=; 1,400 lbs. per foot superficial ; 
but as NR = ^ NF, nearly, the intensity of the pressure at F may be 
taken as ni/, while that at N =: twice the mean pressure =r 2,800 lbs., 
or IJ tons, which is the safe limit laid down. If the maximum intensity 
of pressure exceeded IJ tons it might compress the soil at N, causing 
the wall to loan forward from its original position, which would have to 
be guarded against by lengthening the toe of the foundation sufficiently 
to reduce the intensity of pressure within the safe limit, care being taken 
to make the projecting toe thick enough to prevent its breaking off 
under the pressure. 

Finally, the angle MR/ is 20®, the tangent of which is *36; and the 
co-cfficient of friotion of the soil on which the wall stands is '47 ; so 
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that there is a factor of safety, as regards sliding forward, of 1*3, which is 
greater than 1*2. 

If there were any doubt as to the condition of the earth below the 
wall, as regards moisture, it would be better to incline the concrete 
backwards. 

The wall may now be designed as shown in Fig, 101 ), Plate XXIX, 

Example “ Relieving Arches or “ Reveiements en Decharge 
When the front vortical wall is “relieved’* of the earth ])resRuro by a 
series of arches, as bhown in Ftg. 121, this arrangement is known as 
“ relieving arches ” or “ reveiements en decLargo ; the arches may be 
arranged in one tier, or in many tiers, and their front ends may be closed 
by a vertical wall, which tluis j)rebents the appearance of a retaining wall, 
although, as the length of the archway is sucli as to prevent the earth 
from abutting against the wall, the latter is thus relieved of pressure. 

Professor Uaiikino in his Qtvil Kngtnceringy p. 413, gives the follow* 
ing formulfo for computing the length of a relieving arch from its clear 
height, or its clear heiglit from its length : — 

If d be the depth of the crown of an arch below the surface, k its 
height, I its length, and the angle of repose of the earth, then 


I cot ^ \ h "i* — 1 

I * ( 1 -t- am / 


I tan 0 — 


(1 + Bin 


The earth may, as a rule, be filled in solid up to the back of the 
front wall, which, if properly joined to the piers and arches, should bo 
stroner enou'^h ^ the pressure of the earth enclosed behind it; the 

more th^ arches *'ro loaded, the greater will be the stability of the entire 
structure.^ 

The reeultent pr-’esure on base of the structure may be found in 
the usual way by combining the pressure on the vertical plane t)D, Fig, 
121, with the weight of the combined mass of masonry and earth OAED, 
lying in front of that plane. 

In soft ground the bases of the piers of the lowest tier of relieving 
arches should be connected by means of inverted arches, so as to distri* 
bute the pressure over the whole area covered by the structure. 

Example III, — BxUtreseed Horizontal Arches, — Figs, 110 and 122 


* CoR. Wray a&d Seddou's ** Instrisctiou in LonatructioQi'' 3rd Bdition, pa|[o .170. 

9 * 
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show the ground plan or horizontal nection of portions of two rows of 
buttrofisps, connected by horizontally arched walls, the tops of the but- 
tresses shown in Fig, 122 being further connected by aichcs to support 
a platform or surcharged bank of eartli. 

Referring to Fig, 110, Professor Rankine gives the following rule for 
finding the length, T = 1)E, of tho buttress in terms of the thickness 
which would bo rcijuirod foi a wall of rectangular section strong enough 
to Hustaiu tlie same bank of eaitli; to be calculated as in Example I. 
Thus, if / AR r= the distance from crown to crown of the horizontal 
arches connecting the buttresses = the breadth of tlio mass of earth 
which would press on tho hypothetical rectangular wall shown by dotted 
lines in Fig, 110. 

t ss tho thickness of the hypothetical wall. 
h = tho height ol tho retaining wall, and of the buttresses. 
h = tho tlnokness of each buttress. 

tlio weight p(‘r cubic foot of both wall and buttress. 

Then, wo have for the weight of tho buttress, 15 = whTb^ and for that 
of the hypothetical wall W = jrJul ; so that, taking moments about D 
we havo 

T t 

wKYb X — = ichtl X 

whence T ^ 

In soft ground tlie bases of the buttresses might be connected by means 
of inverted arches, to distribiitc tho pressure. 

Qineral Remarks,’* 

314. Section of the ^y alL^Ftgs, 111 to 122, show sections of walls 
which have actually been built. Those shown in Figs, 118 to 120 are 
countorforted ; Ftg. 121 shows a wall with “relieving arches*’; Fig, 
122 shows a wall consisting of buttressed horizontal arches, arched at 
top, 

Wlien a wall is only called on to sustain the pressure of a bank of 
earth, or of that of tho earth together with the building on it, its thick- 
ness at top need not bo more than is sufficient for an efficient coping, 

• Those ronmrka, togetI\f<r with tho Section of Walls shown oil Plat€ XXX., are taken by per- 
mission from Cols. Wray and Seddon's Instruction in Construction,” 3rd Edition, pp. 369, 371 tt 
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When, however, the wall in liable to ehocks, as when a road runs behind 
it, or as in the case of reservoir dams, or of lock walls, the thickness at 
top should be considerable. 

It is obvious that the wider the base of the wall for a p^iven weight of 
material, the greater will be the quantity of earth adding to its stability, 
80 that it is always advisable to reduce the thickness at top to a mini- 
mum, consistent with sound construction ; experience, moreover, shows 
that a width of base equal to one-third the height of wall will nearly in 
all cases ensure stability. 

Batters^ both straight a?id curved ^ — It is generally agreed among En- 
gineers that the batter base should not exceed ^th of the height of the 
wall ; in practice a batter of from }j inch to 2 inches per foot is generally 
adopted, a greater inclination being found to afford too great a facility 
for the entrance of water into the joints; and as the lowest part of the 
wall is that most liable to injury from this cause, it is evident that the 
face of a curved batter should be a tangent at the foot to a plane having 
an inclination not greater than tan“* 6, the height being six times the 
base, as in the section shown in Ftg, 123. 

As regards the advantage in point of stability of either a straight or 
curved batter in comparison with a vertical face, it may be said that the 
battered wall is more stable against sliding forward, either on any of the 
bed joints or on its base, that is, if the joints are at right angles to the 
face of the wall, which is the usual arrangement. A batter lias the ad- 
vantage of apparent stability ; for if the wall be originally vertical, and 
rotate ever so little, it offends the eye, and gives the idea of instability ; 
whereas, if the wall has a batter originally, the alteration in inclination 
is not apparent. 

Curved batter walls are more difficult and expensive to construct, and 
unless a good deal of material be cut to waste, the joints must be thicker 
at the back than at the front of the wall, leading to unequal settlement. 
They are, however, a good deal used. 

All walls should have some slight batter, when circumstances admit 
of it, tho straight being preferred to the curved batter, and in the case 
where the fining down of the material is a matter of great importance, 
alternative designs should be prepared. 

Wing walla of Bridges^ carrying railways over ruadB, which Lave to 
sastain the pressure of the railway embankment, are frequently made 
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cnrvcd on plan, which is an advantageous form for resisting the prefe- 
sure of the embankment. 

Counterforts , — Professor Rankine shows that in vertical rectangnlar 
walls, a small saving of masonry is effected by the use of counterforts, 
bnt their efficiency depends upon the care with which they are bonded 
into the wall. The form of counterfort which appears likely to be 
strongest is that shown in P^ig, 120, because the resistance to fracture 
at the counterfort either along AB or BO increases with the pressure 
from top to bottom of the wall, the base of the counterfort being made 
as largo as jiossibie with a given quantity of material, and therefore 
having (as compared with a wall without counterforts) an increased 
amount of oartli tending towards the stability of the wall. 

Constructive Dptails * — The angle of repose of the earth, together with 
its weight, should be ascertained by experiment, the earth being in that 
state in which, by proper drainage, it can bo ensured to remain. 

The maintenance of a thoroughly good bond is of the greatest import- 
ance in building retaining wails; their backs should bo left rough, and 
if built in steps, the steps should be as numerous as possible. The 
number of steps or offsets will be governed by the slope of the back of 
the wall, each offset, in brickwork, as a rule projecting half a brick\s 
length. 

A layer, at least 12 inches thick, of loOvSo stone, gravel or other por- 
ous material, to facilitate the passage of the water to the loop-holes, 
should, especially in retentive soils, be packed up behind the walls. In 
most cases the loop-holes should ho numerous, to prevent any accumula- 
tion of water in the eaitli rtt the back of the wall. With loose packing 
at the back of the wall, as described, tlie weep-boles should be placed 
along its foot at from 6 feet to 10 feet apart, according to the nature of 
the case. 

Professor Rankine in his Cirri Engineering^ pata. 140, gives the pro- 
portion of one weep hole to every 4 square yards of wall face, but they 
would not be distributed over the surface of the wall, except when a 
retentive soil or some impervious layer butts against it. 

Woep-holes should not be under 7 square inches in sectional area, or 
they will soon choke, and will not be easily cleared ; they are often 
pointed and lined with cement ; if pipes are used, they should bo pointed 
in cement. 

• These tletails an* taken from Cols. Wray and Soddon*B Inetmction in Construction.” p 372. 
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Table B. 


Transverse Strenoth of Concrete and other Beaus, sdpported at ends. 



1 Compoti/ion, 




No. 

of 

Tests 


Average 

Red need 

One-half 

Total 

Central 

Load. 


it 


No. 

li 


Aggregate. 


Age in 

Breadth 

Depth. 

Clear 

.Span. 

Loaded at 

Breaking 

Weight. 

Breaking 

Weight 

of Beam 
between 

Constant. 

II 

Authority. 



s 


days 






at centre. 

supports. 

Cwt. 






a 



In. 

In. 

In. 



Cwt. 

Cwt. 

Cwt. 




1 

1 


1 Cokti breezo. 


7 

3 

5 

72 

1 

Centro, 

385 

885 

0-31 

4-IG 

6-99 

,, 

A 

2 

1 


2 Crushed brick, .. 


• 6 

12 

8 

60 

1 


13 2.3 

13 23 

• 1-67 

14-9 

1-74 

..* 

A 

8 

1 

2e> 



90 

„ 

12 

36 

2 

Central 6". .. 

1.55 

142 06 

1-65 

I436I 

4-48 1 

8-88 

B 

4 

1 

2<l 




„ 

„ 

„ 

3 

f. 

113-33 

103-88 

1-65 

106-43 

3 29 1 


5 

1 

.. 

4 Clcnn breeze, .. 


43 

30 

6-5 

50 

1 

Central 16",.. 

66-.32 

67-32 

2-12 

6944 

4-16 1 

3-63 

C 

6 

1 


4 Broken brick, .. 



„ 

6 

50-5 

1 

.. 

40r.2 

3507 

2-53 

87-6 

3-11 f 


7 

1 

0 

5 Shingle,.. .. 


139 

12 

12 

86 

1 

Centre, 

85-62 

85-62 

1-77 

87-39 

278 

.. 

D 

B 

1 

1 

5 „ 



„ 

„ 

„ 

1 

„ .. 

68*74 

68-74 

1-91 

70-65 

2-21 

.. 

D 

9 

1 

2 

5 • • • « 



„ 

„ 

„ 

1 

.« 

4361 
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45 45 
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.. 

1) 

10 

1 

8 

6 „ .. 


,, 

„ 

„ 

„ 

1 


27 

27 
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28-76 

0-89 

.. 

D 

11 

1 

2 

6 Gravel, .. 


00 

12 

12 

30 

3 

Central 6", .. 

46-67 

42-78 

„ 
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1-39 




12 

1 

2 

( 2 Broken stone 1^", 1 

M „ Si',1 


„ 

„ 

„ 

„ 

3 

• • 

52*5 

48-12 


4988 

1*66 


1*39 

B 

13 

1 

2 

6 „ ., U*. • • 






3 

.. 

40.8.3 

37-43 
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1.22 




14 

1 

0 

9 Shingle,.. .. 


95 

12 

12 

C 18 

1 86 

1 
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38-33 
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]*63 
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39-86 
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1.27 

D 

15 








i 18 

1 
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1> 


’ 
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1 

„ ,, 
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1 
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*• 

*> 

1 36 
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„ 
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0-58 
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»> 
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I 
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5 
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1 

18 

1 

3 
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28 

21 

9 

\ 

1 
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1 E 
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10 

1 
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12 

12 

18 
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„ 

„ 
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21 

n 

1 
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6 

12 

36 

1 
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72 

66-05 

•75 

66*8 

4-17 


F 

22 

n 
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2 

2 

4 

2 

Centro, 

5-22 

5 22 

a 

5 22 
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*• 
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Notes to Tadlb. 


The weifcht of the beem Itself Is pert of the toocl, end mnst, therefore, be eonsidered In the celenlations, otherwise grossly tneconrato resnits would somotlmcis be obtained ; ».f., the weight 
9 f the first beam of the throe numbered IS Is nearly three times as much as the load put upon the beam. The weight of the beam must really be considered as a dlstrlbatod load, and as the stress of 
a distributed load Is only one-half that of a central load, cne-half the weight of the beam U given In the column, 
f Stag Cement, t Roman Ceineni. 

e. Weight too small to be considered. 6, Presumably seven days ; the varlons ages of the boam thonid be oarefnlly noted, e. Coarse sand. el. Pine eand. e. Part of a larger beam which fell 
tiefore It bad properly eel, and was, ibereforc, probably strained. • • • 

4aMorifi««.— A David KIrkaldy. B John Kyle. 0 Col. Ooslrr. 0 Damton Hatton. B C. Colson. P Wm. Kidd. O Q. A. Oilmore. 
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Along the foot of the retaining wall there should be a surfa^'o drain to 
carry off the water from the weep-holes, whadi otberwiKo might sink into 
the ground beneath the wall and interfere with its stability. 

Made earth behind the wall should he deposited in thin layers, inclined 
slightly towards the wall for drainage purposes, and rammed not too 
heavily ; some Engineers on the other hainl prefer to ram tlio layeis well, 
but to stop the rainining within a short distance of the wall, d'he eaith 
backing should in no case be tijiped in. It tlie backing he* of clay, care 
should be taken that it is not too dry, otherwise it will swell on becoming 
moist and produce increased piossiiro against the wall. 

If the earth retained be of such a natuio that with excess of water it 
become mud, and if it be impossible by drainage to jireveiit excess of 
water, it is best to design the wall to retain a tlnid having the weight of 
the mud, and in such cases an apron of stout sheet piling along tlio toe 
of the wall will prevent tlie squoe/jiig out of the subsoil ; or a bank of 
rubble or gravel may be placed against the back of tlie ivall in smh a 
way that the angle of repose will not be affeiteil by tin* mud ; tlu' jires- 
Buro will then bo reduced to that of the bank, or at worst, to that ut 
water np to the drainage level. 

Hoo])-iron is worse than useless in retaining or any other Kind of 
walls, unless it be carefully protected from oxidation and laid in stning 
hydraulic moitar or cement. Moisture causes the non to rust and ex- 
pand with a foice sufficient to open the joints of the w'mk. When pro- 
perly protected, Iiowever, hoop-iion may be most valuable ns a bond. 

Professor liankine in Ins Civil hngineenug, p. 381, lays down the 
rule that the pressure im foundations in hrm soil should not (‘xceed from 
2,500 to 3,500 lbs. per scpiaro foot; and it is a common lule to limit it 
to one ton per square foot, which, however, is a low limit, unless the 
foundations bo weak or unsound. 
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CHAPTER XXI/ 

HOME KEMA.RK8 ON FOUNDATIONS. 

315. The question of Foundations, botln on land and under water, 
is fully considered in Vol. I, of the “ Roorkee Tieatiso on Civil En- 
gineering”, the following remarks, having refeieiice ])rincipally to con- 
crete in toundations, should ho read in conjunction with what is slated 
in the Voluino rel erred to. 

316. A layiM* of oonoreto is now the usual bed of the foundations m 
lioinogenoouH and slightly cotnpressiblo soils. The breadth is usually 
about I toot greatiM* than the thickness of the bnckwoik tooting above 
it, i e.y an ohset of G inches is left at either side, so that after the con- 
crete bed has been laid the exact positions ot the brickwoik footings 
may be necunitely marked on it, ami a good margin for bearing left 
b(‘yond, 'i’he London County Council regulations give 4 inches as the 
projection lieyond the footings of the concrete, winch is also specified to 
t )0 If inches thick, irrespective of the lieight above. Such legulations, 
however, are open to tin* objection that no reference is made to the 
su[)ei incumbent weight which should deteimine both tlio breadth and 
thickness ot the concrete. 

317. It may be that owing to concrete l)eing cheaper than hiick- 
woik, footings of the latter may be entirely dispensed with and the 
concrete taken U[) to ground level. Supposing, however, that brickwork 
footings aie used, the ipiestion arises, what should be tlie breadth and 
thick ness of the concrete bed ? 

As regards the breadth there are two considerations, (1) the practical 
width to allow a fair base for the superstructure, and (2) such a width 
as will spread the weight over such an area as will bring the weight 
per s(piaro fciot on the soil below within safe limits. 

As regal ds (1) the thickness of the walls of a dwelling house are 
determined by questions of comfort rather than of stability. 

• 1 hme roinftrks are taken b> permlMlon from a paper by Major Scott-Moncrlefl, R.E , Inatractor 
in Construction al tho sch ol of Military Engineering, Chatham 
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The rules adopted in England (London Building Act) are given in 
Hurst’s Pocket-book,” and specify tliat whatever the thickness of the 
walls the footings should have a base equal to double that thickness. 
An offset of even 4 lnche^ to the concrete bed beyond the footings will 
usually give ruoie than is necessary to satisfy the requirements t»f the 
Weight on the soil being within safe limits. Those limits were formeily 
staled by Ihofessor Hankine to be 1 ton to tons pei sqnaie foot on 
ordinal y soils, but experieneo has since shown that much greater weight 
can safely be brought to bear on most soils. 

318, Mr, Newman, author of seveial hooks on Foundations ami 
kindred subjects, gives the following Table : — 

Table A. 


lioBcription of Earth. 

Bog;, moniHs, quK-ksand, jieat moss, iimrsh land, silt, «. 

Slake and mnd, hard peat turf. 

Soft, wet, pasty or mudd> clay and marsh clay, .• 

Alluv'ial deposits of motlerate depths in river beds, &c , 

NOTC — Whon Iho rlv<'r hod irt rocky and tho depoKJt tlroi Ihuy may sufoly 
support 0 75 ton, but not more. 

Diluvial clay beds of rivers, .. # • 

Alluvial earth, loams and loamy soils (clay and 40 to 70 per 
cent, of sand) and clay loams (clay and about 30 per cent, 
of sand), . . . . . , . . • , • 

Damp clay, .. «• .. 

Loose sand in shilting iiver bed, tlio safe load increasing with 
depth, 

Upheaved and intermixed beds of different sound clays, 

Silted sand of uniform and firm chaiactcr in a river bed se- 
cure from scoui, and at depth below 25 feet, •• 

Solid clay mixed with \ery fine sand, 


ApproxImatH ‘'fiTe 
max I mum load m 
L'llS pfl foot. 

0 to 0 20 
0 to U‘25 

O’ 25 to 0 dd 
O’ 20 to 0 35 


0*35 to 1*00 


0’75 to 1-50 
1-50 to 2 00 

2*50 to .3*00 
:i 00 

3 ’50 to 4-00 
4-00 


Noth — Equal drainage and condition Is especially necessary in the case 
of clays, as moisture may reduce them from their gM'ntCHt to 
their least l)oaring capacity. When found iqually and tho- 
roughly mixid with sand and gravel, their lupporting power ia 
usually increased 

Sound jellow clay containing only the nonnal quantity of 


water. 

Solid blue clay, marl and indurated marl, and firm boulder 
gravel an»l sand, .. .. ,. .. 

Soft chalk, impure and arc'll lacoous, •• 

Hard white chalk, 

Ordinary Muperficial sand beds, 

Firm Band in estuaries, bays, &c., 


4 00 to 6-00 

5 00 to 8 00 

1 00 to 1 *50 

2 50 to 4.00 
2 50 to 4-00 
4*50 to 5-00 
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Ntyi'E,-— The Dutch Engineers conhuler the aafo IohJ upon clpun firm Band 
an Ti^ toiiH pc I H<iuuro foot 

Very firm, compnet aaiul foundations at a considerable depth, 

not less than 20 feet, and compact sandy gravel, 6’00 to 7*U0 

Noil' —-'1 he power of band in-oreiwoB as it approaclioji a homo* 

gcncoiH grav< lly wtate 

Fum shale, protected fioin the weather, an<i clean gravel, .. G'OU to 8*00 
< ’onipa( t giavol, .. .. .. .. 7 00 to 9 00 

None — 'i he rciiiUvo heariag powetM of gravd may ba thus dostnbod — 

1 ronip.K t. a Clean gravil J. bandy snivel, 4. 

Clayey oi loumy gravel. Sound, cloan, houioKcneous Thamea 
gravel ban been weighted with 14 tons per biiuaro foot at a 
ih'pih of only 3 to 5 feet b(dow the snifa''* , and pieseiitcd no 
indhatlon ut failure. This gravel wiiBBituilur to that of a 
clean pebbly beu( h. 


319. Kroni tho data in tins Table it is easy to 3eloriniiie the re- 
quisite breadtli of the concrete bed, by equating the weight per lineal 
fool of the wall and its maxininin load with the pioposed breadth of 
fonn<lation, multiplied by the safe load on the soil in question. To 
asceitain the f/uckiiess of tlie concrete is, however, not so easy, because 
tlicro are ceitain unknown quantities in cveiy case which introduce an 
element of uncertainty. These unknown quantities are the materials of 
winch the wall is huilt, the bonding, the height of the footings, the 
(piahty of the concrete. The stress on the concrete bed is not simply a 
coniprossivo one, but is more or loss transverse, varying with the sup- 
porting power of the ground, and the projection of the concrete base 
beyond the footings, t)n a rocky soil there would be no transverse 
stress, on a soil of varying density the stress would not bo uniform, but 
for all practical purposes wo may assume that the stress is uniform all 
along the transvcise section, and that the concrete bod is in the posi- 
tion of an inverted cantilever uniformly loaded. 

Now the ordinary formula for a uniformly loaded cantilever of 
rectangular section is 


WL 


i^l(V 

"tr» 


or W = 


1 Ah(P 
3 ~T 


where W is the total distributed load, and 8 == the constant, represent- 
ing the extreme limit of resistance per square inch of the extreme 
layer of the beam. In the following example W and 8 are both in 
cwt. 


320. From Table B, which gives the results of various experiments 
with Portland C'ement concrete, the value of this constant $ is given in 
the last column but one. 
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321. Take for example a three-storied warehouse with brick walls, 
built on loamy soil beaiing 1‘5 tuns (30 cwt.) per square foot. Let the 
weight per lineal foot on the foundations, including an assumed thickness 
of concrete, be 130 cwt. The thickness of the wall of lower storey will 
bo 27 inches. It is required to nscoitain thick ness of the concrete. 

As the soil bears 30 cwt, per Rijuart* fo(>t the width of the foundations 
will be = 52 inchch. It may be assumed that the weight on the 
walls is transmitted to tlie concrete by footings, as shown in Fuj. 182, 
leaving 6 inches clear on either side. Now \J the hickicoik is thorovghJy 
well bonded and consh noted the portion of (oncreto AB under the foot- 
ings will he Hnl)joet to compression only. The projections AD, BO, will 
be inverted cantilever'^, beaiing a uniform load npwaid from the reaction 
ul the earth = 30 cwt pei s<|uaie loot, and tending to break the concrete 
at A and B. 

To lind the thicknesR d : — • 


w 1 * 


where W = 


X dO cwt. 


15 cwt., b = 12" 


I z=. C", and s fur concrete of 1 cement, 1 sand, and 8 shmglo = 1 18 
A = 4 30" 

V BJ8 X 12 

which is the least thickness admiBsible. A factor of safety of 4 should 
be taken, giving the concrete a thickness of 18 inches. 

322. If the weiglit of the wall had not been distnbuted by the footings, 
the thickness of the concrete would have been by Rimilar Caltulation 
(with factor of safety of 4) 36 inches or 3 feet. Hence it would be a 
question of economy whether it would be cheaper to give a block of con- 
crete 3 feet thick and no footings, or have 18 inches ot concrete with 
footingR. An intermediate thickness might be given were there any 
doubt as to the bonding or workmanship of the footings. 

323. Another consideration in connection with the thickness of con- 


crete is whore the resultant pressure on the foundation does not pass 
tlirough the centre, as in the case of retaining walls, abutments of 
aiches, &c. In order to bring the line of resultant pressure within the 
limits of the centre third of the base it may be advisable, and useful, to 
increase the thickness of the concrete, as tending to lower the centre of 
gravity of the mass. But it must be borne in mind that the further 
down the foundation bed goes, the greater will be the superincumbent 
weight on the lowest layer, and ou the earth beneath. 
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324. Table C gives the results of most recent experiments on the 
compressive strength of concrete. 

Table C. 

Compressive Strength of Concrete in Tons per Square Foot, 


No 

Llmee and Cementa 

Welstht 

per 

buxkol 

Proportion of Lime or Comont 
to QrHVol and Sand 



I to 6 

1 to ft 

l 10 

1 1 to 13 



J>bs 

Tons 

Tons. 

Tons. 

1 Tons. 

1 

Grey Lime, 


10 2 

4*0 

5-2 

... 

2 

Grey Limo Selenitic, 

- 

185 

76 

8*1 

... 

3 

Liafl Lime, 


114 

Ml 

11*5 

••• 

4 

Lias Lime Selenitic, 


17-2 

19 C 

10*2 

... 

5 

Lias Lime, 


23 0 

107 

8*5 

... 

6 

Selenitic Lime, 

... 

26 0 

153 

13*5 

... 

7 

Selenitic lluoh) Lias, 


37’ 1 

34 2 

2M 

... 

8 

Selenitic Aberthaw Lime, ... 


34-1 

2P8 

15*4 

... 

9 

Uii^^hy Lias Cement, 

74 

172 

107 

5*8 

• • 

10 

Portland Cement, , | 

114 

1007 

76 4 

53-5 

37* 1 

•• 

Portland Cement, ... j 

120 

86^ 

91 7 

52-2 

297 

1 


325. One of the most notable instances of the use of concrete in a 
restricted site for the foundations of important buildings, was in the 
construction of the Army Head-Quarter Offices at Bimla, in 1882-84, 
unrier the superintendence and from the designs of Mr. H. Irwin, C.LE., 
M. Inst. C.E., and Mr, J.M. Campion, M. lust, C.E. The site is a very 
narrow one, on a very sleep hill side, and on treacherous shaly soil. The 
buildings are three stories and four stories in height, and of somewhat 
irregular plan. The Ruperstructure is composed of cast-iron columns 
supporting rolled beams, the whole being encased in concrete. (A very 
interesting account of the whole construction is contained in Proc. Inst, 
C.E,, Vol. LXXXIII., 1885). 

The quality of the material composing the concrete however, was 
vastly inferior to any of the concrete shown in Table C. It was all 
obtained locally, from Jutogh, distant four miles from Simla. The lime 
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was A poor linio; the surklii was obtained from the h>am overlying the 
liiooHtone; the aggregate wa.s the broken lirnebtone. The proportions 
ot the eoneiete were 1 part lime, 2 parts surkhi to 6 parts of stone broken 
to I inch gauge The concrete was laid in layeis of 3 inches, and runi- 
ined until the mortar came to the surface. 

It IS noteworthy that much of this important work was done by un- 
skille<l militaiy labour. 

326. In Arncrioa, layers of steel rails are sometimes used in conjunc- 
tion With concrete ih foundations of lotty structuies. A bed of concrete 
is tiist lanl, then a layer of rails close together embedded in fine concrete, 
then another layer of lads at right angles to the fiist, then a couise of 
6 inches stone, then the superstructure. 

327. When the weights of the difTerent parts of a bmhling (c</., the 
tower and mam body of a church) arc very unequal, tliey should be dis- 
connected both in the footings and above ground, no lionding should be 
peimittcd between the two, tlio joint should be closed by a chase, and 
ev(‘ii Inetum should not be allowed to act between the parts, Aftt^r the 
building lias settled, the line of connection can be elosed nj). 

328. Where, owing to the slope of tbe ground, the bottom of the 
excavation is cut in steps or benches^ the foundations should he brought 
u[i to a unifoim platform for footings in concrete, or in brickwork in 
cemmit, If they be built iii mortar the greatei number of joints in the 
deeper part will cause nneiinal settlement and craeks. 

329. Where the ground is unequal, and the softer portions cannot 
be arched over, the foundations at those portions must be made witier 
and thicker, in accordance with the principles described above. 

330. It may be noted that sand is an excellent foundation provided 
it be confined so as to be free from lateral movement, and from any 
chance of under-scour. If there is no possibility of under-sconring, or 
of the sand being drawn off by pumping operations, a load of from 5 
to 6 tons per square foot may he imposed with safety. 

331. In parts of the delta of many Indian rivers, the soil, though 
apparently firm near the surface, grows looser the deeper the excavation 
proceeds, ending possibly in a quick.saiid. It will often be found best 
in such cases to put m a mass of concrete in cement over the whole 
area and build op it, and thus practically float the structure on the 
treacherous soil. 
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SECTION III. 

CHAPTER XXII. 

THE DESIGN OF STRUCTURES THAT SPAN AN 
INTERVAL. 

332. In Cliaptors I. and II of tliis Volume the general qnoRtion of 
tlie Stability of Structures is considered, and in paras. 18 and 24 it is 
shown that those which span an interval may he divide<l into three gene- 
ral classes according as the pieces immediately supporting the load 
or loads aro subjected to tensile, compressive, or combined tensilo- 
conipressive strain, tlie coi responding characteristic structures being the 
suspension, arch, and [larallel-fiiingcd bridge, i espectively. It is shown 
that these tlirec classes embrace all stiuctures whatsoever that span 
an interval, whether they be beams or trnSkes of roofs, carrying a sta- 
tionary or dead load only or its equivalent, or Hour joists and the several 
types of bridges, whether of iron, wood, or masonry, which aro subjected 
to the simultaneous action of a moving, or live, as well as of a stationary 
or dead, load. Now, the figure of a Roof or Bridge-frame is generally 
closed ; that of a Suspension or Arched structure open ; hut in the Chap- 
ters referred to it is shown that by supposing a weightless bar to extend 
across the interval at the springing level of an arch, or a lio-rod to join 
the points of attachment of the suspension chain or braced rib, the 
figures formed by the resultant linos of resistance of both these latter 
structures become closed; so that all three classes may, in fact, bo dealt 
with under a heading in which the bending moments are resisted by 
couples which are fully determinate. So much for the stability of these 
structures. With regard to their design a few brief general remarks are 
added. 

333. The covering of the iron roof, or roadway of the bridge as the 

TOL. II. 2 B 
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cdB0 may be, is carried on a frame, or trnsB, to which it is attached in 
the former case by purlins, in tbo latter by cross girders ; and the 
fitruoturo must be designed so as to be strong enough to carry its own 
weight and imposed load, as well os resist the action of wind unsym- 
metrically applied. But while in the roof-frame the external load is, 
as a rule, applied along enclosing pieces of the structure which are in- 
clined to the horizon, in the biidge-frame it is applied along horizontaK 
or almost horizontal, ones ; and while a roof-frame, if inverted, has, as 
a rule, no practical value, a good bndgo-frame affords, when inverted 
(as we have seen) a new nsefnl design.* 

With a view to assisting the Htndent, we shall quote some remarks, 
from the best authorities, on the subjects of the loads on bridges, their 
cross girders, and stifenvig arrangements. 

334 . Wlnatevor the special function of the structure be, its pieces, 
as bi^s been already repeatedly pointed out, must bo so designed as to be 
capable of resisting with safety tlie greatest possible bending moments 
and bheariug forces to the action of which it is ever likely to bo ex- 
posed. In hinged and jointed structures, as will bo more fully explained 
later on, the position and amount of the moving loaii producing this 
greatest effect in any given piece may often be conveniently determined 
by applying Ritter's Method of Sections, already referred to in para. 259 
of Vol. I., the load being apportioned at certain joints and the structure 
supposeil divided by a piano cutting three pieces only ; it may then be 
ascertained whether any particular load produces tension or compression 
in tho bar under consideration by observing in which direction such load 
tends to make that part of the structure rotate. In this manner the 
joints that must be loaded in order tq produce tension or compression in 
the selected piece can bo ascertained, and the maximum stress found by 
loading all the former or all the latter joints as the case may bo. For 
a preliminary investigation the weight of the bridge may bo calculated 
by any of the formulaa given in Chapter XIV., Vol. I., or by Sir B. 
Baker’s Tables, given in the Appendix to this Volume, or by Claxton 
Fuller’s formula3 given in Chapter VIL of his Practical Treatise an 
Bridge Construction. 

335. The relative importance of the two classes of load above refer- 
red to (i.e., dead and live load) depends on the length of span, and in 
* of Oo^Mirwiiofk, p. 9. 
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regard to this Sir B. Baker places liailwaj Bridges spauniug intervals 
of from 10 to 300 feet under tbe head of Short Spaa l3ndges, and those 
inoludiug spans of from 300 to 3,200 feet under that of Long Span 
Bridges, and this classification he justifies in the following words* 

336. “ In a long span bridge, so defined, the weight of the structure 

itself Will constitute at all times a very important, and at the higher 
spans, an alLimpoitant, propoitiou of the gloss load; and since the 
action of a rolling load is very dilicreut to that of a dead load of equal 
intensity, the geneial form of budge suitaLrle to a mixed load when the 
rolling element is of insignificant proportion may be essentially different 
from the design suitable for a budge when those conditions are reversed. 

“ Again, a bridge may be defined as of long or short span relative to 
the average length of tiain tiaversing it; because a tram does not consti- 
tute a roiling load of uniform weight per lineal foot, and the variation in 
its density will be of little impoitauco in the instance of long spans, but 
of vital inllueiice m the case of short span bridges. Thus, a passenger 
tram may be made up of a stniig of vehicles weighing less than half a 
ton per foot run, whilst for the 50 feet length at the head of the train, 
occupied by the engine and tender, tlio weight may aveiago 1;^ tons per 
foot, or two-aud-a-half tunes as much as the remamdor of the train ; and 
in the very common case of the employment of two engines and tenders 
the heavier load will apply of couise to n leng4;h of 100 feet of the train. 
In the same way a goods tram may consist of a long lino of trucks 
weighing less than ^ ton per lineal foot, whilst the tank engiue at its 
head may average double that amount, or tons per foot. Hence, as 
the wheel base of a tank engine is not unfiecpiently as little as one-half 
of the total length of engine, it is obvious at once that m short span 
bridges we shall have to entertain rolling loads at least as high as 3 
tons per lineal foot, although in the case of long span bridges, subject to 
be traversed by the same trams, the average weight of the train, or 
little more than one-fourth of the preceding amount, need be considered 
in the calculations. 

“ It will, we think, be granted at once, that bridges which m tbe ordi* 
nary wbrking of the traffic may be loaded throughout their entire length 
with engines and tenders — that is to say, bridges up to 100 feet in span 
— are practically, in many essential features, short spaa bridges. If due 

* Long Span Sir B. Bak«r, p, B7, tl teq. 
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consideration bo given to the influence of the heavy load at the head of 
the train in traversing a long-span bridge, it will bo admitted also that 
the 300 feet span, ado[)ted as the commencement of the long-span scries 
of uniform rolling loads, has not been fixed at too high a limit.” 

337. The same distinguished author summarizes as follows *‘the 
special action of a rolling load upon a girder as compared with a dead 
load of equal intensity”*: — 

“(1). The rolling load may impose a greater bending stress than 
that due to the same load in a state of rest, and this would bo accom- 
panied of course by an increased unit strain upon the metal and an in- 
creased deflection of the girder, 

*‘(2). Tlie icpeatcd applications and withdrawals of the load with 
the consequent bendings of the girder may ‘ fatigue ’ the metal, and a 
lower unit strain may, on that account bo desirable. 

‘*(3). In the case of a railway bridge, witli permanent way ineffici- 
ently maintained, those repeated applications of tlio load will bo accom- 
panied with vibrations which may have the effect of multiplying the 
nimihor of bendings of the girder to an indehuite extent, and so increase 
the ‘fatigue' upon the metal.” 

338. The Evgineevmg Record of fith May, 1894, states that similar 
results have been arrived at by Professor Melan, who, in a paper recently 
published in the Zeiischrift, gives an analytical investigation of the effect 
of moving loads on metallic bridges. 

Tho conclusion is reached that for railroad bridges the actual rolling 
load should be increased by tho following pcrceutagcsf to bring it to 
an equivalent statical load:— 


Span in feet 1 

C’r> 

. 3 .. 

1C1> 

1 

32*8 

1 

49-2 

1 

G5‘r> 

98'4 

1.81 2 

262 5 

193*7 

! 

Percentago in- 
crease, * . 

80 

i 

' 1 

C7 

54 j 
1 

44 

41 

34 

80 

23 

20 


These remarks should bo compared with those already made in the 

*■ Long ^pm Brtdge*-~Blv B, Baker, p. 80 . 

1 1 liP'je porrenlftBCs are ilorivctl from the formula— 

26i>0 

Percentage increaHO + 2, 33 fi*' which L = span in feet). 
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Addendum to Chapter XXL, Vol. L, the Table of Effective Loads given 
on page 5 of which applies, as therein stated, to English stock mnning 
over the line at the time the Table was constructed, and Sir B. Baker's 
remark that “ the precise loads tliat should be provided for in any partic- 
ular line of railway is, of course, a matter for the judgment of the En- 
gineer,” all important. The loads given, since they apply to narrow 
(4' 8V) gnnge stock only, would have to be increased, for instance, for 
the Indian broad gauge (5' {)") lines of railway, and correspondingly 
diminished for metre gauge lines. And it should further be borne in 
mind that the heaviest typos of engines now used abroad weigh as 
much as 101 tons, with a total wheel base of 54 feet 3 inches. Tlio 
gioatcst load on a 10 feet span would bo 51 tons (eight- wheel coupled 
engines, 4*5 feet centres, ami 40,000 lbs. on each axle), thus giving 5 
tons per foot run for the load. In estimating, therefore, the probable 
rolling loads on broad gauge mountain railways, with i tiling gradient 
of, say, 1 in 40, it would be advisable to take such lieavy engines into 
account.” * 

The Cross Gii'ders, f 

339. “ Probably tlie changes which have been effected in modern 

bridge construction are not more foicibly evidenced by any single in- 
stance than by that of the differences as regard^s the stiength and general 
arrangement of the cross gliders. In early railway bridges the cross 
glrdeis were, apparently, considered as subject only to the same load 
per s(iiiaro foot of the platform os the main girders, and the case of llie 
concentrated weight of a jiair of driving wlicels, which must come with 
its full intensity upon each cioss girder, however close they may be 
spaced, was not entertained; nor indeed was it so essential to do so then, 
when the difference between the most heavily and lightly loa<led wheels 
was far less marked than at present. 

The distance apait of cross girders is governed to some extent by 
the position of the stiffeners in the main girders, even wlicn of plate 
construction, but m tlie instance of lattice girders tlie proportions of tlic 
tnangulations obviously fix the position of the cross girders in a far 
more aibiliaiy manner. In ordinary cases it may be considered os gene- 
rally advantageous to space the cross girders at distances equal to about 

• Paper by Major Scott MonciielT, R K., on Rolling Loadt, p. 3 
t Long Span Ratlioap Brtdgtt, p. 119. 
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times the wheal base of two pairs of ooiipled driviug wheels, or say 
from 9 to 12 feet, and to place rad girders between the cross girders 
under each rail. In the large bridge over the Danube, near Vienna, 
the cross girders are 2 feet 7 inches in depth, and 12 feet 6 inches apart, 
and tJie rail girders are 1 foot 4 inches deep. If rail girders or their 
equivalent in the form of timber beams be omitted the cross girders may 
he placed 5 feet apart, and there can, in no ordinary case, bo any justih- 
catioii for placing them closer together, since an on! inary bridge rail and 
longitudinal sleeper, properly quahlied to take the traflic of the railway 
when laid in ballast, will also be strong enough to bridge the opening 
between cross girders so spaced. 

“ It is true that even at the present time the spacing of cross girders 
at 2 feet intervals may bo justifiable if care be taken to connect the 
whole together by stiff distributing girders, so that successive deflections 
of each cross girder may be supersetled by a general deflection of the 
whole platform for at least the entire length of the wheel base of the 
engiuo. But even tlien, as a single girder will carry a given load with a 
less weiglit of metal than two gliders, unless the load bo excessive, it 
follows that the close arrangement can only be desirable in instances 
whore the cross girders arc necessarily very shallow, and where, to get 
in the necessary sectional areas, they would require to bo of box con- 
stiuction if spaced far apart. 

“ Considerable economy will bo found to result from giving a liberal 
depth to the cioss girders. From |th to -J-th of the span is not an un- 
usual proportion for the depth in modern bridges. 

“ The weight of tlio bracing will have to be considered in connection 
witli that of the cross girders.’’ In old bridges bracing was frequently 
omitted, and the lateral stability was dependent upon the rigid attach- 
ment of the cross girders to the main girders, hence great stress at those 
points would occur during a gale. Continental Engineers, in proportion- 
ing the strength of the horizontal bracing of their bridges, very usually 
take the force of the wind as limited only by the power of an ordinary 
passenger train to resist overturning, for they reasonably argue that if 
the tram be blown over it cannot run over their bridge. 

“ The weight of the cross girders and bracing for a railway bridge to 
carry two lines of railway between the main girders may be taken as an 
average to vary from €*7 cwt, for a 20 foot span to 9 cwt, for a 275 
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foot span ; but it will be understood that considerable modification in 
these weights, both of a plus and minus nature, may be efTocled by a 
rariation in the depth or arrangement of the girders.” 

Horitontal and Vertical Bracing of Bridges* 

340. It has been already explained that open ironwork structures 
require bracing in a vertical piano in order to counteract the tendency 
to distortion produced by variations in the load acting in that plane. 
Large, deep bridges, however, require to bo braced not only in the 
vortical, hut in the horizontal, piano also, because * “ tlio rolling load 
in passing over a bridge does not produce a simple vertical pressure on 
the bridge. In the case of a railway train, the inequalities of the way 
set up botli horizontal and vertical oscillationB of each carriage, which 
modify the vortical load and introduoo horizontal pressures ou the rails. 
The primary object of the horizontal braces is to resist these horizontal 
forces, by forming with tho booms of tho bridge, and the platform, a 
horizontally^placed girder of a depth equal to llic width of the bridge. 
And tho primary object of the vertical bracing is to bind together the 
two main girders, so as to present a oombined resistance to the torsion 
and tendency to overturning produced by the horizontal forces. 

Whether the platform is on top or nt bottom of the main girders, 
it is obvious that tho horizontal bracing will 5e most efToctivo when the 
rails, the booms, and the bracing are as nearly as possible in one plane. 

‘‘ When there are no cross beams, tho horizontal bracing bars are 
alternately struts and ties, according to tho unknown direction of the 
horizontal forces. In such cases the horizontal bracing should consist 
of tee-iron bars, placed back to back, and rivetted to the flanges of the 
main girders. Tee-irons, 4" x 3'' X to 4" X 4'^ X intersecting 
the axis of the bridge at angles of 80*^ to 40^ are sufficiently strong in 
ordinary cases. When there is a platform with cross beams, the cross 
beams may be utilized as struts in tho horizontal bracing, and the brac- 
ing bare may be flat or round bars, rivetted to the main girders and to 
the cross beams, where they intersect them. These bars may be 6 inches 
to 8 inches wide, and ^inch to J-inch thick. 

“ The magnitude of the horizontal force developed by the lateral 
oscillation of a train is, I believe, unknown. The wiad pressure alone 

• Tht C^Mtruetton of WrougM~iron Sridga, Li*cltu« in..FBbrDAr 7 16tb, 1871, bj Profewor U&irifl. 
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acting on the sulo of a train of carriages might produce a pressure of 
perhaps 3 cvvt. per foot run,^ or say a horizontal force ofjtli the rolling 
load. So that wo shall, I believe, make no excessive allowance if wo 
suppose, in single lino bridges, that the horizontal force acting on the 
rails may reacli J^th of the rolling load. When the platform is on top of 
the main girders, this force tends to overturn the girders, and must be 
resisted by building the girders into the masonry of the piers, or we 
may introduce over each pier a frame of vortical bracing, binding to- 
gether all the gilders and spreading over a wide space the resistance to 
overturning. Very considerable difteronccs will bo found in existing 
bridges as to the amount of this veitical bracing, but it seems reasonable 
that the frame, at each end of a span of a single lino bridge, should be 
at least strong enough to resist a horizontal force of y^^ytli the lolling 
load on the s[)an, applied in the plane of the rads. And the resultant of 
this force, and the half dead and live load of tho span, should of course 
fall within tho frame. If the bridge has several spans, so that tho gir- 
ders of two spans are united on one vortical bracing frame over the pier, 
that frame requires double the strength of fiarao previously considered. 
When a bridge carries two lines of way, tho effect of wind pressure boars 
a less proportion to the rolling load, but I am hardly prepared to recom- 
mend a less strength in tho bracing. Of course the suggestions made 
hero are to bo taken only as general guides. The exact nature and 
amount of tho lionzontal straining forces are unknown. 

“ With girders of moderate span no other bracing frames than those 
over the piers are necessary. But many Engineers intioduco vertical 
bracing frames at distances of about 20 to 30 feet along tho span. 

“With the platform on top of the main girders tho horizontal bracing 
has the subsidiary effect of stiffening the compression booms against 
lateral flexure. When the platform is below the main girders, the top 
booms can have no aid from bracing unless tho depth of the main girders 
is 15 feet, and then light top bracing is introduced to stiffen the booms. 
With tho platform at bottom, the vertical bracing is dispensed with.” 


* TliU u in England. 
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CHAPTER XXIII. 

FRAMED STRUCTURES. 

341. As all the Iron and Steel structures coming under consideration, 
incloding nrcli and suspension structures, may bo regarded as framed 
Btiuctures, it i\ill be well, beforo proceeding furtber, to ofTer a few re- 
marks regarding them. 

342. In Plate XXXL a few frames are shown, but no attempt has 
been made to classify them; for this, Students are referred to BorPs 
Economics of Construction^ m which litilo volume no less than 337 
frames are clasbified, and stress diagrams drawn for between 140 and 
150. 

343. All frames, forming the supporting or carrying members of a 
structure, whicli spans an interval, are divided into an arbitrary number 
of equal parts or panels^ and the load imposed at each division, or panel 
point, 18 supported, or carried (as the case may be), by some piece or 
pieces meeting at that point. 

344. Those framed structures which are composed of separate systems, 
each carrying its own portion of the load, are distinguished us Composite 
Structures ; those, on the other hand, in which two or more systems 
offer their combined support to the same element of the load, are defined 
as Combined Structures, The former class includes frames composed of 
parallel systems, such, for instance, as Lattice girders, as well as those 
consisting of a number of systems superposed on one another, examples 
of which are shown in Plate XXXI, Among members of the second 
class it is often difficult to decide which of the several systems actually 
bears the load, or, rather, what proportion of the load should be allotted 
to each, and the question can often only be decided by reference to 
the laws of elasticity. 

Of Trussing there are two kinds — Simple and Multiple, 

VOL. IX. 2 o 
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/. Siviple Trussing. 

345. (1). Triangular Frames. — If the loail at each panel point be 
supported by a separate triangular truss, extending the whole length of 
the span, tho truss becomes in principle the StraighFlink-girder^ Figs. 
14G to 149. This frame is seldom employed in the upright position, 
Fig. 148, but in tho inverted form it represents tho American Bollman 
TrusSf Fig. 149, and if the boom shown in Fig, 147 be removed, tho 
frame is transformed into tho Straiqht-link-Suspermon-Bridge^ Fig. 146. 
The load borne at tho apex of each triangle being known, the stresses 
in tho pieces can bo determined either by diagram or calculation. 

(2). Trapezoidal Frames. — Instead of a series of triangles, tho frame 
may bo composed of a series of trapezoids, as shown in Figs, 144, 145, 
150 and 151 ; when tho i)oom shown in Figs, 150, 151 is removed, the 
figure represents in principle tho Ordish Suspension Bridge^ Fig. 144. 
Tho bridge at Battersea, Ftg. 1 15, consists of a suspension bridge, 
stiffened by a plate girder and Ordish shrouds. 

IL Multiple Trussing, 

346. Instead of placing a complete triangular or trapezoidal system 
at each panel point, tho siniplo systems may be superposed on, or 
placed within, one another; thus triangles may ho placed within triangles, 
as 80 frequently occurs ir Roof trusses, or trapezoids placed within 
trapezoids, or superposed on triangles. 

347. Thus, in tho common King-post truss, Fvj. 127, we have four 
smaller triangles placed within a large one ; in the frame shown in 
Fig. 129, five smaller triangles are placed within a large one, and so on. 
In girders of tho Fink type, Figs, 152 and 153, a complete triangular 
Bystem is first placed extending over the whole span, then a secondary 
and similar system, extending over each half span, then a tertiary system 
extending over each quarter span, and so on. 

348. Again, au inverted triangular system might bo placed with its 
apex at the central division of the span and its base extending the length 
of two panels; this triangle might then be enclosed within an inverted 
trapezoid, whose lower horizontal side is equal in length to the base of 
the triangle and upper side to twice that length ; this trapezoid and 
triangle might then bo placed within a second inverted trapezoid, whose 
lower horizontal side is equal in length to the upper side of the 
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previous trapezoid and upper side longer tliau that length by the length 
of the base ot the inner triangle, or two panels width, and so on. If 
now the joints of the frame so formed bo connected by vertical posts, 
the form will represent m principle the Praii^ Linville or N type of 
girder,* Pt)/, 1G8; if, on the other hand, there be no vertical posts, and 
the trapezoids bo alternately upright and inverted, the frame assumes 
the form of a IVarren girder, 1G7. 

For fuither information on this subject, Students are referred to Chap- 
ter VI. of A Practical 2 realise on Bridge ConstrucUon (1887), by 
Claxton Fidler, from which much of the preceding information has been 
taken. 

Hinges in Girders, 

849. It IS found convenient to hinge, or pm together, certain por- 
tions of framed Metal Ihidges, and the purposes for which this arrange- 
ment is employed are two in number, riz,: — 

(a). To meet strains due to variations of temperature. 

{b). To locate points of contra-llexure. 

360. With regard to (a), it is evident that a metal rod, if freely 
exposed to climatic variations of temperature tnust suffer considerable 
expansion and contraction of figure, and it, tlierefore, becomes necessary, 
when designing metal structuios of considerable size, to so arrange that 
such tendency to deformation shall have as iVee play as possible, and in 
no way interfere prejudicially with the state of internal stress which is 
necessarily set up in the pieces by those loads which it is their proper 
function to carry. 

351. In frames provided with straight lower booms, such as parallel 
girders, upright bow-string girders, roof trusses, &c., strains of this na- 
ture are sufficiently provided for by placing the ends of the boom on 
rollers, as has been already explained in paras. 31)2 to 394, Vol. I. A 
continuous girder might, for instance, be fixed to one pier and allowed 
to rest on rollers at all the other points of support. But such an 
arrangement would be neither sufficient nor suitable for all forms of 
girders and under all circumstances. Jt would be unsuitable, for in- 
stance, for the parallel stiffening girder which has to meet the effects of 

♦ Girtlora io which the web-brAdng ron»I»tft of vertical posts und tncllnod braosi, arc known In 
America under various naroea, such as the Atnn//i», I'rati, Murphy, or ft" hippie- Murphy trusses, 
according to some variations of detail which arc not alwoja to be easily distinguished {Ihacticul 
Trtatut on Brxige ConUructvm, p f, (oot-notc; 
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variation in the length of the suspension chain to which it is attached, 
because the stifTeniiig girder must be prevented from rising at each 
extremity; nor could this arrangement be caiiied out for the braced 
suspension or arched rib which replaces the suspension chain and girder. 
Tt will, however, be seen tliat all cases of strain such as we are consider- 
ing are sutTieiently provided for by simply hinging ^ or pinning together, 
the two portions of the bridge girder or nb, because then the joint is 
fieo to rise or fall with every change of temperature. 

352. In arch or suspension structures constructed in rigid form, 
suflicient allowance for temperature strain is alTorded by placing a hinge 
either at the centre of the s])an, or near one of tlic abutments; or hinges 
might bo placed at midspau as wedl as at each abutment. 

353. With regard to (<^) it has been shown that the positions of the 
points of inHoxion or contra-tiexurc of a continuous girder depend on 
the loading, the girder’s continuity and the resulting conditions affecting 
its curve of deflection, so that it becomes necessary for a fresh diagram 
to be drawn, or calculation made, for each new position of the load, 
while the lesults are, to a certain extent, ambiguous, and rest on 
nssuraptions wliicli seldom coriospond with the actual conditions of the 
case. But it will be been at once that if the continuity of the girder 
be broken by seveiing it at the point of contra-flexui e and introducing 
thereat "a form of connodtion practically amounting to a hinge, the 
points" of contra-tiexuro will thereby become mechanically fixed, and 
that this advantage will be obtained without sacrificing in any way the 
stability of the structure, provided only that the hinges be so located as 
to load to no distortion of the whole structure. 

354. These hinges would obviously be placed, as a rule, on either 
side of a central pier — in the case of a three-bay bridge, in a side span. 

355. Suppose, for instance, Fig, 41, Plate IX., to represent in out- 

line a continuous girder, supported at the points A, and A^, and sup- 
ported and anchored dovTii at the points A^ and A^. It is evident that, 
if the girder be divided and hinged at the points and a;,, these 

points must, of necessity become points of inflexion ; that as the load 
varies both in amount and position, the resultant lines of resistance 
will so adjust themselves as to constitute these points, points of in- 
flexion ; and that the structure will, under all circumstances, consist of 
tbo three independent girders, A^y^, and supported at the 



AKT. 856.359. ] 


framed structures. 


201 


points Aj and and at the extremities of the double cantilevers 

This method of construction is followed in all the examples 
of stiffened {Suspension and Cantilever bridges, shown on PlaU XXXL, 
and it is obvious that the introduction of the hinges can bo atten<led 
with no possible distortion of the stiucture under any position of the 
load, provided only that the cantilevers be properly anchored down at 
points corresponding to A^ and A^, Fuj. 41. 

356. In the Kentucky Bridge, shown in outline in Fig, 163, the 
hinges are placed in the side spans, the centre span being continuous. 
The bridge consists of three equal spans of 375 feet each, each side 
span being hinged at a point distant 75 feet from the adjacent pier. 
If Ftg. 41 be taken to represent the bridge in skedeton, then the points 
t/j and would represent the positions of the hinges, the centre girder 
being continuous and supported at points A, and A^. 

357. In order to locate the points of inllexion, then, hinges may be 
introduced either in the central or side spans, and in each case the 
girder would be supported at the piers on rocking boaiings (para, 301, 
Vol. I.) so that the parts might bo capable of assuming freely any 
slope that their deilection curve might necesbitate. Under these cir- 
cumstances tliG stability of tlio structuro would obviously not bo affected 
by the introduction of the lunged hearings, and the consequent simpli- 
fication introduced into the calculations is no less obvious. 

358. The longitudinal expansion and contraction of the entire length 
of the gilder for variations in temperatuio would be met, as before 
explained, by fixing the girder to one support, generally a pier, and 
providing rollers at all the other supporting jioints,'* 

Poof and Bridge Frames, 

359. The treatment of tlui more common forms of Roof Frames has 
been fully discussed in Chapter V., Vol. L, and it is only necessary to 
add that the judicious selection of a point about which to take moments 
will often enable the stress diagrams of the more complicated frames to 
bo drawn. Thus, for instance, a little consideration will show that a 
stress diagram cannot at once be drawn for the form of roof shown in 
Fig. 133, Plate XXXL, but if a vertical plane be supposed to divide 
the frame symmetrically passing through the vertex V, and one-half be 

• The Hbore information la largely taken from Vlaxton Fidht't Practical Treatise on Budge Con- 
iini<Uon 
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BRpposod rBmoved, by taking moments about V, it is evident that the 
moment of the weight of the unremoved portion of the frame is equal 
to that of the tension in rod T. Hence, the tension in T is known, and 
the diagram can be completed. 

360» Nor should any difficulty be experienced, after what has been 
said in the earlier Chapters of tins Volume, in drawing stress diagrams 
for Bowstring Girders, whether upright or inverted, and Bowstring 
Roof Frames, loaded, if necessary, simultaneously with roof covering and 
snow, and also with wind pi'cssnro* unsymmetrically applied to the roof, 
the loads being distributed in all cases at the joints of the frame only. 

361. Bridge Frames may be ranged under the following twelve 
heads, including, as before explained, all arch and suspension structures, 
the limiting span being reached when the weight per foot run becomes 
infinitef : — 

Types of Bridges. 


Tarle I. Suspension and Avch Systems, 


Atanmum Span, 

1 




J/aximum Span, 

in /fit 



1 


in /ifi 

■ — 


O' 

fluapcnsloti 

Arch. ' 



Iron 

Steel 




S 

1 Iron Steel 

l,iK)() 

2,000 

1 

Chiun with stilTencd 


1 





loml way. 


1 




2 

Chain biased to road- 



1 




way. 


2 

1 


1 

H 

R raced ribs. 

Braced ribs, 

H 

1,300 ,2,000 



4 

! Inveitod Bowstnng. 

Upright Bowstring, 

4 

900 ! 1,400 

1,300 

1 2.000 

r, 

, Suspended i^itdor 


1 ^ 

1 

1 

1,000 

1 1,000 

t; 

1 SlraighUliuk auspen- 

Upright Bollman ami 

! 

1 




sion. 

Oldish frames, ... 

' c 




7 


Mas^mry arch, . . 

‘ 7 



• Ti\ tbc prooent incomplete state of opinion as to the nctunl effctt of w Ind prefifiire on inclined 
mirfucoH, It nmy hn well, with reference to the method Ueecribed in piira llfl f 6 ), Vol I., and to 
the Hiihseqiient reranrka on this Hubject, to sum up bnctly the jieneial conclualona which would seem 
faiily to express the ro'iults of the 010*11 recent experiments They may bo stated as follows, a ^ 
gat hercHt fiom a lecture rccpntlj deUverotl by Professor Unwm — 

( 1 ). The theory that the wind pressmo acts on one kUIo only of a roof, and is uniformly difltrlb< 
ntiHi noimally over that side, ni>i>eftrb to bo erroneous 
( 3 ). U p to a sloiHj of do*-', roofs which are built with continuous walls beneath them may be 
eon'.ldereti Mifo fiom wind pressuio as long as the walls are safe. 

( 3 ). Sheds and othei open buildings, as long as they are not a groat height from the ground 
(say within 3 d feet) aia sufficiently secure against downward wind pressure. 

(«!) All ihods and loofs with \eiy deep eaves and veiondahs, eapetinlly of buildings with 
sev era! stones, shonld be firmly tied down to tho walls or supportiitg pillars, so as to be 
pecurc against tho upward effect of the wmd, 

(fi). Valleys me objectionable as sites for buildings owing to their liability to ricochet wind 
force and to^snow accumulotions 
t bir B. Baker's Long bfmn Br%dg«» 
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TABiitt II. Parallel and Ganiinumts Girden, 


Mttximum 
Span, m feet. 
Iron. 

cti 

'Z 

Girders supported or lived at the exti« mittcs, and 
also inUumcdiiiUly euppoited 

Mnxlnnun 
Span, in leot. 
Stwl. 

700 

8 

Box plate girders. 


700 

1) 

Lattirc, Warren, Whipple-Mnrphy, &o,, 

1.000 

700 

10 

Straif^ht-l ink trmleis, with booms, 

1,100 

1,‘200 

llA 

Cantile\cr8, \wth paiaUel booms. 

1.700 

1,400 

1 llB 

[ ,, ot depth, 

2.000 


12a^ C’ontmuous girders, with imrallel booms, 


2,300 j 

12n| „ „ of Mirying depth, ... 

4,000 


362. Sir B. Baker, in Long Span Railway Bridges, estimates the 
average weight of iron per foot rnn required for each of the above 
types of bridge, and shows the results collectively in a diagram, “ the 
curved lines of which are obtained by plotting the gross weight of iron 
in cwts, per foot span * ♦ ♦ to the vertical scale of 100 cwt, to 
the inch,” the span being shown on a horizontal scale of 300 feet to 
1 inch. A glance at the diagram will bo sufficient” ho says “to 
assure us, that the several types do not maintain the same relative 
economic position throughout, since in many instances tlic lines cross 
one another, sliowing that, at the span corresponding to the point 
of intersection on the diagram, the weight of nieUil required in the 
construction of a bridge on either of the systems in question will bo 
identical,” 

363. The arrangement of types adopted by Sir B. Baker is different 
to that given in the above tables, so the type-number is omitted iii the 
following extract from p. 79 of his Lo?ig Span Railway Biddgsa 

“ Briefly summarizing the results exhibited in the diagram for iron 
structures,” which, however, bo it observed, only indicates the com- 
parative merits of the several types in so far as the superstructure oj the 
main span is concerned,” we find that at the span of 300 feet the 
straight-link suspension* obtains an advantage of some 20 per cent, 
over any other system, and that it maintains a certain advantage of 
diminishing value up to 700 feet span, when it has to resign the lead to 
the continuous girder f of varying depth, which type maintaina a rapidly 
increasing advantage over all others up to the limiting span. These 


Fig. I4f!, PlaU XXXI. 


t 159 «3d 163 
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two forma of construction, then, within their own proper spheres, appear 
to be the must economical possible, as regards the superstructure of 
the main span. It is obviously quite possible that in many instances 
anchorage could not be obtained for the suspension bridge except at a 
cost which would render even our heaviest typo, the box girder, a more 
economical form of construction. 

364. The system ranking second in the scale of economy is the 
cantilever lattice girder of varying depth, which maintains its relative 
position throughout, unaffected by the specific length of span. The 
suspension with stiffening girder and the suspended girderf succeed 
the last-named one. Although palpably different both in principle and 
appearance, the respective weights are almost identical throughout, 
being, up to 700 feet span, little different to the preceding type. We 
now come to the cantilever lattice girder of uniform depth following 
closely on the heels of the last two systems np to GOO feet span, when 
it is superseded by the arched nb with braced spandiils.l 

365. ‘^The independent gilders, as might be fairly expected, occupy 
the lowest place on the list, although at 3u0 feet span the straiglit-link 
girder sliows a slight advantage over the arch. Within the limits of 
400 or 500 feet span the straight-link is the most economic form of the 
independent girder; above that span the bowstring girder surpasses it. 
The lattice and box girdois conclude the list. 

366. “ Wo have already insisted that the order of economy thus ex- 
hibited holds good only with reference to the superstructure of the main 
span, and that it does not represent Iho comparative costs of complete 
struclurcB on the different systems, for which, indeed, no general rule 
can possibly bo given. 8omo of onr types require loftier, and, ccetens 
paribus^ more expensive piers than others ; thus the piers for a siiapen- 
Bion budge will bo higher than those for an arch, and tlie land-chains 
required in the former system will be another cause of excess. Prob- 
ably the fairest way of arriving approximately at the true relative econo- 
my of the different systems in ordinary cases will bo by ascertaining tlie 
gross average weight of iron per foot run required in the construction 
of viaducts consisting of three spans, of wliich the side spans are one- 
half the opening of the centre one. Under these circumstances, * 

* * the .difference of weight between the independent girders 

• Fttf. 13e. t Ftff, 166 X 140. 
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and those dependent upon some extraneous means of support is much 
less marked than before. Indeed in some instances the conditions are 
reversed; thus, at 300 feet span both the lattice and bowstiing girders 
show a certain positive advanlngo over the arch, wliilst the more econ- 
omical system of the straight-link retains nn advantage even up to 400 
feet span. 

367. ** The positions of the several types in the scale of economy 

would, obvionsly, be again shifted if the side spans weio taken at a 
different ratio to the mam span than ^ ’* 

363. Tiioro are, however, many considerations besides the more 
average weight of a bridge to bo duly weighed before the particular form 
which it is most desirable tlio bridge should take can be decided on, 
and of these none is more important than those affecting the f'lctiilt/ df 
erection. In the majority of cases the cost of 8caffi>Iding is in itself 
prohibitive, even were its adoption not actually prohibited by the neces- 
sity of keeping the navigable channel across which the biidge is to ba 
thrown free from all obstruction. Under tlicse circumstances the bridge 
must be either built at the nearest available spot and lifted or slid into 
position, or else the design must be such as to admit of the bridge 
being put together in situ, 

369. The types of Iron Bridges to be specially dealt with in the 
following pages are : — • 

(1) , The Stiffened Roadway, employed in conjunction with the 

flexible suspension chain, vide Fii^s, 135 and 145, Pl<xt$ 
XXXI. 

(2) . The Stiffened Suspension or Ached rib, designed as a deep 

girder, Ftps, 136 to 142. 

(3) . The Suspended Giider, Fig. 165. 

(4) . The Continuous Girder. 

(5) . The Hinged Cantilever, and Cantilever-girder Biidge, Figs. 158, 

159, IGl to 164. 

(6) . The Masonry Arch. 
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CHAPTER XXIV. 


SUSPENSION, ARCH AND CANTILEVER STRUCTURES 
OF WROUGIIT-IRON AND STEEL. 

870. Tho general method of determining the figure which n perfectly 
flexihio chnin, or lineal aich, assumes wlien cariying a given load across 
an interval, has been fully discussed iii tho eailier Chapters of this 
Volume; it has been shown that tho figure depends upon the distribution 
of the load, and is, in fact, itlentical with tho diagram of bending 
moments corresponding to tho particular dmtiibution under consideration, 
and oUliough, it may bo observed, the flexible aich is, in itself, incon- 
ceivable, yet wo shall continue to deal with it in conjunction with the 
flexible chain, because, mecbanicallv, the one is the reverse of tho other, 
and because tho linear arch being the line of resultant resistance becomes 
perfectly conceivable when dealing with stiffened stnictnres. 

371. Suppose a heav^ chain to be suspended between two points 
and to ho acted on by no extoinal load; the curve of tho chain would 
bo that of the common catenary. On the other hand suppose the chain’s 
weight to bo noglorted, and a nnifoim load to he spread over a horizontal 
platform, and tho platfoini to ho connected with the entire length of the 
chain lying between the supports by means of veitical suspenders, or 
rods; the figure of the chain would then he a parabola, or parabolic 
polygon, according ns the rods were infinite in number, or only nnmerons. 
It is evident that if the iveight of bolli cliain and platform he taken 
into account, and net simnltaneonsly, the figmo of the chain will more 
noftily approximate to a paiahcda than a common catenary the greater 
the weight of the unifoimly loaded platform is in comparison with that 
of tho chain, 

372* Now structures such ns we are consideiing are seldom, if ever, 
employed to cover any hut long spans, so llint tlie weiglit of the plat- 
form and what it carries is great in comparison with that of tho chain, 
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or other 6uspcn«iing or supporting nrrnngemcnt, nnt^, moreover, ilio 
flatter these curves me tlie inoio neaily do they appioacli one another 
in fignie. Tiieiefore, on the whole, we may coiuludo that the flguio of 
tlie chain or linear arch more neaily appioaclics a pambola tiinn any other 
geometiical figure; so much, at least, may ho assumed with sulficieut 
accuracy loi all piacticnl pm puses; so that the lesnltant sticsses aiising 
may be dealt With on this hypothesis. 

373. Weie the load steady and its distribution constant and not 
liable to variation in position or amount on to dislm banco through tho 
action of wind, uun, or other cause, it would bo suflicient to design tho 
structure on tho supposition that tlie icsultant line of lesistnnco nppioxi- 
Diates veiy closely indeed to a parabola. It would be snflicient were 
the structuie imtiually slifi' as in tho case of tho mnsoniy nich. But 
all such stiuctures as me luihlo to displacement ot their pieces tliiough 
chiinge of position or amount of the applied load it is necessary to 
stiflfen and lender rigid thionghout by a system of biacing and counter- 
bracing, 

374. For consider what occurs when a tram crosses a bridge. The 
resultant load is continually incicasing in amount and altering its 
position until the whole timri has passed on to the biidge or tho whole 
bridge is covered, so that were a llexible chain or arch called on to 
support it during its pas^^age, its figure would he constantly changing 
in order to adapt itself to each new position of the load, and always 
coriespond with tho over vaiying diagram of bending moments, 

375. In order, tberefore, to prevent sucli distoition tlie flexible curve 
must be rendeiod permanent by stiireneis, and this is the more urgent 
theoietically in the case of the arch than in that of the chain, because 
tho state ol compressive strain is one ot unstable equilibrium. 

376. Tho linear arch, then, being tho reveise of the funicular curve, 
and the bending moments identical under similar conditions of load- 
ing, length of span, tfcc., the distoiling tendencies may be counter- 
acted in either case by exactly similar arrangements. Tliey are the 
following ; — 

Method L — The roadway, suspended from the chain, or supported on 
the aich, may be stiffened by means of an auxiliary giider extending 
the whole length of the span, as in Fig, 135. 

Method IL — The arrangement fioui which the roadway is hung, or 
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on w)tioh it U earned, maj iteelf be stiffened. This may be effieoted in 
the following four weye, viz, 

(1). The chain may be braced to the roadway by triangular bracipgi 
as in Fig* 134, thus forming a rigid system. 

(8). Two flexible chains may be hung, or two arches placed, one 
below the otlier and braced together, as in Fiye. 136 to 138. 

(3) . The chain or arch tnny be replaced hy two girders or braced 

ribs, either curved or straight, hinged together at mid-span 
, and each covering half the span, as in Figs* 139 to 142. 

(4) . The span may be crossed by a single girder, pinned at one end 

and suspended from a link at the other, as in Fig. 1 65. This 
arrangement is jknowo os the Suspended Girder. The Reliev- 
ed Bowstring, Fig. 166, may also be included in this class. 

$77, In either case certain distorting stresses, produced by the 
nneqjUal distribution of the travelling load, have to be provided for, 
bending moments being, of course, the same whether resisted by the 
stiffened chain or braced rib. Now, in the earlier Chapters it has been 
explaiiud that, a weightless bar being supposed to connect the points 
in which the resultant line of resistance meets the abutments of a 
Buspension Jlridge or Arch, the bending moment at anj vertical section 
is resisted by a couple wliich is mad,e up of the stress in this imaginary 
closing piece multiplied by the distance intercepted between the points 
in which the section plane in question is cut by the imaginary piece, and 
the actual resultant line of resistance of the arch or chain. It is obvious, 
then, that so long as no partial travelling load is on the chain or arch, 
that is, so long as the platform is uniformly loaded throughout, or prac- 
tically 60 ^ the chain, or linear arch, and abutments are sufBcient to 
resist the bending moments, and therefore, under iheso circumstances, 
whatever stiffening arrangement there may be, will not be stressed at 
all. Immediately^ however, a partial load comes on to the bridge, and 
the .loading becomes unsymmetrical, the bending moments sections 
in til 6 neighbourhood of the added load become increased, and t^ose at 
other sections correspondingly diminished. It is to this variation in 
the h^^^ding moments that the tendency tp departure of the line of 
resultant resistance from the parabolic figure is d^e, Jind it is .to meet 
these differential bending moments that the stiffening arrangement is 
required. Hence the conclusion-— 
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Ths p^matiisnt dead load need f^ot be taken into account in calculating 
the mapcirauvi etKCisees produced in the pieces of the atiffenmg arrangement ; 
neither need tfie travelling Ipadt provided it be unifot'tn and cover the whole 
length of the biidge* 

878. If, then, the structure bte rendered sufficiently stiff, the para* 

bolie fonu of the line of resultant resistance will not be sensibly 
disto^’ted by the passage of the travelling load, ^nd consequently the 
resultant vertical stress transmitted to it by each veriical connecting 
rod must necessarily be equal throughout, •Such ^ 

partial uniform travelling load having come on ^o the bridge, there will 
be an immediate tendency of the vertical rods connected with that 
portion of the platform which carries the added load to sink, accom- ' 
panied by a consequent tendency of the remaining vertical rods, (con- 
nected with the unloaded portion) to rise. So that it results from what 
has been said, that, if the parabolic figure be preserved, the nature of 
the stresses developed in the former rods will be of equal intensity, but 
of opposite sign to those developed in the latter; and the stiffening 
arrangement inust consequently be counterbraced throughout, each piece 
being designed to meet upward and downward stresses of equal amount, 
varying from a certain maximum compression to an equal maximum 
tension. Moreover, the roadway should evidently be pinned down as 
well as suppoivted at the abutments to prevent all liability to rise under 
certain conditions of loading, but on no account should it be fixed^ as 
that would iuterfere with its free expansibility under variations of 
temperature. 

879. Now although the abovei remarks are strictly applicable to 
structures designed according to each of the methods enumerated above, 
to none of them is its application so evident as it is to the stiffening 
girder attached to the roadway of the suspension chain, because the 
other structures being designed to carry both dead and live load 
together, w:bile the suspension chain girder only comes into action when 
the live load coyers a portion of the span, stresses permanently developed 
in the pieces of the rib by the action of the dead load are scarcely likely 
to pass through value zero and change their character during the pas^ 
Cfge of a partial live load, whiob, as the span increases, bears an ever 
dimipisbiog i:atiQ ^to the dead load. 

880. Whichever method be adopted, however, care tnust be taken to 
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design the principal member sQpporting the load on one side the road- 
troy, whether it be a suspension chain, pair of braced chains, metal arch| 
puir of braced or plate ribs, or suspended girder, strong enough to carry 
its, or their, own weight together with that of half the entire roadway, 
and of the greatest travelling load which is ever likely to come on to 
the bridge, added to the weight of the supporting rods and connections 
on that side of the bridge. And it must be remembered that the /unc- 
tion of the etiffening arrangement is in no way to add to the eupporting 
power of the etruclure^ hut etmply to distribute the effect of a partial load 
evenly over the supporting member. 

Hinges. 

88 1. All the structures referred to in para. 876, with exception of 
the Suspended Qirder, are best hinged at mid-span, although the hinge 
of the Chain Suspension bridge is sometimes placed near one of the 
abutments, as in Fig, 185, which shows a roadway-girder hinged at t 
and connected with the abutment by a short flap which rises and falls 
with every change of temperature. The roadway is, of course, hinged 
and not fixed at each abutment. 

Comparison of Methods /• and //.♦ 

882. In comparing the two methods referred to in para. 876 it will 
be observed that the employment of a flexible chain, combined with a 
stiffened roadway, as in Method L, is by no means an economical 
arrangement, because not only must the cross section of the chain be 
made strong enough to carry the whole load both dead and live, just as 
if it formed part of a rib, designed as in Method II., but the unequal 
distribution of a partial load has, in addition, to be provided for by 
separate girders which would be strong enough of themselves to carry 
the load more than across half the interval, and the pieces of which are 
most uneconomically strained, the stresses passing from tension to 
compression through value zero. It is, therefore, more advantageous in 
every way to make the supporting member stiff in itself, as in Method 
II., because by so doing a rigidity is obtained which is greater than 
that which can be obtained in the roadway girder, and, moreover, as the 
functions of supporting the load and stiffening the structure are both 
performed by the same member, material is economized. For if the 

* ClMcton Fidler's Pruetic^i Trtaiii^ on Bridet Con$(ruoUon,p, 161, 
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pieces of the structure bo designed, as in Method II., to carry the 
greatest load that is ever likely to come on to the bridge, they will also 
be able to resist the bending action of a partial load without being 
dangerously strained. 

Suspension Bridges and Braced Arches, 

383. Professor Ritter^ makes the following remarks in regard to the 
relative advantages of Metal Suspension Bridges and Braced Arches 
Suspension Bridges (for single spans) do not, unless special ar- 
rangements are made, compare favourably with Braced Arches, as 
regards the amount of material employed ; for in the latter the points 
of connection with the abutments are low down and the horizonta||i 
thrust acts against the abutments in the direction in which they are 
strongest; whereas in the former, the points of attachment are placed 
high up, and the horizontal pull tends to turn the piers over in the 
direction in which they are weakest; consequently the quantity of 
material in the piers will be much greater in the one case than in the 
other. 

The comparison would be less unfavourable to the suspension bridge, 
if there were several spans, the horizontal tensions neutralizing each 
other at the central piers, at least when the spans are equally loaded, 
but the objection still applies to end piers.’’ 

Anchorages and Shore Abutments, 

884, Illustrations of Anchorages and Shore Abutments are shown 
in Figs, 186 to 188, Plate XXXIV., and will be referred to again 
later on. 

Economic Proportions, 

885. Mr. Glaxton Fidler remarks f : ** As in the case of the parabolic 
girder, the economy of the chain bridge, and its limiting span, may be 
greatly increased by adopting a more liberal depth.” Thus, with a depth 
of one-eighth the span the limiting span, with a working stress of 5 tons 
per square inch, will be increased to 2,560 feet; and if we adopt a depth 
equal t(fone-fourth of the span, the limiting span will be theoretically 
increased to 4,160 feet. But in practice it is impossible to adopt the 

• Bltt«r*a It^n Bridgtt and Roofi, Cbftpter Vtlt., (tninilatod by Lieut, (nqw Ceptolu) Stakey, B.S.). 

t Prtotleel TreatiM ea Bridge Cpaacraetlon, p. t9i. 
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moat Gconomio proportions or anything like them, boctnise the greater 
the (lip of the chain the greater will be the distortion produced by 
the rolling load, and the greater the oscillations attending its passage 
acioss the budge. # ♦ ♦ # These reasons have contributed 

to limit the piopoitions adopted in practice, and a tolerable degree of 
stead in OSS has been attained by stretching the chain to a flat curve. 
In most of the existing examples the dip does not exceed j^^th of the 
span, and in many cases a depth of ^^th to been adopted with 

advantage — so far as stahihty is concerned, but of course with a con- 
siderable saciifico of economy.^^ 

Depth of Stiffening Girder* 

386 Sir B. Baker fixes the depth of the stiffening girder* at about 
^'gtli the span for spans of 300 feet and upwards, to ^yth for spans of 
about 1,400 feet and upwards. For shorter spans than these the pro- 
poitions gifeii in para. 195, Vol. I., may bo adopted. 

Method /. 

The unhinged Stiffened Chain Suspension Bridge* 

887, The stiffened Chain Suspension Biidge is the common example 
of tlii-i method, Tlio roadway girder may be hinged at mid-span, near 
one abutment, or not at all.* The last-named ariangement is objection- 
able, bub, as many existing budges are constructed on this principle, it 
will be considered first. 

388. As has been already stated, the roadway girder whose function 
it is simply to stiffen the chain, must not bo reckoned on to support the 
load at Its extremities, although necessarily seemed there in order to 
pievent its rising, but be simply legarded as suspended from the chain 
at ccitain points by means of the suspeilders, 

389 In considering the equilibrium of a partial load, therefore, we 
must regal d it as suspended fiom the chain at the following points, vit*^ 
the point of su^pehsion of the chain at the abutment wliich is the nearer 
to the centre of gravity of the load, and the suspenders connected with 
the panel points of the girder. 

Tiie vnlne of the reactions at each of these points depends upon the 
normal foim of the chain. If, as is usually the case, the figure be 
* Long Span Railway BridgM, p. (I. 
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parabolic, which is that corresponding to a series of vertical loads 
equally distnbuted along a horizontal line, tlint is, in fact, unifoimly 
distnbuted loads, the reactions are necessarily equal thioiighout ; if, on 
the othei liand, the noimal form he that of any other geornetrieal figure, 
then the intercepts on a straight line diawn paiallel to tiie Mispcndeis, 
geneially vertical, aeioss the vectors of the force polygon deterinine the 
magnitudes of the covicsponding reactions. 

We shall, as already explained, suppose the figure of tlie chain to be 
parabolic. 

The constiuction foi determining the leactions at the points of support 
due to a paitial travelling load, and the stresses developed m the glider 
will bo apparent from the following example : — 

E rumple I, ^ 

390. A clear interval of 300 feet is to he spniincd hy a stiffened 
Ciiiiin Suspension Bii lge, of the foi m sIionmi in Fn/. 1 Cii), Plufr XXX 1 1., 
the glider not beii»g hinged at the middle of the budge. The paneU of 
the girilei aie to be 15 feet apart, and its height 15 feet. It is leqiiiied 
to determine — 

(1) . Tlie sti esses in the stiffening girder when an engine and tender 

only, weighing 1*25 tons per foot lun (uniloun) come on to 
rods 12, 18, Id and 15. * 

(2) A1 so the maximum stiesses for which the links of the chain are 

to be designed, taking the weight of tlie striieture at 1’25 tons 
per foot run, supposed unifoimly distnbuted, and the uniform 
travelling load coveiing the whole span at 1 ton poi foot ion. 

Scales, — Lineal Scale, 5t) feet to 1 inch 
Scale of loads, 20 tons to 1 iin li. 

(I ). To measure the stresses tn the gtrdei , 

In order to measure the stresses proiluced in the ginler hy the given 
partial load, the polygon of bending moments must first bo described in 
the usual way. 

Thus the loa<l carried hy each of the four loaded suspenders 12, 13» 
14 and 15 is 15 X 1''25 =: 18*75 tons, making a total applied load of 
75 tons 

• The genorftl method th«t follows is taken from Chalmers’ Graphical Dttermtnadon o/ forc*M 
in Engineer wg Struclv e$, p 293 
VOL. II. 
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Set ofT A.'' a' downwaids from A" and equal to 75 tons on the scale 
of loads, and divide it into four equal parts in the points Take 

any convenient polo at a convenient distance, say 100 lineal units, 
from A"a", and di'scribe tlic [)()lygon of bending moments A'’"' 12, 18, 
14, 15 A' in tlie usual way. .loin A' A" and divide it into 20 equal 

parts in the points 1, 2, 8 10, and through tlieso points draw the 

vertical liiu's of loads 

If A* 12 and A' 15 he produced to meet in and the vertical line 
ho draun tliinugh it, then would p^p' he the line ot lesultant paitial 
load, were the chain tlexihle and weightless. 

i3nt the tigure of the chain is to icniain symmetiical and painholic 
under all conditions of the loading, tlierefoio the stiffening girder must 
take up such stiesses as will enu^e the icactions of the siispeinling lods 
to he equal througliout and the lesultant load hue to he shifted into the 
vcrtieal plane >>hieli ih\ ides the hi idg-e symmetrically nml contains lod 10. 

Therefore, if Oj is the juunt in wliieh the side A'p of the eipiilihrium 
polygon cuts the veitical tluough lod 10, the middle lod of the hiidge, 
thou will A'' lie tin' diiection of the actual lesistanco at A" of the 
partially loaded chain. 

Through P, diaw P,n," paiallel to C,A'; then will represent the 

additional roHistnin'.e that must bo taken at the suppoit A'' in order that 
the chain may not become di.stoited, and the remaining veitical resistance 
a," A'' must conse(piently he taken up equally by tlio 10 suspending 
roils, if the chain is to maintain its paialiolic figuio. 

lOivide the distance into 19 equal paits and nimiber them down- 

wards fiom A"; then will eaeli division represent the leaistance of the 
rod which heais the same numher. 

By joining the 10 points td division of A"a'' to the pole P, the force 
polygon of tlie chain lenctions is obtained, and hence the equihbiinm 
polygon of chain leactioms can bo described in the oidinuiy way and it 
will necessarily ho parabolic. 

Let us examine how the bending moment produced by the partial load 
is resisted at any section as The total ordinate py' measures 

43*4 tons about on the scale of loads, and theiefoie lepresents a bending 
moment of 4,IU0 foot-tons, since the polo distance has been taken at 
100 lineal units ; of this moment, ;q7r' which measures 17 tons about and 
therefore represents 1,700 foot-tons, is taken by the chain, the remain- 
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der representing a bending moment of 2,G40 foot-tons about is 

resisted by the stiffening giidor. In fact — 

The beading moment of the aui'iltaig girdt^r at any cross section ts meas^ 
ured bf/ the number of load units there are in the length intercepted between 
the cord polygon of chain reactions and that oj the paituU load^ multiplied 
by the number of lineal units in the polar distance of the foice polygon {or 
vice versdy i.e., the iniei cept may be measured in Itntai iinitSy and the pole 
distance in load units). 

The several steps, tlion, are as follows : — 

(a). Desciilie the moment i>olyg<m ut the partial load. 

{b). Determm(‘ the reactions at the abutment uliicli is nearer the line 
ot acti(;ii ot the lesiiltant load, and of tlie lods, 

(o’). De-'Cnbe the moment [jolygou ol chain leactioiis. 

The UHpiired inteici'pls can then he measuied, and bending moments 
determined, which, ili\ided by the etlective depth ut tin* girder, give at 
once tlie stresses in tlic llange*.. 

(2). To measuie the maiimum ^Stresses in the chain links. 

In order to measuio the maximmn stiess(‘s to which the chain links 
are liable, we have the tolluwing data — 

The luail c.inu'd by caih oin* ot tin* 1 'J veitical lods placed 15 feet 
apart is 15 x (hJ5 + 1) =: o.J 75 tons As one-halt this load is taken 
at each abutment, we have foi tin' total hnuf 55 7o X 20 = 075 Ions. 

It IS ubvioiis that the foice and e<pHlihiinm polygon.s, alieady tliawm 
for the chain leactioiis, may bo utili/rd to incasiiie the hide stie«ses, tt 
we simply extend the load line iV*nf cither w'ay l»y hull the length of a 
single reaction, that in to the points n and /I, as shown, aiul altm* the 
scale ot loads. As the total load, lepiesenled by length a/1, actually 
measures 51 tons on the ohl scale, and ^llould Jepieseiit f)75 tons 
on tlie new, we base the following pii>[i(ntiou foi lorrnmg the new 
scale : — 

075 ; 100 51 7 55 tons. 

The new distances have been scaled on the uudeiside ot the old scale 
of loads. The pole distance has not been changed and measures 100 
lineal units. 

The maximum ordinate of the link polygon (formerly the chain reac- 
tion polygon) measures 25*5 tons about on tins new ;scale, consequently 
the bending momcmt at this cros.s section amounts appruxiuiately to 
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to 2,550 foot-ions, and the maximum link stress A*"?, measures about 
603 tpns. 

Summary of Construction for design of Unkinged Stiffening Girder, 

391 . The above example illustiates the method of determining the 
reactions at the abutments, the chmn reactions, and the link stresses, 
Hiiving drawn a series of equiliiiiium pcdygons (or different dispositions 
of the load, it is easy to pick out the maximum moment at each apex or 
panel point, and these maxima may then bo laid olT for the respective 
apices and a diagram of maximum moments obtained for the giider. 
These being scaled off and divided by the elTeclive depth give the maxi- 
mum sti esses in the dangos. 

Bendtng Momenta, — By calculation it may be ascci tamed tliat the 
greatest bcmlmg moment occurs when about six-teiiths o( the girdei is 
loaded with a umloim load. It follows, then, that the maximimi bend- 
ing moment in tlie stiffmiing girder is tbo siinio as for a simple girder 
of six-tentbs the span loaded with tiavelling load only. 

392 . Skearifif/ Fmces, —The diagiam of shearing forces for the partial 
loaii dealt with in the pievious example is shown by a chain line in A’ly, 
170, Its bounding lines are— from panels 1 to 12 along the line A"A' 
then down along the zigzag line abcdefg to a' and af and so along the 
stepped line back to panel li- 
lt will bo obseived that the cross section of zero shearing force occurs 

at panel 13, at which panel the section of maximum bending moment 
also occuia. 

Also, since the active shearing force is the resultant stress on the 
right side of the section, that on the left being regarded as the sheaiing 
resistance, it will be observed that the portion of the diagram to the 
right of panel 13 represents upwaid foices and that to the left down- 
ward ones, the diagram being, in fact, plotted in the reverse diiection to 
that usually adopted for convenience of representation. 

393 . It is, moreover, obvious that the maximum shearing force occurs 
at any chosen cross section of the girder when the uniform travelling 
load extends from either support up to the section in question, and the 
longer segment is fully loaded; and further, that it is measured at that 
section by the sum^ of the chain reactions in front of the load. The 
strain in the corresponding diagonal of the stiffening girder is then 
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known, being equal to the shear at tlie apex of the panel multiplied by 
the secant of the angle which the diagonal makes with the vcitical. 

Hxngtd Stiffening Git dev, 

894. When the stiffening arinngenient consists of two roadway 
girders, each covering lialf the span, and hinged at mid-spnn to one 
another, the resistance at iho mid-span joint foi the unloaded hall of the 
bridge must pass through the point ol the nbntnient piei fiotn which the 
chain on that si<le is hnng, as shown in Fig *192, Ptafe XXXIV,, and 
the system becomes, in fact, cqai\alent to two links o'SA' and, 
hinged at tlie point S, and suspended fiom the points a' and a". Tlie 
case is, in fact, the leveise of the hi need nudi in innny i aspects, which is 
dealt with, ag far as concerns stresses duo to tiavclling load, in para. 
400, et seq. 

An examination of the effect of different positions of the travelling 
load, after the manner of the paras, referred to, will show that — 

(1) . The bending moment at any cio^s section of the stiffening 

gilder reaches a maximum when the load extends fiom the 
abutment beyond the cenlial hinge to a point on the roinlway 
for which the moment at the cross section under consnlei ation 
is zero — this disposition producing tension in the flange when 
one of the segments is loaded and oompression when the other 
one is. 

(2) . And the maximum shearing force, it will be seen, occurs at one 

extremity ol the girder, when the adjacent half span is fully 
loaded. 

The Shore Chains, 

396. The shore chains may be designed on the following princi- 
ples* 

The directions of the links either side the abutment pier and magni- 
tudes of the link stresses must be such as to produce a resultant acting 
down the centre of the pier. 

The masonry behind the abutment to which the chain is anchored is 
generally proportioned so as to be capable of resisting at least twice the 
tension developed in the end link of the bridge chain at the abutment. 

If the figure of the shore chain and directions of pio stay rods be 

• rhilmera* Oraphkal DfUrmtnatton of Forets in Engtnttring Structurts, Chapter VI. 
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known, then the stresses in the pieces and weight of masonry required 
can be determined by means of force and cord polygons in the following 
manner 

Prolong the direction of the end link C,A' of the bridge chain, Fig, 
170, to P,, making A'P, equal to twice For convenience in 

Plate XXXll., A'Pj has been made equal to P,a," in length, but is 
mea^^ured on double the scale, so that the weights of masonry blocks 
must be also measured on the latter or double scale. 

Tiirough P, draw a vertical straight line, and from A' draw A'P, 
parallel to the given direction of the top link of the shore chain, cutting 
the vertical through P, in P,. Then is Pa the pole of the required force 
polygon which can be completed in the usual way by drawing through 
P, vectors parallel to the successive links, and, commencing from A', 
straight lines successively parallel to the successive stay rods at the 
points where the latter severally meet the corresponding vectors (not 
shown in Fig, 170, the scale being too small). Then will the weights of 
the successive masonry blocks bo measured by the projections by hori- 
zontal rays of the respective stay stresses (in the stay rods) on the verti- 
cal through A'. 

396. It is evident that the resultant reaction at the abutment pier 
will bo vortical because whatever proportion of A'P, be called into play 
at the pier apex the sam6 proportion of A'P, will be so also, and the 
resultant P,?, will, therefore, be always vertical, 

397. If, on the other hand, it be required to design the shore chains 
to bo weighted in a given manner, then the procedure would be some- 
what as follows 

Suppose there is a length of about 60 feet of stone work, 30 feet wide 
(giving 15 feet for each set of chains) and 12^ feet deep, and weighing 
about 151 lbs. per cubic foot behind the abutment. Each stay rod will 
be weighted with a block 15' X 15' X 12 J' weighing about 200 tons. 

Extend the direction C,A' of the last bridge-chain link, as before, 
backwards, and measure on it a stress A'P, equal to double that of the 
bridge-chain link at A'. In Plate XXXII, the scale of A^P^ has been 
taken double that of P,a,", so that length A'P, is equal to length 

ari\ 

From A' set down the four loads, each 200 tons, and using Pj as 
pole, desciibe the force polygon P, A'o,', and from A'a' the correspond- 
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ing cord polygon A' to tho apices of which lie on the lines of loads 
«i, 8s and Si of the blocks of stone behind the abutment. Let the 
extreme sides of this cord polygon meet in G'. Then will the lino of 
action of the resultant of these abutment loads pass through G'. 

If now the stay rods are vertical, it is only necessary to project these 
force and cord polygons (by moving the pole vertically downwards) so 
that the extreme sides of the latter shall pass through A/ and Fig. 
169. This may be done thus— 

Produce the extreme side of the cord polygon already drawn to 
meet the vertical through A' in D, and setoff from A/ the length A,'c/, 
Fig. 169, equal to A'D, Fig* 170. Join d w'ith tho extreme point 
beyond which tho chain is anchored, and join g' A/ ; then is y'A/ the 
direction of tho top link at A/ of the shore chain, and ds^ {or g's^) is 
that of the extreme eide of the required cord polygon, t.c., of side 5. 

From o/, Fig. 170, draw a/ P, parallel to side 5, and from 

A' draw A'Pa parallel to A/g' \ then will P^ be the new pole, and it will 
be tho same distance from the load line as is P^, The force and cord 
polygons can now be drawn in. 

If the stay rods are inclined to the vertical, as is generally tho case, 
then a portion of tho horizontal pull will be taken by them, and the 
force and cord polygons will be correspondingly altered, but the direc- 
tions of the extreme sides and the lino of actlDn of the resultant loads 
will not be altered. 

Fig. 187 shows a hollow anchorage in the form of an arch, suitable 
for anchoring side 5. 

Method II. 

398. As remarked in para. 381, all the structures designed under 
Method 11. are hinged at each abutment, and also at mid-span or near 
one of tho abutments, so that each structure constitutes a linked 
system. 

In the Hinged Stiffened Suspension and Arched Rib the length of 
each link or rib is the same, the binge being at mid-span, and each rib 
being in fact a suspended girder, consisting of an upper and lower member 
united by a plate web or by open bracing, and each deep enough to ensure 
tbe requisite degree of rigidity. About one-half the rise of the arch, or 
depth of the central hinge of a suspension bridge below the pier hinge 
level, would usually be a sufficient maximum depth for the rib. This 



CHAPTKH XXIV. 


220 


[ ART. 399-401. 


system may be OesiK^eil in many forms, but it will be sufficient to call 
attention to the following, tic. 

(1) , The form shown in Figs. 137 and 138 in which each rib is a 

parallel girder, whose neutral axis corresponds with the para- 
bolic form of the suspension curve or lineal arch, 

(2) , The form shown in Figs, 141 and 142 in which the depth of 

each rib is proportional to its curve of bending momenta, each 
being, in fact, a parabolic girder. 

The latter form is by far the better of the two. 

(3) . The form shown in Ftgs. 139 and 140, consisting of braced ribs, 

hinged to one another and also to the abutments. 

(4) . In the suspended girder, Ftg, 165, the length of one of the links 

or libs of the system reaches a minimum. 

399. If the bridges of tins system be designed to carry a full load, 
they will be strong enough to carry a partial one, and as the stresses in 
none of the pieces will fall short of that due to the dead load alone, they 
will not alter in tlieir nature during the pas'<ago of the travelling load, 
as in the case of the stiffening giider to the suspension cable, and are 
consequently strained to much greater advantage, 

400. Ill the case of bridges covering long spans, however, economy 
of mateiial is of tlie utmost importance, and the following method* of 
treating the Biaced Arch' and Suspension Rib illustrates the manner in 
whioli that distiibution of the travelling load may be ascertained which 
produces the maximum stress in each piece of the structure, 

401. Fig. 171, Plate XXXI 11., shows a Braced Arch with curved 
bottom boom, hinged at mid-span and at each abutment, and containing 
10 panels in each semi-span. 

Let the several pieces of each panel be lettered as sliown. It will be 
suffieient to examine the distiibution of load as affecting the left half 
span only. 

Since the system is equivalent to the two links A'^S and A'S, 
which are freely hinged at their extremities, a load placed any where 
on the left half of the arch will produce a hinge reaction at S which is 
entirely in direction A^S; and similarly one on the right half in direc- 
tion A'^8. 

With this preliminary remaik we shall proceed to examine the distri- 

• Vidt Ritter’s Iron 8Hdgt$ and Rooft, 
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bation of loads producing a maximum stress in each piece of the left 
semi -arch. 

402. Stresses in Bars X, — Consider bar Figs, 171 and 172, 
Plate XXXIIl. It is necessary to determine which loads produce 
tension and which compression, and to do this, since the loading is, 
by hypothesis, continuous, the cross section must be determined at 
which the load if placed produces no stress at all in X^. Because, re- 
garding the continuous travelling load as a series of very small equal 
detached loads closely following one another and passing continuously 
from right to left (suppose) across the bridge, it is evident that once 
the head of the load has passed to the left side of this cross section, the 
value of the bending moment of that portion of the load which is to the 
left of the section has already changed sign, that is, the resultant 
bending moment at the section in question has begun to diminish in 
numerical value. 

Let any vertical plane afi then be taken cutting the three bars X,, 
y, and Zj. Then, the point about which to take moments in order to 
determine the stress in X^ is clearly the point of intersection of the re- 
maining two bars, namely L. (Figs, 171 and 172). 

If A^L be joined, Fig, 172, and produced to meet the direction of the 
hinge reaction R' (acting in direction A' 8) in 0, then will the vertical 
plane containing 0 bo that in which tho weight Q must hang so as to 
produce zero bending moment at cross section^i^. 

For, if Q be hung in that vertical plane, it must be balanced by 
reactions in directions in A'C and A"0, 

Thus, the portion a/3S of the arch is acted on by tho impressed 
forces Q and R', which are equivalent to tho single resultant R'^ acting 
in direction CA", which, therefore, has no moment about L, being a 
point in its direction. Therefore also is no resistance called into play m 
Xj, there being no bending moment requiring to be balanced. If Q be 
placed to right of C, then its effect for all positions to right of S is 
along hinge reaction R'^ in direction BA'', and for all positions be- 
tween S and C along directions of lying between BA" and CA" and 
passing below L, So that the effect on a|3S is to produce a moment 
acting in the direction of the hands of a watch, and therefore extend- 
ing X,. 

For positions of Q between C and R^ passes above L, and there- 
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fore produccB a moment round L in a direction contrary to that of the 
watch hands, and therefore compressing X^. 

For positions of Q to left of a/3, tlie resultant of Q and is the 
force R\ acting on o/38 in direction from S to A', and producing a 
moment round L tending to compress X 5 . 

The nature of the stress produced in X^, corresponding to the position 
of the load in regard to section a/3, is indicated in Fig, 173. 

It has been already explained that for an arch or suspension bridge 
the curve of whose system of pieces immediately sustaining the loads is 
an equilibrated one, as soon as the bridge is fully loaded, the stresses in 
the horizontals and diagonals disappear, the verticals transmitting direct- 
ly to the pieces of the bridge immediately sustaining the loads. Now, 
as explained, the pormanont load is uniformly distributed over the span 
and, therefore, produces no stress in the horizontals or diagonals. 

Thus, in calculating the stresses in horizontals and diagonals the per- 
manent load may be left out of account. 

403. Stresses in Bars Z. — Consider bar Z^, Fig, 172, and, as before, 
let a vertical plane a/3 cut the three bars X^, and Z^. Join to 
N, the upper extremity of the diagonal and produce to meet R' in B. 
Then, from what has been already said, it is easy to see that the vertical 
plane containing B is that in which the load Q must be hung in order 
to produce zero bending moment in Z^ at any cross section a/ 3 , the point 
N being clearly that abor„t which to take moments ; and, further, that 
positions of Q to the right of B cause compression, and those to the left, 
tension in bar Z^. There will, in fact, bo a maxininra tensile stress in 
Z 3 when the segment of the platform from abutment A'^ up to B is fully 
loaded, the right segment from B to abutment A' being unloaded, and 
a maximum compressive stress when the right segment is loaded and the 
left unloaded. 

And it must be remembered, as before explained, that the permanent 
load must be taken into account in designing the pieces Z. The nature 
of the stress produced in by the load in various positions is shown in 
Fig. 173. 

404. Stresses in diagonals Y. — Consider bar Y,. Taking the vertical 
section a/3 as before, the point about which to take moments is clearly 
Mp the point of intersection of the other two sides (Z, and X,) cut by 
the plane. {Figs, 171 and 172, Plate XXXIII). 
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Join A^M, and produce it to intersect R' in Dj ; then Q mast ob* 
Tioosly hang in the vertical plane containing Di in order to produce zero 
moment about M^. 

For, as before explained, Q and R' balance about M,, being a point in 
the direction of their resultant ; and consequently the moment of the 
stress in Y, must be zero, that is, Yi will not be strained at all. 

If Q be placed to the right of S, the resultant of Q and R' will pass 
in direction SA^, and if hung in any vertical plane between S and Dj in 
some direction lying between 8 A"' and D,A^> either case passing 
below Mj and producing a moment round M, acting in the same direc- 
tion as the hands of a watch, and therefore compressing Y^. 

If Q be hung in a vertical piano between D, and o/3, the resultant R^ 
passes above Mj and produces a moment in a direction contrary to tlie 
hands of a watch, and therefore tending to extend Y^ 

If Q be hang to the left of section a/3, the resultant R', acting in direc- 
tion SA', produces a moment round M likewise tending to extend Yj. 

These results are shown in Fig. 174. 

In the case of the diagonals of panels which are so situated that M 
falls to the right of (or left of as the case may be), Figs* 171 
and 172, the point M lies to the right of, that is above, R' (or loft of R'’^ 
as the case may be), and there will then be tlireo groupings; that is to 
say, as the detached load moves on to the bridge from right to left 
(suppose), the stress in these diagonals will twfee pass through value zero. 

Consider the diagonal Y^, Fig. 172, The position D, (being the in- 
tersection of A'^Mj with R') of the section of zero moment at aft can 
be found as before, the resulting stresses in Y^ for loads hung on the 
span from A' to D^, and again from D, to section aft, being the same 
as in the last case, compression in the former case and tension in 
the latter. At section a^, however, there is a change in the nature of 
the stress, for immediately the isolated load passes to the left of the 
vertical plane o/3, the active resultant force influencing the portion o/38 
changes to R' which now passes below, instead of, as before, above M, 
the result being a compressive instead of a tensile strain in diagonal Y^. 

These results are shown in Fig> 174. Thus, a maximum compressive 
strain is developed when the bridge is loaded from A' to D,, the strain 
being again compressive when the segment between A'' and section afl 
is fully loaded, the remainder of the bridge in each case being unloaded. 
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A maximam tension in the diagonals under consideration is obtained 
when the segment extending from section a6 to the vertical plane 
through D, is fully loaded, the remainder of the span being unloaded. 

For diagonals, such as and for which M falls at a more or less 
infinite distance, the section itself, such as a/3, is the only limit 
(Fig. 171). 

As already explained, the permanent load need not be taken into 
account in determining the stresses in the diagonals, 

406. StresseB in verticals V. — In examining the verticals, the section 
plane must be oblique, not vertical, otherwise the vertical would 
not be cut through {Fig. 172). 

The load limits for are the same as for Yj, and in the case of 
panels near the central hinge there is, as for the diagonals, a second 
limit, the oblique section o,/3, cutting the vertical, so that the 
position of the intersection of this oblique plane with the roadway will 
differ from that of the limiting plane of the diagonal by one bay. The 
conditions of loading that produce tension in the diagonal will be found 
to produce compression in the corresponding vertical, and vice versd 
{Fig. 174). 

The effect of the permanent load on the verticals must, as already 
explained, be added algebraically to that of the moving load. 

The Shor^Spane of Suspension Bridges. 

406. Professor Ritter, in Chapter Vllf. of his Iron Bridges and 
BoofSf points out that the objections made by him to the omployraent 
of Buspension Bridges for single spans as compared with Braced Arches, 
and quoted in para. 388, are obviated by the adoption of short shore 
spans, as shown in Fig. 175, and he proceeds to investigate the effect of 
the travelling load on a structure of this form in the following manner 

Such a bridge can, on the whole, be represented by the system of 
links shown in Fig. 176, a vertical load placed between A and C or B 
and D producing vertical reactions at A or B ; one placed between A 
and B, reactions either in directions AC or BD, according as the load 
is between A and S, or S and B, S being the position of the central 
binge of the main span AB. 

Thus, a load placed on either of the end links AO or BD has no effect 
on either of the remaining links* 



AHT. 407-408, ] SUSPENSION, ABOH AND CANTILEVER STRUCTURES. 226 

“ When the rod OA, therefore, is alone loaded, it behaves like an 
ordinary beam supported at both ends, and when the rods AS and SB 
are loaded, they are in the same condition as if the points of suspension 
A and B were fixed,** ♦ 

As the system of four braced portions is hinged at the points C, 8, 
and D, and freely suspended and hinged at A and B, it follows that the 
stresses in the bars of the centre, or main, span can bo determined in 
the manner already explained for hinged arch work, while those in the 
bars of the shore spans will now be investigated, the two following laws 
being observed, viz^ 

(1) . A load on the central span necessitates a reaction at the points 

A and C in direction AC, and similarly for span BD. 

(2) . A load placed on one of the shore spans produces a vertical re- 

action at A or B as the case may be. The shore spans may 
each be equal to one-half the main span length* 

407 . Stresses in horizontals X of Short -»9/)ans.— The stress in any 
horizontal is to be found by taking a vertical section a/? cutting the 
throe bars X, Y and Z, and then forming the equations of moment 
either for part o/SC or a/3A, with reference to J, the point of interseo* 
tion of the other two sides, vide Ftg* 177, Plate XXXlll. 

Any vertical load placed on any point of the roadway of Ctt/9 pro- 
duces, by law (2), a vertical reaction at A and necossitates a tensile 
stress in X^. • 

Any vertical load placed on the portion a/?A produces similarly a 
vertical reaction at C, and consequently a tensile stress likewise in X^. 

A vertical load placed on the roadway of the central span produces a 
reaction at 0 in direction AC, and consequently a compressive stress 
in X,, 

A load on half span BD has no effect on half span OA. Therefore 
the groups are as shown in Fig* 178, 

When the load is uniformly distributed throughout, as before ex- 
plained, the horizontals and diagonals are under no stress if the curve 
of the chain be parabolic. 

408 . Stresses in the diagonals . — In order to measure the stress pro- 
duced in a diagonal, moments must be taken about the point of inter- 
section of the other two sides cut by the chosen vertical plane. Consider 

* Iron Bridgtt and Boo/$, 9 . IfiS. 
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the panel whose diagonal is Y,, Fig. 177. Produce bars and Z, 
to meet in M, as before. A load placed on Aa/3 produces a vertical 
reaction at C and consequent compression in Y^; one on Ca/3 likewise 
compression in Y^ ; one placed on the central span, a reaction in direc- 
tion AO and consequent tension in Y,. The general effect, therefore, 
is the reverse of that produced in X,, (Pig. 178). 

For diagonals of panels situated so near the abutment that the point M 
falls between the vertical through abutment bingo C {or D) and the lino 
of reaction AO (or BD), the moment of the hinge reaction at the abut- 
ment obviously becomes reversed, and we have compression where we 
had tension before in the diagonal for loads placed on the segment be- 
tween bingo 0 (or D) and the section in question. Such is the case with 
diagonal Y„ the varying stresses in which are shown in Fig. 180. 

In the case of panels still nearer the abutment, when M falls outside 
both reaction AO (or BD) and also the vei’tical through 0 (or D), the 
stresses in the diagonal, such as Y^, remain the same as in the previous 
case, Y„ for loads placed on span AC, but all loads coming on to the 
central span cause compression instead of tension in Y^, as shown in 
Fig, 179, the moment of the reaction AO being obviously the reverse of 
what it was in the cases Y, and Y,. 

Lastly, for panels so near the abutment that the sides X and Z are 
60 nearly parallel that M falls at an almost infinite distance from the 
section in question, all loads on span AC produce tension. 

409. Stresses in verticals V. — The points about which moments are 
taken in order to determine the stresses in the verticals are the same 
as those for the diagonals, and the loading boundaries will, therefore, bo 
nearly the same, (the section a/3 being in this case oblique); but it 
will be found that the loads that produce tension in the diagonals will 
cause compression in the verticals, and vice versd. Moreover, it will be 
found that the third and fourth classes of panels, above referred to, 
(V, and V,) possess a second boundary, determined by the section 
plane itself, the intersection of which with the roadway will probably 
not coincide with that of the loading boundary for the corresponding 
diagonal, owing to the obliquity of the section. 

410* Stresses in the chain Unks^ Z. — Taking moments abont O, the 
point of intersection of the two sides X and Y, it will be seen that loads 
on the central span extend bars Z, while those on a side span compress 
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tbem. Fig, 182 A shows the state of stress in bar of the span AO, 
for different positions of the load, 

A itachmenta of Chain to Central Fieri, 

411. Fig. 183 shows an unbraced freely-jointed frame, resting on the 
pier at the road level ; in Fig. 184 the top of the pier forms the roller 
path for two friction rollers, over which the chain is carried ; while in 
Fig* 185 the chains are shown as being attached to a smooth metal 
plate which is carried on friction rollers at the top of the pier. 

The above are taken from Ritter's Iron Bridges and Roofa^ p. 182. 

Stahility of the Shore Abutments, 

412, It has been explained in para. 406 that loads on the central 
span of the Suspension Bridge shown in Fig. 175 produce a pull at the 
abutment in direction CA or DB, as the case may be, while those placed 
on the side spans cause vortical reactions at A and C, or B and D, 

The former loads, then, tend to overtnrn the abatment about its 
lower edge, while the latter add to the stability of the abutment, since 
they tend to prevent sliding. The stability of the abutment will thus 
be in the least favourable condition when the central span is fully loaded, 
and the side spans unloaded. 

The suspension chain should be securely attached to the abutment 
pier by means of a chain built into the masonry and anchored down in 
it. (Hitter's Iron Bridges and Roofs ^ p, 18?). 

Stability of Abutments and Piers of Braced Arch, 

413, Herr Ritter points out that the force tending to overturn the 
abutments or piers of an arched bridge is the horizontal component of 
the thrust of the arch, the vertical component adding to its stability, 
and that although both these components are greatest when the bridge 
is fully loaded, yet that the excess of the moment of the horizontal 
component about the outer edge of the abutment over that of the verti> 
cal may reach its maximum with a partial load, 

414. In order to determine the position which a load must occupy 
on the bridge in order to produce no overturning effect, join F, Ftg, 186, 
the limiting point at the foot of the abatment beyond which the com- 
pressile action of the resultant thrust would be unsafe, with A^, the 
abutment bridge hinge, and produce FA^ to meet A'^S, the direction of 
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the central hinge reaction of the other half of the arch, in E, A load 
hung in the vertical piano containing E is in the limiting position ; loads 
hung to the left of E producing resultant thrasts falling outside, that 
is, to the right, of P, and those placed to the right, producing resultants 
falling to the left of P, 

The most disadvantageous arrangement of loading, therefore, is ob- 
tained when the bridge is loaded uniformly from the left support up to 
the vertical plane containing E. 

To resist the effect of this, there is the moment of the weight of the 
abutment or pier, and in the latter case, that also of the thrust of the 
contiguous arch (which, however, should be regarded as carrying no 
travelling load at all). 

The Relieved Bowstring and Suspended Girders, 

416. An attempt has been made to combine the advantages of the 
Suspension Bridge and the Girder in the arrangement known as the 
** Suspended Girder/’ and also in a series of Relieved Bowstring 
Girders.” 

416. From what has been said in the earlier Chapters of Part L, it 
is obvious that an upright bowstring girder might be converted into an 
arch by severing the lower or tension member, and allowing the ends to 
rest against abutments capable of resisting their horizontal thrust; 
further, that if the abutments can only resist a portion of the horizontal 
thrust, and the lower cord be retained, the latter will be subjected to a 
stress which is measured by the difference between what it would have 
been had the girder been freely supported at its extremities, and the 
relief afforded by the abutments ; also that in a similar manner an in- 
verted bowstring girder might be converted into a more or less complete 
suspension structure. 

417. ^ Let, then, the point C of an inverted parabolic bowstring 
girder, Fig, 165, Plate XXXI., be suspended from S by tlie short link CB, 
which is inclined in the direction of the tangent to the curve of the bow 
at 0 and connected with a backstay which is anchored back in heavy 
masonry, the other extremity A of the bow being either hinged to the 
abutment in the usual way, or anchored back similarly to the link GB, 
The parabolic bow and backstay thus form together a suspension bridge 

* OtAxion Fidlar*t iYa«fical rVaolMa on Bridgo Comtruction* 
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which obpiously carries a full uniform load without any asBistance from 
the upper boonii because, when the uniform load is distributed over the 
whole of the girder, the horizontal component of the pull in the inclined 
link C8 will be exactly equal to the thrust which would be developed in 
the upper member of the inverted bowstring were it freely supported at 
each end, while the diagonals, too, remain unstrained. 

With a partial load, however, the curve of equilibrium necessarily 
alters, and therefore the direction of the tangent at C, whereas that of 
the link CS remains of necessity constant. To meet these strains due 
to partial loads a certain amount of material must be put into the 
compression bar and diagonals of the bowstring, but it will be observed 
that the stresses in the parabolic member, as do those in the web brae** 
ing and vertical posts, remain unaffected by the pull of the inclined link, 
and are the same as would be developed in a similar bowstring hinged 
at its extremities. By this arrangement, however, a large mass of the 
material that would have been otherwise requited for the compression 
member is dispensed with, while the rigidity and freedom of movement 
under changes of temperature characteristic of the bowstring girder is 
retained. The stresaeSf in fact, which are developed in the straight boom 
of the girder, the only piece directly affected by this arrangement, under 
partial loading, are measured by subtracting the horizontal component 
of the stress developed in the inclined link fr^m the stress that would 
have been developed in this boom had the girder been freely suspended 
at its extremities. This arrangement is known as the Susptnded Girdir^ 

418. The same principle is applied to a series of upright bowstrings 
covering consecutive spans, Ftg. 166, the thrust of each how being met 
by the counter thrust of the neighbouring one, just as in a series of 
masonry arches. Under uniform loading throughout the bridge, the 
lower members will obviously be relieved of all tensile stress. 

To produce this result it is necessary so to arrange that the load shall 
in some way Call forth the necessary reaction of the abutments, and this 
may be done by serering the lower cord at any point in a span. For 
instance, the central span might be arranged as a hinged rib, and if 
there were three similar girders covering equal spans, as in Fig. 166, 
the- horizontal tie would suffer no stress ]^at any point so long as the 
load"^ were uniform over the whole bridge. The permanent load, there-£ 
fore, would produce no stress in the horizontal ties, but a detached load 

a 2 
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placed on the central apan would produce compression in the horizontal 
tie of a side span, and if placed on that side span, a tensile strain. 

419. A series of inverted bowstrings coupled together over the piers, 
so that the pull of one bow is transferred to the bow of the next span, 
might be similarly arranged as a suspension bridge. 

Cantilever Bridges, 

420. In para. 853 it is explained that by introducing hinges near 
the points of inflexion of continuous girders, the positions of the latter 
are mechanically fixed, by v/hich arrangement, while the efficiency is in 
no way impaired, the calculations in regard to the stability of the bridge 
are very much simplified. The continuity of the girder might, for 
instance, be broken at midspan by means of a In‘nge, when the system 
would consist of double cantilevers, each supported on a pier at its 
centre and hinged at its extremities, as in Fige, 155 , 158 and 161 , 
Plate XXXL If a hinge be located a short distance to right and left 
of each pier, tluis giving two hinges in each span, the system becomes 
n girder resting on cantilevers, the portions of the girders over the 
piers acting as supports or cantilevers to the other parts, which are, 
in fact, girders resting on and hinged to the extremities of them, as 
illustrated in para. 355 . On this latter syctem a very large number of 
modern long span bridges are constructed, including the Forth Bridge 
and that over the Indus at^Sukkur. See Plate XXXL, Figs,. 159 , 162 , 
and 164 . 

421. It will be interesting to examine what eub-division of the whole 
span will give the least quantity of material in the bridge, and the 
following method of treating the question will be found in Ritter* s Iron 
Bridges and Roofs, 

He observes that; by comparing tbe stresses obtained for any given 
case, it will be found that those developed in the diagonals and ver- 
ticals are small compared to those of the booms ; also that the stresses 
in the curved part of the boom do not differ materially from one another 
nor from the stress developed in the horizontal boom. Now, as the 
quantity of material can be taken as nearly proportional to the stress, it 
follows that by far the largest quantity is contained in tbe booms, and 
that it may be regarded, as far as the question under consideration goes, 
as practically equally distributed between them. He*'ce, it cannot be 
very far from the truth to assert that the quantity of material in tbe 
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bridge is proportional to that contained in the horizontal boom. The 
problem therefore resolves itself into the following one : — Required that 
sub-division of the span which gives the least quantity of material in the 
horizontal boom. We shall first determine the most advantageous posi- 
tions of the hinges in the central portion, and then their most advanta^ 
geous position in the side spans, for permanent load only. 

422. Turning to Fig, 191, Platt XXXI V., consider the equilibrium 
of the portions A, AO and CSE, Put in the former, and H in the 
latter, for the resultant horizontal stress. • 

Let the side span measure a feet, the central portion being 2s feet 
long, and let the central spans of the bridge measure feet, and their 
centra] portions, between the hinges, 2x feet. 

Then, putting w for the intensity of the permanent load and taking 
moments about 8 for the portion CSK, and about A| for the portion 
AAjO, of any central span, we have 


HxA = «^a?Xa? — 

H, X A r-: (f — a;) + (f— x) ) (2). 

Now, the sectional area of the booms can bo found by dividing the stress 
in them by s, the safe intensity of stress; hence, if A and A, be the 
respective areas we have 

^ T = 2T. = T = .Ai ■ (3) & 

and, multiplying each area by the length of the corresponding boom, 
we obtain the quantity of material in it, thus 

« “ = Si’ (5) 

Q, = A, (I - .) = (6) 

and the total amount in the two booms, making up half the central span, 
is, therefore 

Q' « Q + Q, == (!• - l^x - h' f 2x*), 

in which x is the only variable. Differentiating, with respect to x, we 
have 

oc ( ~ i* - 2 ?* + 6x*) 

and equating to zero, we have -j a= * = 0‘6076 about, ss 


6 



CHAPTER XXIV* 


[ ART. 423-424. 


irnd — = 0*8924 ; hence we obtain the required relation 
CE ; CA{ ; I ic I — cr) : I 0*6 t 0*4 ; ; 8 s 2 
and Q' = 0 47 184 

^ 2th 

423. For the side Rpana, the quantity of material (U) in the horizontal 
boom OF of the eemi-central portion of the aide span can be found by 
substituting t for x in equation (5) above, and that (Uj) in the boom 
DB by writing /, for I and z for x in equation (6). 

H.... u = s; -a U. = 

or, writing (a - t) for where a is the total length of the side span, 


we have 


TT _ 2^)* 


Tlie quantity of material in the length BjQ, that is in (2DF + DBi) 
is, therefore, equal to 

2 U + U, = («» - 4a’» + 4aa» + 2«») = Q' say, 

whence, differentiating and equating to zero, wo have 


Hence 


I == ^ (- 1 + a/? 6) *= 0-3875 about. 

(1-2* B.D 0 22 J . . 

-iT = UG = 0:78 = T 
Q* = S> U + Ui = 0-16706 


424. Proportion of central to aide apana. — We have for the total 
quantity of material required for half the total span L 

M = Q' + Q* = 2 Ti <0-47184 1* + 0-16706 a*) 

writing (L - a) for I we have the relation in terms of the single variable 
a, thus, for a minimum 

M = ^ j 0-47184 (L - a)* + 0-16706 a* } 

^ a - 8 X 0-47184 (L - o)‘ + 8 x 016706 a* « 0, 

••• * 

or, putting 6 for the breadth of the pier AB, and ( f + 6 ) for ( L — a) 
we have the relation 


?(» 4 *») 


= 0-8408, 
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485. Breadth oj The portion of the girder resting on a pier 

must be regarded as supported at two points^ and in order that there 
may be no chance of overturning with a partial load^ the distance apart 
of these two points, or breadth of the pier, must not fall short of a 
certain length which may be found as follows 

The worst distribution of the load is that shown in Fig, 190, Plate 
XXXIVI Putting w for the permanent and w* for the moving load 
intensity, and taking momenta about B, Ftg, 190, wo have, with the 
symbols as figured 

{w + w*) xz + {w + w') z y, wx (z + h) w{z + = 0 

solving, and putting n = ~ we have for breadth of pier b, 

i ^ -(*+*)+ J(* +*)* + 2n*(» + y)- 

Now, since the ratio n generally increases inversely as the span, it 
follows that for very small spans, very broad piers would be required. 
If the part of the girder lying on the pier be anchored down with tension 
bars, be tied down in fact, at each poiut A and B, we have equilibrium 
maintained by means of a pull in direction and amount K, Ftg. 190, 
under which circumstances the condition of equilibrium becomes— 

(w + w') xz + (w + w') ~ — tea? (a + 5) — (”^) = ^16. 

If this arrangement be adopted, and Q be the weight of the pier, we 
must have for its stability, taking moments about F, Fiy« 190, 

Q X 5 + to* (* + >) + w> — («g + «>') a (» + p. 

If, however, Q becomes greater than is thought advisable, b can be 
increased by the employment of double piers. 

426. Herr Ritter points out that the above calculations are only 
approximate^ and that the results, therefore, may be slightly altered to 
accord with convenience of construction, the spans being made sym- 
metrical as far as possible. Also that the horizontal stresses above 
arrived at are the same as the maximum stresses in the booms of parallel 
girders, and that although the stresses in these booms decrease outwards 
towards the abutments, yet that this is compensated by the increase 
in the diagonals and verticals outwards from the centre, so that on the 
whole the quantity of material in parabolic and in 'parallel boomed 
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girders may be assumed to be the same approximately for the same 
length of span. 

Domes of iron Frame-work, 

427. The principles on which the stability of hemispherical and sphe* 
roidal domes of iron or steol frame*work is examined are similar to 
those described for arch-work, the dome being supposed cut by a series 
of vertical planes containing the axis of the dome or spheroid and di- 
viding it up equally between the ribs, and the segment to be dealt with 
being considered with reference to the vertical plane dividing its rib 
symmetrically. 

It will be perceived that the magnitudes of the loads borne at the 
several joints of the rib increase, at first rapidly, from crown to springing, 
each being, in fact, the weight of a certain portion of annulus of roof 
covering. 

Fin and Link Joints^ 

428. The strength of this link joint is examined in para. 868, Vol. 
I. Formerly the eye was made by bending the end of the bar round, 
and welding the end to the main part j now, however, weldless links 
are usually employed for important work, the end of the bar being 
flattened and bored. 

429. The maximum dimensions in English practice of wrought-iron 
links are those of Mr. Berkley, Fig. 225, viz . — 

Width of shank, B =: 1-00 (taken as unit), 

Diameter of pin, D =: 0*75. 

Width of metal across eye, b b 1*25. 

„ „ behind eye, E =: 1*00. 

Radius of shoulder, r = l-OO. 

„ „ neck, R =: 1*50. 

430. According to American practice, Mr. Bhaler Smith has given 
the following rules for the ratios of the parts of wrought-iron tie- 

bars 

The proportions will depend partly upon the mode of manufacture, 
and these proportions will again be modified whenever it may be neces- 
sary to use a pin whose diameter is greater than about 0*75 the width 
of the bar. When the aixe of the pin is a matter of unconstrained 
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choice, its diameter should be between 0*66 and 0*75 times the width 
or diameter of the bar, if the greatest efheienoj is to be sought** The 
best proportions for “ hammered” and for ** weldless *' eyes are shown 
in Figa, 227 and 229, Figs, 226 and 228 show the altered proportions 
when the bar is relatively narrow. In hammered ** eyes the width E 

behind the pin = B, but the ratio — depends on the diameter of the pin. 

As compared with Mr. Berkley’s rules, the proportions (for ratios D 
0‘75 B) give more metal at the side of the ej^e, and if we compare Fig, 
228 with Fig, 227, it would appear that the metal is better distributed 
in the former than in the latter. Each side of the head is formed by a 
circular arc described about a centre situated in the pin's axis, and if 
the radius of this arc is represented by r, then that of the neck R =. IJr* 
The heads of the ** weldless'* eye bars, Figs, 226 and 227, are circular 
and concentric with the pin, so that E ~ 5, and the radius of the neck 
11= Ur. 

4:31. The following Table is formed from that given by Mr. Shaler 
Smith, and may be need in designing pin and eye joints 


Table of Dimensiona of Eyes of Iron Tension Bars.f 


Rf.tlo Of dia- 
meter of pin to 
width of bfir 
(not <0 671 

D 

B 

Batio of width of metal at aide 
of eye to width of bar ^ g-J. 

Fawr’ered eye 
(section at bach 
of cyp ” that 
of bar). 

Weldlws eye 
(section at hacK 
of eye = that 
at aldet). 

067 

0-66 

074 

0-75 

0*67 

0-75 

1-00 

005 


1*25 

0 73 


1*33 

0 79 

0 85 

1-50 

oea 

0*93 

1*76 

0*84 

TOO 

300 

0*88 

1 18 


Rfitlo of maxi- 
mum thlckneea 
of bar to width 
(pin In single 
shear). 

1 

nemarks. 

l 

0-21 

'These ratios apnly to fat bara. 

0-25 

with pyoB of name thlokneM aa 


bars, tha born are round, or 

0 8i3 

not of BaT'*e thiokneaa #s eyes, 

C*54 

the retlot of teidths In oolumua 

06 1 

% 8 and 4 will repreaenl ratio# 

0-70 

of sectional areas. 

0 88 


1 08 



432* The following examples will explain the method of application 
of above Tablet ; — 

• CTirton ?Wlpt*9 Pnetftal on Brtdgi C^ingtructi&n p. MS. 

t Coll. Wny and Seddon'i Instruction in Conttrnction^ 8rd Bditlon* p. 168* * 
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If a 4" bar is attached to a 8^ pin^ the ratio of diameter of pin to 
^idth of bar is 0*75 ; therefore width of metal at aide of weldleaa e^e 
would be (from Table) 4'^ x 0*76 == 8^; and maximum thickness of bar 
4^ X 0’25 =s if pin be in single^ or 2' if in double, shear. 

Were the pin 7^^ in diameter, the ratio of diameter of pin to width 
of bar would be 1*75, which would necessitate a width of metal at side 
of eye of 4* x V = 4 ', and a maximum thickness of bar of 4* x 0*88 
=3 3*52'' if in single, or 7" if in double, shear. 

433. Mr. Claxton Fidler remarks ♦ when wrought-iron eye-bars 
are formed to the proportions given above, it has been proved by repeated 
experiments that the full theoretic strength of the shank will be deve- 
loped ; and when the bar is strained by a load equal to its theoretic 
breakiug weight, it will be as likely to give at the shank, as at any 
other point. At this point the average Intensity of stress in the 
section b will, of course, be less than that in the shank in the proportion 

B * * ^ ^ 

; but the maximum fibre stress at the inner edge of the section h 

will probably be equal to the stress in B or nearly so.” 

“ It does not by any means follow that the proportions determined 
by experiment for wrought-iron eyes will apply also to steel, and it has 
been remarked that some difficulty has been experienced in the formation 
of steel eyes, which seems to indicate that a different set of proportions 
may yet have to be found to suit this material,” 

434, When many links are carried on the same pin, as in a large 

bridge, it is obvious that the pin may be regarded as a beam trans- 
versely loaded and liable to bend and shear. JFtg«. 230 and 232 show 
the diagram of bending moments for two different arrangements of the 
same loads, and illustrate bow much the dimensions of the pin are 
dependent on the arrangement of the links. It is, in^ fact, advisable to 
arrange the links so that the stresses shall come alternately in differ- 
ent directions on the pin ; (the corresponding force diagrams are shown 
in Figs, 231 and. 233). . „ 

The shearing stresses may, for all practical purposes, be regarded as 
uniformly distributed over the cross section of the pin. 

Screw Joint i and ConnectionB. 

435. Screw bolts are employed to resist stress in th^ direction of the 

* Praaical TrtaiiH on Brii^o Conslrn^Uont pp. 990 and 999. 
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bolt as well as at right angles to it. As the thread is usually V-shaped 
and cut into the bolt, the effective section is that of the sectional area 
at the root of the thread. The thread or screw on the bolt is called 
the ** male,” that on the nut, or sheath in which it works, the ” female ” 
thread or screw. 

436. If d be the diameter of the bolt before the thread is cut and D 
that at root of thread, then the ratio depends on the pitch and kind 

of thread. The threads usually employed in English practice are Whit- 
worth’s, and for these 

1) = 0-9 c£ - 0*06 
rf = M D 4- 0 07 

If I be the length of the female ” screw, or depth of nut, the shear- 
ing area against which the screw acts is ir X D X and an expression 
can be found for I in terms of and s,. For, it is obvious that the 
total tension on the bolt must not exceed the total shearing resistance. 
Hence, in the Jimit we have 

iXTXD'x.t=irxDX/X., 



For A, a low value should be taken as the metal has been weakened by 
cutting, ♦ say 2 tons per square inch at most ; for 5 tons per square 
inch may be taken. • 

Hence, i = 0*6 D {at least) sr 0 54 d — 0*04. 

The common practice is to make I d, which is ample. The width of 
nuts and bolt heads may be taken at times the diameter of the bolt. 


2 b 


Humber*# Iron Iftl. 
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CHAPTER XXV. 


MASONRY ARCHES. 

437. In passing from tfie consideration of Braced Arcbes of Iron 
and Steel to that of Masonry Arches, we leave structures whose joints 
are of the first class, as defined in paragraph 6, and pass to those having 
joints ot the second, and it becomes necessary to take account therefore 
not of lines of resistance only, but of lines of least resistance. The 
question of joints in their relation to lines of resistance has been fully 
dealt with in Chapter V., and likewise that of the resistance at a plane 
joint in Chapter XL of this Volume, so that, before passing directly to 
our subject, wo shall merely remind the Student that Masonry Arches 
are designed as structures of Uncemented Blockwork on the following 
principles : — 

As Uncemented Masonry is incapable of resisting a tensile stress, but 
can sustain a compressive one within certain limits, the weight to be 
carried by the Arch is sujfported on a series of wedge-shaped voussoirs 
forming the arch-ring, which touch each other and are so disposed as to 
be eminently fitted to resist compressive stress ; for, when loaded by the 
superstructure, they press against one another and practically form a 
solid curved mass, within the centre half or third of the thickness of 
which the line of resistance must be retained under all possible distri- 
butions of the load. 

438. The two Conditions of Stability that must be fulfilled by Struc- 
tures of Uncemented Blockwork, as stated in para. 172 of Chapter X., 
are as follows : — 

I. The line of resistance must intersect every led joint sufficiently far 
within the outer edges to prevent any risk of their crushing, 

II. The angle which the resultant pressure on any bed joint makes with 
a normal at that joint must not exceed ^ths the angle of repose. 

Condition I,, being the condition of strength^ must be fulfilled for every 
hypothetical joint of the structure^ but Condition IL, being the condition 
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preventing the sliding of one voussoir on another, applies to bed joints 
onlyy i.e., to the contiguous masonry surfaces of the voussoirs (para. 
162) ; the line of resistance, therefore, must be drawn first so as to fulfil 
Condition I., a system of hypothetical joints being chosen convenient for 
estimating the loading, and the compliance, or not, of the voussoir sur- 
faces with Condition 11. afterwards ascertained. 

To estimate the Load. 

439. The first thing to do is to estimate the load. In the bridges 
that we have hitherto considered, it has been sufficient to assume that 
each joint is equally loaded both with permanent and moving load, for 
although not true as regards the superstructure of many of the forms 
of bridges dealt with, the assumption has been sufficiently accurate for 
all practical purposes. But in the case of masonry arches the error that 
would be entailed by such an assumption would obviously bo too great, 
and it is, therefore, necessary to make a more exact measurement of 
the weight of the superstructure, permanently borne by the structure. 

If a right section of the arch and superstructure bo drawn, it is 
evident that, if these bo built of the same material, a graphic repre- 
sentation is thus obtained of the permanent vertical load to bo dealt 
with; if they be of different materials, then the equivalent load m terms 
of some one of the materials being determiifhd and the corresponding 
section drawn, an equivalent graphic representation is obtained. 

For estimating the vertical load it is convenient to employ hypothet- 
ical joints dividing the structure evenly and vertically, thus cutting it 
into strips by a series of vertical planes at equal distances apart, as 
shown by dotted lines in Plates XXXV. and XXXVI. ; if the section 
be considered to bo of unit thickness, the weight of each strip can be 
estimated and supposed concentrated at its centre of gravity. 

If the vertical planes be taken sufficiently near together, i.c., if the 
width of the strips bo sufficiently small, each strip may be considered a 
trapezoid, or, at least, be reduced to one of approximately equal area, 
and since the width of each trapezoid is the same, the weight of each may 
be regarded as proportional to the sum of the lengths of its vertical sides, 
or to any fraction of such combined lengths ; and a convenient way of 
dividing the load line proportionately to the weights of these several 
trapezoids is the following: — 
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Lay off from A tha vertical component of the total load (or^ if the 
load is entirely vertical, then the total load) on the proper scale and in 
the vertical direction, aS' Au?i in Fig, 198, and draw from A any straight 
line Ac in any convenient direction, marking off on it at the points 1, 2, 

3, 14 any convenient fraction of the several combined lengths 

above referred to, introducing the isolated loads, if any, as W, Fig, 198,. 
in their proper places ; the vertical line Awi can then be divided pro- 
portionately to Ac, by joining tcj to 14, and drawing through the points 
1, 2, 8, * 13 straight lines parallel to ic, 14, 

If the curved sides of the original strips be fairly flat, the positions 
of their centres of gravity may be considered identical with those of the 
equivalent trapezoids. This position will be readily found by bisecting 
each vertical side and joining the points of bisection. The required 
point must lie somewhere in this straight line. Now draw a diagonal 
and so divide the trapezoid into two triangles. Considering the vertical 
sides as the bases of these triangles, the middle points of which are 
already found, the centres of gravity of the triangles are known at once. 
The centre of gravity of the strips will evidently lie in the straight line 
joining the centres of gravity of the triangles. Hence its position is 
thus fixed by intersection, (vide para. 90). 

If the curved sides of a strip be not fairly fist (as, for instance, in the 
case of the outer strips of, a semi-circular arch), and accuracy is to be 
observed, the position of the centre of gravity of the strip will be most 
readily determined by cutting its figure out of cardboard, and finding 
the required point practically by suspending the same in two positions. 
The point of intersection of the verticals drawn from each point of 
suspension is the centre of gravity. 

Draw vertical straight lines through the centres of gravity of the 
several strips to represent the lines of action of the vertical loads; the 
positions of these loads are fixed. 

The moving load can be dealt with as in previous examples ; there 
is nothing particular to note in this respect. 

Thickness of the Arch Ring at the Crown, 

440. Mr. DuBois, on page 329 of his Graphical Statics, points out 
that the proper depth of arch at the key, or summit of the arch-ring, 
depends not only upon the rise and span, but also upon the load. The 
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preBBure at the extradoa at the key, which is, of course* under ordinary 
circumstances the most exposed part of the joint, should not, according 
to the best authorities, exceed one-tenth the ultimate resisting power of 
the material. 

Thus, if p is the pressure per unit of cross section, H the thrust, and 
d the depth of the key-stone joint, then we have 

2 H 

the maximum pressure being twice the mean pressure on the usual 
assumption that the curve of pressure does no£ pass outside the safe limit. 
This mean pressure, then, should not exceed the ultimate resistance 
of the material (since twice the mean pressure must be > ^*^th of it). 

** In general ” ho says “ we must first assume the depth at key in 
view of the strength of the material, the character of the workmanship, 
the load, <fec. Then, the thrust being found, wo find the mean pressure 
per unit of area as above. If this mean pressure exceeds ^\jth the ulti- 
mate resisting power of the material, make a new supposition, increase 
the thickness, find the thrust and pressure anew, and so on till the 
results are satisfactory. 

441. It is necessary, in fact, first to make a trial design of the arch, 
and then test its stability. Rules for such a design are given in all 
Engineering text-books ; the following are those of the American 
Engineer, Mr, Trautwine, as given in his Oii^l Engineer's Pocket Book, 
Expressed in algebraic form they are as follows : — 

If r be the radius of the arch in feet, such as will give a curve pass- 
ing through the springings and crown of intrados, 

5 , the span of the arch in feet, 
dj the depth of the key-stone in feet. 

Then, for first class cut-stone arches, whether oircuflar or elliptic, 

:d=/_^ + o-2 (1). 

For second class work this depth should be increased about one-eighth ; 
or for brick or fair rubble about one-third, if the span exceeds 15 or 20 
feet. 

To find the radius in terms of the span and rise a, we have 
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The above rules are based upon drawings and calcalations made of arches 
from 1 to 800 feet span, and of every rise. Arch rings should, as a 
rule, be made deep rather than shallow both for reasons of stability 
and also for appearance sake. 

442. As regards the thickness of abutments, Mr, Trautwine gives 
the following roles, applicable to the smallest culvert and largest bridge, 
and to any conditions of abutment and of load. It gives a thickness 
of abutment which, without any backing of earth, is safe in itself, and 
in all cases, against the pressure when the bridge is unloaded.’* In the 
case of small arches, however, it depends on the resistance of the earth 
behind the abutments to an extent increasing as the span diminishes, 
and in practice, earth is always deposited behind the abutments as the 
work proceeds. 

If T bo the thickness of abutment in feet (measured at the springing) 
when the height does not exceed times the base, 

^'^i+fo + 2 (8). 

If the abutment be of rough rubble, add fi inches to secure full thick- 
ness in every part. In large culverts and small bridges of first class 
railroads, subject to the jarring of heavy trains at high speeds, abutments 
from one-fourth to one-half thicker than the above have been employed. 

The trial section may be.sot out as follows : — 

Let A' A", Fig. 199, Plate XXXIV., be the span with rise CC' and 
calculated thickness of arch ring at crown equal to C'C", by equation 
( 1 ). Calculate and set out the abutment thicknesses A'N' and A"X", 
by equation (3). From C lay oflf CH = 3 ^ A' A" and join C'H, then 
from IS' draw the indefinite lino GN'P parallel to C'll. Make N'G = 
i CC", and from G draw a line touching the extrados of the arch at 
X. ihen GX is the top of the masonry filling above the arch. From 
A' draw A'P sloping at J, and from the point P in which it cute the line 
GN'P draw PS horizontal. If PS is on the ground line, nothing 
further need be done, but if the ground line is at Q, make the base 
QU = SP i 8 Q, and draw the back UW parallel to GP. The line 
UW now becomes the back of the abutment. “ The additional thick- 
ness has reference rather to the pressure of the earth behind the abut- 
ment than to the thrust of the arch. In a very high abutment the inner 
line GP would give a thickness too slight to sustain this earth safely.” 
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The 'width of base, further, should never fall short of one-half the 
total height from base to springing. If the above rule give a base 
which is less than half this height, the width must be increased accord- 
ingly, and the back, &c., drawn in as before. When, on the other hand, 
the height of the abutment is less than the calculated thickness, as 
found by equation (3), a slight reduction may be allowed as follows : — 
Make A'K equal to A'N' and draw KL horizontally to meet GP in L. 
Make A'Z | A'N' and draw LZ. Then for any height of abutment 
less than A'N' (i.e., A'Kj draw BV, ternvinating in LZ. Then the 
length of BV will be a sufficient base if the foundations are firm. The 
back of the abutment must be drawn through V parallel to GP and 
terminating above at the same height as G or W. 

443. Professor Rankine’s rule for the thickness at the crown, derived 
from experiments on numerous existing bridges, is as follows : — 

For the depth of the keystone, take a mean proportional between the 
radius of curvature of the iutrados at the crown and a constant whose 
values are:— 

For a single arch, ... ... 0*12 

For an arch, forming one of a series, ... 0*17 

or, putting it in the form of an equation— 

Depth of keystone for a single arch, tn /eet = Vo 12 -p radius at crown. 

Depth of keystone for an arch of a scries, in jket = Vo^l 7^ radius at cr^n. 

The depth at the springing in stone arches is generally more than that 
at the crown, the pressure being far greater there ; it is generally deter- 
mined in the first instance by considerations of appearance, and tested 
afterwards for stability and strength. 

444. The trial design, having been completed in the manner above 
described, should be tested for stability by drawing in the line of least 
resistance, and examining whether the two conditions referred to in 
para. 438, are properly satisfied. 

To draw the Lines of Least Resistance for a given Masonry 
Arch-ring and a given System of Loads, 

The general Case of the Arch is considered in para. 83 of Chapter 
VI.; each of the three simpler Oases, referred to in para. 73 of the same 
Chapter, will now be considered ; they are the following, and will be 
found to include all those of ordinary occurrence : — 
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Otst# A. — FPAer# the load is symmetrically situated with regard to the 
arch-ring and vsrtieaU This is the most commonly occurring Cose of 
«U three. 

Case B.— ‘TFAerfl the load is unsymmetrically sitnated with regard to the 
izrch-ring and verticaL This Case is one of theoretical rather than 
practioal interest. 

Case C. — Where the vertical load is symmetrically or unsymmetrically 
situated^ and the arch is subjected^ in addition^ to the pressure of earthy the 
direction of which may be ^either horizontal or inclined. This Case in- 
cludes examples of tunnels, underground cellars, &o. 

Oases A and B are examples of parallel loading; Case 0 of oblique 
loading. 

To draw the Line of Least Resistance for Cases A, B and C. 

Case A. — The numerical value of the shearing force at each extreme 
vertical section (corresponding to the points of support of a horizontal 
beam) is evidently equal to half the applied load in Case A, and its 
value zero at the middle vertical section of the arch. Moreover, the 
direction of the axis of absoissaB of the curve of least resistance is hort 
zontal. 

Draw a vertical straight line Aa, therefore, {Plate XXXV., Fig, 194) 
to represent the applied load on any convenient scale of loads, and 
divide it proportionately to the weights of the several trapezoids as ex- 
plained* Draw a horizontal straight line Fp through its middle point 
p as locus of poles. Assuming any point P on this locus as pole, de- 
scribe a stress diagram PAp, and the corresponding resistance polygon 
a, 2, 3, 4, 5, Fig. 193, for half the arch (since the load is symmetrical), 
oommenoing the latter at the middle point s of the upper limiting onrve. 
The aide at this point will bo horizontal, since the number of strips is 
even, and will bo a tangent to the said curve. Produce this tangent 
(#' s^)f and produce all the other sides of the polygon to meet it in the 
points 1', 2', 3', 4'. Then project the polygon by revolution round 
this tangent, as follows : — 

From the point 1' in s's* draw the straight line pPA to touch the lower 
limiting curve to the left of the line of action of weight w^ and to meet 
that line of action in b. Join the points b and 2^, and let b2' meet the 
line of action of in the point c. Join c and 3^ cutting the line of 
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action of in d. Join d and 4'. The polygon abcdi^'s represents 
the left half of the polygon of least resistance, and tlie pole O may be 
found by drawing through A (Fig, 194) a straight lino AO parallel to 
bl'g to meet the horizontal drawn through p in O. The right-half- 
polygon may be described either by means of polo O in the ordinary 
way, or by producing the sides of the left-hnlf-polygon to meet the line 
of action of total resultant load «/s in the points y, 2", 3", 4", and join- 
ing g to e, the right extremity of the closing side ae^ cutting lino of 
action of weight in k ; then joining k to 2" cutting line of action 
of in h ; joining h to 3^' cutting line of action of in g, and so on. 

The polygon abed ke enables the curve of least resistance to be 

drawn in. 

Case 5.— In Case B draw any complete closed resistance curve, as 
in Fig. 198, Plate XXXVr., and determine the position of tlio section 
of greatest bending moment, and the values of the shearing stresses at 
the extreme vertical sections. Now reduce the ordinates of the limiting 
ring curves, as measured from the axis of abscissaj AE in the ratio of 
(Ftg. 196) to g'g^ {Fig, 198), and plot those reduced lengths in 
their proper positions from the axis ae, (Fig, 198). It is now evident 
on inspection that the critical sides are 3 or 4, 12 and 14, and that the 
line of least resistance will touch the upper limiting curve somewhere 
near the point of contact of side 12. Assume a point of contact at t 
{Fig. 198), and draw the vertical section t'f' through /. Let 
produced intersect the upper limiting curve (unprojected), Fig. 107, at 
T. Draw the tangent SS at T, and project it on to the polygon, 
Fig. 198, by reducing its ordinates as measured from A and E (Fig, 
197), in the ratio above mentioned, i.e,^ in that of Gg (Ftg. 196) to 
g' q' (Fig. 198), thus obtaining the tangent ss to the curve of resistance, 
Fig. 198. Produce the sides of the polygon (Fig. 198) to meet the tan- 
gent ss in the points 1, 2, 3, and project these points, by vertical lines, 
on to the tangent SS. Now describe a new polygon as Fig. 197, 

such that the directions of its sides 1, 2, 3, 4, &c,, shall pass through 
the respective points 1, 2, 3, 4, &c., of SS, and those of its extreme 
aides 1 and 15 shall meet on the plane of the vertical section of great- 
est bending moment as at g/ , and such that all its sides shall lie as 
far ns possible within prescribed limits and yield as concave a corre- 
sponding curve as possible. 

2 1 
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Now produce the sides of this polygon to meet the section t'l" in the 

points 1, 2, 3, 4, &c., and reproject the polygon ns before by 

revolution round the ordinate t't'' produced), so as to fulfil the require- 
ments already detailed, thus obtaining the polygon In doing this 

it must bo remembered that the corresponding sides of the polygons 
produced meet in that the ordinate 137) 

remains unchanged, and that the directions of the extreme sides 1 and 
15 meet on the plane of the section of greatest bending moment, as 
at g'^ The polygon obtained will correspond to the line of 

least resistance, and its pole P nmy therefore be found, and the values 
of the thrusts on tlio abutments, m., PA and Pa (Fig, 198) be mea- 
sured, In Fig» 19G the line of least resistance age has been described 
with pole P, 

Case C , — The vertical loads are first determined, as already explain- 
ed for cases A and B, by supposing tlio structure to be composed of 
vertical stiips, all of the same breadth. The several conjugate earth 
pressures acting on the strips are then calculated or determined graphic 
cally. Those two systems of loads are represented on the diagram of 
external loads, and being combined, constitute a system of oblique load- 
ing, which may be dealt with in the manner already explained in para. 83. 

Examples, 

Case A , — Examine the stability of the symmetrical and symmetri- 
cally loaded arch, half of which is shown in Fig. 198, Plate XXXVI., 
span 64 feet, rise 25 feet; the mateiiul of the ardi-ring is the same as 
that of the superstructiiie it carries, which is solid across tlie span, and 
weighs 1 cwt. per cubic foot. 

Case B . — Design the ring and abutments and examine the stability 
of a symmetrical segmental arch of 40 feet span, 10 feet rise, and 25 
feet radius, the distance from intrados to top of superstructure measured 
at crown being 5 feet; the material of the superstructure (which ia 
solid across the arch) and ring is the same and weighs 1 cwt. per cubic 
foot; an additional uniform load of 2 5 tons per foot run extends from 
the left abutment up to 15 feet across the span. 

Domes and Tunnels., 

445. The principles on which the stability of hemispherical and 
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Spheroidal domes of mssonry is examined are the same as those above 
explained for masonry arches, the dome being divided by a series of 
vertical planes containing the axis of the sphere or spheroid, and also 
by cylindiical planes, having a common axis identical vrith the vertical 
axis of the dome. The segment of the dome to be dealt with is con- 
sideied with reference to the vertical plane dividing it symmetrically, 
and it will be observed that the magnitudes of the loads of the several 
parts of this segment, so divided, increase at first rapidly from crown 
to springing, each repiesenting the weight of a certain portion of an 
annulus of tbo dome. If tlie pressure of the wind be taken into account^ 
the loading on one side of the dome becomes oblique, and the method 
to be employed is that of Case C of para. 444. 

The examination of the stability of tunnels and underground cellars 
falls, as already intimated, to Case C of the previous paragraph. 



248 


[art. 446-447. 


CHAPTER XXVI. 


FIXED AND CONTINUOUS GIRDERS. 

446. In Chapter VIII. the general application of the equilibrium 
polygon to the measurement of the deflection of uniform beams is 
explained, and in Chapter IX. the method is extended to the measure- 
ment of the stability of fixed and continuous beams. The treatment of 
the two cases was shown to bo similar, a difference arising, however, 
out of the existence in the latter classes of beams of certain bending 
moments at the points of fixation or intermediate support as the case 
may be, the values of which are ai rived at by means of deflection poly- 
gons drawn for the given conditions of loading so as to occupy a partic- 
ular position in regard to certain so-called ‘‘fixed” points. These 
Bridges we shall now more fully discuss, including, as they do and as 
has been already explained, Cantilever Bridges, which are a natural 
and obvious development of the former type. 

447. But before doing ‘'o, it will perhaps be as well to say a word 
in regard to the representation of moments by straight lines. “ The 
moment of any physical agency ” has been defined to be “ the numerical 
measure of its importance.’* “ The moment of a force round a point or 
line signifies the measure of its impoitance as regards producing or 
balancing rotation round that point or round that line.”* It takes into 
account not only the uiagnitude and direction of the force, but also its 
distance of operation from the point or lino in question, and measures the 
tendency to produce rotation either one way or the other. The direction 
of the hands of a watch is usually regarded as positive and the reverse 
direction as negative, but this is purely conventional, and when, there- 
fore, the bending moments of the directly applied forces at any cioss 
section of a continuous or fixed girder are plotted below and those of the 
indirectly applied forces above a given datum, the meaning simply is 
that at this cross section the tendencies to produce rotation of these 

• Thomson anti Tail’s JSltmfntt of Natur<xl Philosophy, 
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reepective forces are in opposite directions, the numerical value of the 
resultant moment being measured by the difference of those of the com- 
ponent moments, and the resultant tendency being, as a rule, obvious. 

448. It will be well to recapitulate some of the principal points 
established in Chapter IX. 

In paras. 126 to 132, it is shown that the system of loads directly 
applied in the span itself gives rise to equilibrium polygons which are 
precisely similar to those that would obtain were the beam discontin- 
uous at the several points of support aiicf freely supported, and that 
this system of moments can be regarded (piito independently of any 
due to loads indirectly applied and acting outside of the span in 
question. 

In paras. 144 , 145 it is shown that the loci of the “fixed’* points 
arc vertical straight lines which occupy a ccitain definite position with- 
in the outer third of each span quite independently of any loading 
directly applied within that span. 

In para. 155 it is shown that in a senes of adjacent and unloaded 
spans the moments at the suppoits must necessarily be represented as 
acting alternately downwards and upwards as wo pass away from the 
loaded span, while in loaded spans they must invariably bo shown as 
acting upwards, {see Plate XXXIX.) 

449. It follows from the above that in ^ scries of unloaded spans 
of a continuous girder, only one span of which, suppose, is loaded, the 
deflection polygon must cut the line joining the points of support once 
only m each unloaded span at an inflexion point of zero moment, and 
that this point lies on that one of the two “fixed” verticals of that 
unloaded span which is further away from the loaded span ; also that 
the values of the moments over the points of support of this series of 
unloaded spans dimmish gradually from the loaded span outwards, each 
being less than one-third of that which is next nearer to the loaded 
span, for the obvious reason that the ratio of the magnitudes of these 
moments must be the same as that of the segments into which the span 
i« itself divided by the deflection polygon, that is, by the inflexion 
point, (para. 135.) 

450. In the case of a loaded span, obviously the deflection polygon 
crosses the line joining the supports twice iu each span, that is, once 
in each outer third of the span. 
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It will, moreover, be perceived, as already explained, that cases of 
continuous loading may always be regarded as merely special cases of 
detached loading ; for in any case the area ot the curve or polygon of 
bending moments has to be reduced to a rectangle with base of half the 
actual or standard span, that is, to an equivalent detached load, before 
the deflection polygon can be drawn in. 

451. It will thus be observed that there is no limit whatever to the 
nature of the loading which may be dealt with by this geometrical 
method, and it should be rioted in this connection that the analytical 
method tieated of in Chapter XVII., Vol. I., only includes cases of uni- 
form beams symmett ically loaded. 

With the help of these remarks, we shall proceed to a further brief 
consideration of the stability of continuous and fixed beams. 

Continuous Girder of several spans, with only one span loaded, 

462. In paras, 138 to 140, it is explained that when the several 
spans of a continuous girder are of unequal length, the first thing to do 
is to measure for each span the length of the intercept made by the 
extreme sides of the deflection polygon on certain selected vertical lines, 
generally those drawn cither through the fixed ** points or the sup- 
ports, and then, before the deflection polygon for the whole girder can 
be described, to reduce these intercepts to what they would be were 
each span the same length as the standard one, so that one>third that 
length may be employed for the pole distance of the force polygon of 
the deflect’on and elastic polygons. 

463. The method of describing the deflection polygon is explained 
in para. 156, and from it the elastic polygon is deduced on the principle 
stated in para. 135, via?., that whereas in the case of the former polygon 
the full component moment areas are employed, in that of the latter, 
the resultant moment areas only are so. The elastic polygon having 
been described, the elastic curve can be drawn in and the maximum de- 
flection determined by means of para. 119. This is more fully explained 
in para. 461. 

Moments over Supports and Intercepts on chosen verticals, 

464. In the method described in Chapter IX., the several spans 
of the girder whether loaded or unloaded are dealt with simultaneously, 
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bat it is often convenient, especially when examining what dispositions 
of the londs on the several spans will produce maximum strains (as will 
be subsequently explained), to deal with each one separately on the 
hypothesis that it alone is for the time being loaded and all the others 
unloaded. The positive and negative moments over each support being 
tlien added and tbeir resultants plotted, a diagram of maximum resultant 
moments is obtained, (Fig, 212). 

456, The following is an extremely simple and convenient method 
(duo to Professor Lippich) of sotting off tli« intercepts on the verticals 
through the supports, made by the sides of the deflection polygon which 
support the resultant applied load, enabling the moments over supports 
to be at once determined : — 

Let A'^XA', Fig, 200, represent the resultant bonding moment area 
of a system of loads hung between the points of support A" and A'. 
It is required to measure the intercepts at the supports of the deflection 
polygon. 

Construction , — Set off PA/ and PA/ on either side of P, (the upper 
extremity of the maximum ordinate of A"XA') each being equal in 
length to the span A" A'. Join A/X and A/X and produce them to 
meet the verticals through the suppoits A" and A' respectively in the 
points and B'. Then will A^’^B" measure the intercept on the ver~ 
tical through A'" and A'B' that on the verticil through A', on the same 
scale as PX measures the maximum bending moment at P. 

Proof , — The polygon of bending moments being represented by the 
triangle A'^XA', let the intercepts A'^B'^ and A'B' be found in the 
usual way by means of a second force polygon whose load line P'X' is 
equal to PX and pole distance PL' to ^ A'A". This force polygon is 
shown in Fig, 201 by the triangle P'L'X' (the trial force and corre- 
sponding equilibrium polygons being both shown in dotted lines). The 
resulting equilibiium polygon A'^C,A' is the deflection polygon of the 
downward, or imposed, loads, and consequently the vertical C,K, drawn 
through its apex Op passes through the centre of gravity G of the 
triangle of bending moments A*XA', It will further be observed 
that the triangle A^'CjB"' of Fig, 200 is similar to the force polygon 
P'L'X' of Ftg, 201. Join B'X and B"X, and produce them to meet 
A' A' produced both ways in A/ and A/ respectively. Then will PA/ 
and PA/' be each equal to A' A", the span length. 
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For, since PX is parallel to 


A"B^ _ A" A,' 
**• PX PA/ ’ 


and comparing the similar triangles P'L'X', Ftg. 201 and Fig, 

200, we have 

Z'T/ _ C,^ . 


Blit (by hypothesis) Z'L' = ^ A' A" and C,^ = A'^K 


A"K 
A'A" ’ 


Hence, from (1) and (2), remembering that PX = P'X' we have 


3 A"K 
A'A" ‘ 


But, since KC, passes through the centre of gravity of A"XA\ if 
A"A' bo bisected in C and CX be joined cutting KC, in G then is G the 
centre of gravity of A^'XA', and, therefor(‘, PK = 2 KC and A'^K = 
A^P ~ ^ PC, so that 3 A'^K = 3 A'T - 2 PC. 

But PC = PA" -- A"C PA" - I A" A' 

3 A"K = A" A' + A"P, (4). 

Hence from (3) and (4) we have — 

A"A/ _ A'^A' + 

PA/ A"A' 

Subtracting numerator und denominator, we have — 

Fa7 = A"A" PA/ = A" A', 

In a similar way it may be shewn that PA/' = A"A'. 

486. This method is directly applicable to the determination of the 
moments over the points of support, when the “ fixed ” points fall on 
the straight line joining the latter, as would he the case under the 
following conditions: — 

Case T. — Were the span under consideration the only one of the 
series loaded, all the others being unloaded ; because we should, then, 
in order to obtain the lengths A"a" and A'a', (representing the mo- 
ments over the respective supports A" and A'), simply have to join the 
points ir" and Fig, 200, in which the “ fixed verticals x and y cut 
the deflection polygon A'^CjA' and produce the straight line to 

meet the verticals through the supports A" and A' in the points a" 
and a' respectively. 
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Cas6 Il.-^Whea the beam is ** fixed ** at both ends, because wo have 
then only to draw through and Figs, 217 and 222 (the points in 
which the verticals drawn at one-third the span length from either 
support cut the deflection polygon) a straight line, produced to meet 
the verticals through the supports, in order to find the momonts 
and A'a' over the supports. This will be evident after the inspection 
of any deflection polygon. 

Examples are given of each of these cases at the end of this Chapter. 

Reduction of Intercepts on Verticals •through Supports, 

467. The intercepts on the verticals through supports, which have 
been determined for the actual span under consideration, either by the 
method of Chapter IX,, or that above described, must now be reduced 
to standard lengths. Wo shall deal with a single resultant load, giving 
a triangular moment area, which latter may, as already explained, bo 
the equivalent of a curve or polygon. 

If I be the length of the standard span, V that of the span under 
consideration, that of the longest ordinate of the moment area of 
span (in this case, the height of the moment triangle), then the area 
of the moment triangle, whoso base is F and height y' is aud 

the height y^ therefore, of a triangle of equal area, having base must 

If 

be such that y = y' -j . ^ 

Now from Figs. 200 and 201 and para. 140, it is evident that, since 
the triangles A^'CiB'" and P'l/X' are similar, we have for the intercept 
on the vertical through A" the relation 

A''B" : P'X' : : A^K : /'L'. 

Now of Fig. 201 is the pole distance of the second force polygon 
and equals one-third the actual span length under consideration, and 
P'X' is the load line of that force polygon and is equal to the height of 
the moment triangle, so that, putting i' for A^B^ and y for A^K, the 
relation becomes 

»•' : y' ; : y : whence •' = 8 y y' (y,) (a). 

If now, instead of VU we are to write one-third the standard span 
length, for P'X' we must substitute the reduced value y of y' as above 

obtained, or and the relation then becomes, putting i for T, 

2 i; 
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i-.y' whence i = 3 yy' — (/3), 

468, The reductions above described admit of easy graphical treats 
ment. 

Thus, for the reduction of the height of the triangle — Let A"XA', 
Fig, 202, represent the resultant triangle of bending moments. On the 
vertical through A' set off A't' downwards and equal to half the length 
of the standard span, and complete the parallclograra Bisect 

PX in and through q draw kf^qk* parallel to A'' A' and cutting the 
verticals drawn through A*' and A' respectively in k'^ and k\ Then 
the rectangle A."k^ is equal to the tiiangle A'*XA\ Draw the dia- 
gonal A"i' cutting k'^k^ in q\ and through q' draw parallel to 
A^B'' meeting A''' A' in p. Then obviously the rectangle A"p' is equal 
to the rectangle A'^k'j since the complement k"p' is equal to the com- 
plement q' A' ; that is, the rectangle A"^' is equal to the triangle 
A"XA'. Therefore the distance of pp* from A^'B" measures the height 
of the triangle whose base is equal to the length of the standard span 
and area equal to that of A"XA', 

The intercepts may be reduced from this as follows:-— 

From equation (/3) we have (Fig. 202); — 

Bequired intercept : Ap A"K : ^ standard span. 

Lay off, then, A"n = A"p towards B", and from K lay off Ks''=; ^ 
standard span towards A",i Through n draw nr' parallel to A 'A" and 
through / draw <V parallel to A"B" meeting nr' in r\ Join Kf and pro- 
duce to meet A^'B" in /B'', Then A"/3" is obviously the required reduced 
intercept at A". 

In a similar way the reduced intercept A'/3' may be found at A', 
and these lengths will bo found to be the same as those found by the 
method described iu tlie following paragraph, 

469. The intercepts may, however, be directly and more shortly re- 
duced as follows : — 

From equation (a) above we have i' x V ^yy' ] that is, refer- 
ring to Fig, 200, A'B' x A" A' dyp\ If then, from A’ the length 
A^a be laid off olong A'' A* and towards A' equal to that of the 
standard span and the parallelogram A^'b be described on it, and 
the diagonal A"b bo drawn cutting A' J\' produced if necessary in c, 
and through c the straight line dc be drawn parallel to A' A" ^ then 
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\rill the rectangle k!*d be equal to the rectangle that ia, we shall 

have 

ad K 1= A'B' X A'A', whence ad or A'c = Syy' (-y). 

Now join A'^d cutting A'c in 0\ and through draw (i'm parallel to 
A^A', then will the rectangle A^^m = rectangle A*c, and we shall have 

V 

am X I or A'fi' X / = A'c X T, whence A'/?' = 3y^' 

In a similar way A"fi^ may be deduced from A^B". 

460. In the case of a beam uniformly loaded, the curve of bending 
moments is a parabola, whose area is equal fo |rd that of the correspond- 
ing rectangle, so that, using the same notation as before, the area of the 
curve whose base is V and greatest ordinate y' is /'y', therefore the 

I' 4 

height of the rectangle of equal area whose base is — must be -^y * 

therefore that of the rectangle having the same area and base equal 

I \ V t' 

to must be - j ). This is P' and y being in this case ~ and 

the pole distance of the force polygon, as before, we have (see also 

para, 140) reduced intercept ^ y ( j) X ~ x ^ =s 2y' ( j) . 

Deflection arid Elastic Polygons, 

461. The deflection polygon, described by the method of para. 156 
determines the moments over the supports, ^nd from it the elastic poly- 
gon, or curve, of the beam is readily deduced on the principle referred 
to in para. 453. 

Thus, Fig, 213, Plate XXXIX., shows, in chain line, the deflec- 
tion polygon dosciibed for the several unequal spans of the beam A^^A^, 
weighted as in Figs, 2l0a to <?. The same polygon for the three bays 
A^, A, is plotted to double the scale and shown, likewise in chain line, in 
Fig, 215. Fig, 214 exhibits the resultant moment areas of the same 
three bays plotted to the same double scale, and the elastic polygon, 
shown in Fig, 215 by a firm thick line, may be deduced from the deflec- 
tion polygon as follows : — 

Find the positions of the centres of gravity of the several resultant 
moment areas, shown by small circles in Fig, 214, and through them 
draw vertical straight lines to meet the deflection polygon* From the 
several points of zero moment ^ Fid, 214. draw straiiiht lines is parallel 
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to the diagonals of the several trapezia of upward moments. We shall 
then have for any span, as Ai At, 

A^8 : AjO, :: A^t : A^A, : ; aOjAj^ : aO|A,A,, 
so that AjS bears to A^Oj the same ratio that the resultant upward mo- 
ment area acting through g does to the upward moment area acting 
through e (that is, at one-third the span distance from Ai). 

Seeing, then, as explained in para. 158, that the triangles Fig. 215, 
may be taken to represent the corresponding force polygons of the deflec- 
tion polygon of the several-spans, it would seem to be evident from Fig. 
216 how the force polygons of the corresponding elastic polygon, (as 
the of the several spans), and so the elastic curve, are deduced (paras. 
134 and 135), and no further explanation will therefore be offered. 

The force polygon for the elastic curve of span A^A^ is shown in Fig. 
216 to treble the scale of that of Fig* 215. 


The Shearing Force in Continuous and Fixed Beams.* 

( 1 ). Loaded Segments, 

462. In paras. 14 and 15 of this Volume it is shown that the reac- 
tions at the supports of a freely supported beam are determined by the 
ratio of the segments into which the vector of the force polygon, which 
is drawn parallel to the closing side of the equilibrium polygon, divides 
the total resultant load, aha in para. 36 it is explained how the magnitude 
of the shearing force at any section of a beam may bo obtained from the 
force polygon. 

Suppose the closed polygon a' 1 2 34 a" 5 a' of Fig. 203 to represent 
the bending moment area of the beam A'A^ which is freely supported 
at its extremities A' and and loaded with the three detached loads 
Pi, Pj and P 3 . 

If the polygon sP^ of Fig. 204 represent the corresponding force 
polygon, then will the vector Py, drawn parallel to the closing side 6 . 
divide the total resultant resistance ta at g so that tg measures the re- 
action E'' at A" and gs that at A, that is E', on the same scale as st 
measures the total applied load. 

Now, suppose on the other hand that A' A" is the line joining the 
points of support of the segment A' A*' of a continuous beam, or the 

• Oraphieal DtUrmination 0fForc44 in £nffifU4rins Siruciunt (Ohalmeri'), p«gt etuf. 
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point of fixation of a beam fixed at and A^, the beam being loaded 
as explained, and suppose that over the support or point of fixation A' 
it is subjected to the additional action of the moment M', represented 
by 5'a', and over A" to the action of the moment represented 
by these moments being due, in the case of the continuous girder, 
to the action of loads acting outside the span A' A*, and in the case of 
the Fixed Beam to the material of the wall in which it is fixed. 

Then will the resultant bending moment area be represented by the 
closed polygon h'a* 12 34 and if bVI represent, as before, the force 

polygon, then will the vector drawn parallel to the closing side 6 
divide the total resultant resistance ia at g' so that tg^ represents the 
reaction at A" and g*a that at A', that is, S'. 

Now, if the moment over the support A', due to loads indirectly 
applied, be denoted by M' and that at A" by M'^, the shearing force at 
A' by 6' and that at A'' by S" and the length between the points A'' and 
A' by /, we have, taking moments about A" and denoting the distance 


of any weight from A" by x" , 

m = Pa:" + M' - M" (1), 

moments tending in the direction of the hands of a clock being shown 
positively— 

/. S' = 4 2.' P*' + T (2)- 


But y 2^ Vx" is the reaction at A' of iT discontinuous beam freely 
supported at A' and A", that is, R'. 

Hence, S'=Il'+ (M'- W'), so likewise S"=R"+ j (M"’- M'). 

Now, R' is shown on the force polygon, Fig, 204, by gs^ and the expres- 
sion \ (M' — M") is the portion of the load lino intercepted between 

I 

the lines Fg and Fg\ 

For the triangle gFg'^ Fig, 204, is evidently similar to the triangle 
a'a"a, Fig, 203— 

/• 99 : Pole distance : : a'a :l :: (M' oo M") : I 

... 9 ^ = 4- (M' CO M"). 

Pole distance I ' 

But the Pole distance is a reduction base and might be taken equal to 
unity. 
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Hence gg* represents --(M' ro M*) in the same way that any other 

quantity is represented by a part of the force polygon. 

Whence, remembering para. 173, Vol. L, in which it is explained 
that the shearing force at any section of a beam is measured by the 
resultant of all the external forces acting on one side of the section, 
we see that the shearing force at any section of a fixed or continuous 
beam is obtained in a manner exactly similar to that in which the 
shearing force of a beam freely supported nt its extremities is obtained, 
once the moments at the supports and the bending moment area are 
known. 

463. From the above it is evident that were the moments over the 
supports equal, as would be the case were the Continuous or Fixed Beam 
symmetrically loaded, then would M' be equal to M ' and a a* be parallel 
to A'A'^ in Fig» 203, and Vg would coincide with Vg^ in Fig* 204, and 
the magnitudes of the Shearing Forces of Fixed and Continuous beams 
would, under these circumstances, be the same as those of a similar and 
similarly loaded discontinuous beam freely supported at its extremities, 
as stated in para. 810, Vol. I. 

(2). Unloaded Segments, 

464. If the direct loads P in previous investigation be omitted, the 
case becomes that of au UKloaded segment, and we have for the reactions 
at the supports 

S' = - S" = -|- (M' M"). 

The shearing forces at the supports constitute, iu fact, a couple 
balancing the moments produced by the loads applied in other spans, 
and those forces must, therefore, act alternately upwards and downwards 
at the successive supports (compare para. 155). 

Partial Loading of Continuous and Fixed Beams, 

465. The case of partial loading should require no further explana- 
tion seeing that the partial load when reduced to its single resultant 
may be treated as a single detached load. The moment area of the 
partially applied uniform load only would, of course, consist of a para- 
bola joined to a triangle, one side of the latter being a tangent to the 
former, as shown in Fig* 205, Plate XXXVIII. 
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Condittot^ for Maximum Positive and Negative Bending Moments and 
Shearing Forces in a Continuous Girder y subjected to the action 
of a uniform moving loadJ^ 

466. In order to ascertain the maximum fitresses to which the 
material of a Continuous girder is liable to be subjected during the 
passage of a given uniform moving load, or of loads, it is generally neces- 
sary to examine the effect on its parts of every possible distribution of 
the given load system, and the following considerations are introduced in 
order to assist the Student in forming an idea of the scheme on which 
such an examination should be based. 

For instance, in a girder of four spans, the sixteen different states of 
loading shown in Ftg, 20G, in which a thick line denotes the loading, 
would have to be more or less completely dealt with. 

We shall, for simplicity, as before, regard the girder as weightless 
and deal with the moving load or loads only, forces acting upwards 
being treated as positive and downwards as negative, and shall divide 
the investigation into two parts, and consider — I., A chosen Span Loaded ; 
and II., A chosen Span Unloaded. 

I. Chosen Span Loaded. 

(1) . Conditions for maximum Shearing Force. — As in the case of the 
girder freely supported at its extremities and dealt with in para. 182, 
Ex. 11, Vol. I,, the shearing force is a maxTmum at any given section 
when the moving load moving on to the girder from either support 
extends from that support up to the section in question, being a negative 
maximum when the light segment of the girder is loaded and a positive 
maximum when the left segment is so. 

(2) , Conditions for Maximum Moment at any given section. — This 
depends upon whether the given section falls — (rr) between the “fixed” 
verticals, (b) between points of support and “ fixed” verticals. 

(a). Section between fixed ” verticals. Since in Fig. 200 A," always 
lies beyond A" and A/ beyond A', both Aj" and A/ being outside the 
span, and since A'^B' and A'B" fix the positions of x" and it 
follows that A"X and XA', also the points of inflection e and f must 
always lie outside of x" and y" ; consequently, as eXf is the excess of 
the downward, or negative, over the upward or positive, moment area, 

♦ Graphical Determination of Forcet in Engineertng ucturee i^Chalmers’^.uage 282, et eeg. 
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it follows that for every section of the girder between aiid y", that 
is, between the fixed verticals, every position of a detached load 
produces a negative or downward bonding moment ; whence it follows 
that, for every cross section of the girder lying between the fixed verti- 
cals there is a negative moment when the span is fully loaded^ that being 
obviously the condition affording the maximum bending moment, 

(b). Section between points of support and fixed verticals, — Con- 
sider any section r between A' and fixed vertical Fig, 200. It is 
evident that if the detached load P, moving on to the girder from the 
point A" towards A', has advanced but an infinitesimal distance from 
A'', the inflection point / will fall infinitesimally near to the “ fixed ” 
vertical y on the line joining the points of support, that is, to 3 /", 
because the case will approach infinitesimally neaily to that of an un- 
loaded span ; also, that as the load moves further towards A' so also 
will the inflection point move towards A'. There is, then, obviously 
some position n for the load P for which / coincides with r, that is, for 
which the value of the bending moment at section r is zero ; and it is 
further obvious from what has been said, that as the load passes grad- 
ually across the girder from A" to A', since the value of the bending 
moment changes continuously, the latter must have a positive value at 
section r for all positions of P to the left of tt and a negative value for 
all to the right of n* Hence the following theorem : — 

At any cross section r between one of the fixed'' verticals and the 
nearest support^ the bending moment has a positive or negative maximum 
value^ as the case may be^ when the continuous load extends from that sup- 
port to a cross section tt of the girder for whichy as point of action of a 
concentrated loady the cross section r is an infection pointy the continuous 
load beingy of course, regarded as a series of very small detached loads, 

IT, Chosen Span Unloaded, 

467. Seeing that the moments and shearing forces over successive 
supports in unloaded segments have opposite signs, and that the mo- 
ments over supports of loaded segments are always positive (as com- 
pared with the effect of the directly applied load), it follows that the 
first condition for a maximum is that loaded spans should altsrnate with 
unloaded spans, and the second, that the loaded spans he completely 
covered. 
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468. Tlie following plan of dealing with the effect on the chosen 

unloaded span of the loads imposed on other spans naturalljf suggests 
itself : — rf* 

I 

Number the spans off consecutively to right and left of the chosen 
span of Fig* 208, then the following results will be intelligible 

after what has been already said. 

Over A' there will be a negative maximum if the odd spans to the 
left and the even spans to the right be fully loaded. The same dis- 
tribution gives a positive maximum over A''. This is illustrated in 
Scheme III. of Fig* 208. The shearing fdrce will be a negative maxi- 
mum over A' under the same conditions. 

469. Applying the method described in preceding paragraphs, it 
will be easy to verify the results illustrated in the four schemes of 
Fig* 208, viz * : — 

Scheme I. 

With the arrangement of loads shown, vtt., the even spans on either 
side the chosen unloaded span A" A' fully loaded, we have a negative 
maximum bending moment between the fixed verticals x and y. 

Scheme II. 

With the arrangement shown in Scheme II., we have a positive maxi- 
mum shearing force over A' and a negati recover A'’' ; a positive maxi- 
mum bending moment between y and A' ; a negative maximum bending 
moment between A'' and x. 


Scheme III. 

With the arrangement shown in Scheme III. we have a negative maxi- 
mum shearing force over A' ; a negative maximum bending moment 
between y and A' ^ a positive maximum bending moment between 
A" and x. 


Scheme IV, 

With Scheme IV. there is a positive maximum bending moment over 
A' and A^. 

470. Some of the results arrived at in para, 468 are illustrated in 
Fig* 207, thus — 
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Schme 1. 

Scheme 1 shows a negative maximum bending moment between the 
fixed verticals x and y, the beam being fully loaded. 

Schme 2. 

A positive shearing maximum at any chosen section C, when the left 
segment is fully loaded and the right unloaded, and v$ce versd; a positive 
maximum bending moment at the cross section between y and A! at 
which the inflexion point fe^lls when a concentrated load is placed at C ; 
a negative maximum bending moment for the inflexion point between A" 
and Se corresponding to a concentrated load placed at C. 

Scheme 3. 

Gives the reverse results to Scheme 2. 

471. By combining Schemes L and 1, II and 2, III. and 8, IV, and 
1, total maxima may be obtained. Thus, for instance — 

The shearing force is a negative maximum at any given cross section 
of a given intermediate span of a continuous girder when the uniform 
travelling load extends from this section to the right support, the left 
segment of the girder being unloaded, and the other spans to right and 
left alternately loaded, that is, the adjacent span to the right being 
unloaded and that to the left loaded; a positive maximum shearing 
force occurring at the section in question )?hen the left segment of the 
given span is loaded, the right adjacent span being fully loaded and the 
left unloaded, and the other spans alternately loaded and unloaded 
(Schemes 111. and 3). 

Similarly, a negative maximum bending moment is obtained at any 
cross section of the girder between the fixed verticals x and y, when the 
girder is fully loaded and the other spans to right and left are alter- 
nately unloaded and loaded, the adjacent span on either side being 
unloaded (Schemes I, and 1). 

In practice such a loading is scarcely likely to occur. If we suppose 
the rolling loaded divided into two portions only, which arrangement 
would cover the case of railway bridges with double lines of rails, the 
above results will read as follows : — 

The shearing force at any cross section of the given intermediate span 
of a continuous girder will have a maximum negative value when the 
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load reachfUs from the right support up to the section in question, and 
the left adjacent span is fully covered ; a positive maximum occurring 
when the load reaches from the left support to the section in question 
and the right adjacent span is fully loaded. 

And the bending moment will have a maximum negative value at any 
cross section between the ** fixed ” verticals when the span in question is 
fully loaded, and the next span but one on either side is also fully 
loaded. 

Students are referred to Chalmers* Graphical Determination oj Forces 
and Du Bois* Graphical Statics, from which *the above investigation has 
been taken, for further information on this subject. 

472. The advantages and disadvantages of continuity in girders are 
discussed in para. 363 of Vol. I. The following remarks, taken from 
Cols. Wray and beddons^ Instruction in Construction may be added to 
them : — 

** The danger of continuity lies in the fact that a slight subsidence in, 
or error in laying out, the levels of any of the points of support, will 
cause the points of contraflexure to shift, thus throwing out all the 
calculations and producing stresses the amounts of which cannot be 
foreseen. 

** Any accident to the girders over one span of a bridge, formed of 
continuous girders, may involve the destruction of several spans, or even 
of the whole structure, as was the case in the Tay Bridge disaster in 
December, 1879, when the entire train and all the high girders over 13 
spans fell into the river Tay. 

“ Any continuity or fixing the ends of cast-iron girders, not especially 
designed to meet the change of stress on either side of the points of 
contraflexure, should be carefully avoided, or the result might be failure 
of the girder ; also timbers which might possibly at some future time 
be cut through in carrying out repairs, or otherwise, should never be 
allowed to depend on their continuity for strength or stiffness.” 

473. The question of Rivetted Joints is dealt with in Chapter XIX., 
Vol. 1*, and also in the next Chapter. 

Examples* 

An example of each of the cases referred to in para. 456 is added. 

Ex* 1. This is an example of Case I. of para. 456. . Each of the five 



164 


cbaptbh XXVI. 


^ Apr# 473# 


spans of the Continuous Girder shown in Plate XXXIX. is dealt with 
separately on the supposition that it alone is for the time being loaded 
and all the other four unloaded. The positire and negative moments 
over the several points of support are then added together, and the 
maximum resultant moment diagram described. (Fig. 212). 

In this example a load of 77 i tons is placed on each span, and each 
span is dealt with separately in Ftg$. 210a to e, the load being placed 
at the points P,, P„ P„ P^and P^ in the respective spans A^A,, A,A„ 
A|A„ AjA^ and A^A^. 

The following are the successive steps to be taken ; — 

n). The ** fixed ” verticals are first set out, as in Fig, 209. 

(2). A force polygon, with any convenient pole distance, is then 
described, as in Fig. 211 (in which the pole distance is taken at 100 
units of length) and the moment polygons drawn, as A^X,A„ A^X^A,, 
A,X,A„ &c. (Fig. 210a to e). 

(8). The several deflection polygons of imposed loads and intercepts 
on verticals are then described by the method explained in para. 458, 
by setting off the length of the span on either side the point of 
application of the load, and the intercepts are then reduced in the man* 
ner explained in para. 459, span A^A^ being taken as the standard span. 

(4) . The maximum resultant moment diagram, Fig, 212, can then 
be drawn, the maximum resultant moment over a support being the 
algebraic sum of the moments over that support, due account being taken 
of the direction in which the moments severally act. 

(5) . The deflection polygon for the whole girder is then described, 
Fig. 218, by the method of para. 156, and Fig, 212 thereby checked. 

(6) . The actual lesultant moment areas are then drawn in, Fig. 214, 
and the elastic polygon, Fig. 215, described (para. 461). 

(7) . The elastic curve is then interpolated, and the maximum de- 
flections of the several spans determined by para. 119. 

It is perhaps scarcely necessary to accentuate the importance of em- 
ploying scales 08 large as possible. 

Ex, IL Plate XL, shows the construction for determining the elas- 
tic curve of the cross girders of the Plate Girder Bridge, designed in 
Example II. of Chapter XXVII,, the cross girders being supposed to 
be fixed at the ends and the weight of the bridge added to the applied 
load. 
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Fig, 217%bows the construction when both the lines of way are fully 
loaded, and the load on the girders is therefore symmetrically placed ; 
and Fig. 222 shows it when the left pair of rails only are loaded, the 
right pair being unloaded, and the loading, therefore, unsymmetrically 
placed. 

The following are the successive steps to be taken : — 

( 1) . Lay out the ** fixed ” verticals. In the case of “ fixed ” beams 
these are each one-third the span length from either support. 

(2) . A force polygon with any convenient pole distance is then de- 
scribed, and the moment polygons A' 1 2345 A" A' and A'123A"A' 
drawn in. The pole distance employed in Fig. 220, Plate XL. is 5 
lineal units, and the moment polygons are shown in chain lines (Figa. 
217 and 222). 

(3) , The several portions of this moment area, divided ofi* by ver- 
tical straight lines drawn along the lines of loads, are then reduced to 
a base length of one-half the span by the method described in para. 458, 
half the span length being set down on the verticals through the sup- 
ports. The sum of the heights of the reduced rectangles thus obtained, 
as PX, Figa. 217 and 222, represents the area of the moment polygon 
to the given base length (one-half the span), and may be taken as the 
load line of the second force polygon. It will be observed that the 
length of PX in this example is arrived at ii^a slightly different manner 
to that in which the load line is determined in the similar example 
given in the Addendum to Chapter VIII. In that case the length PX 
is obtained by reducing the figure of the moment polygon directly to 
a rectangle with base equal to one-half the span, and then dividing PX 
proportionally to the areas of the several parts of the polygon. 

(4) . The intercepts on the verticals through supports are then de- 
termined by the method described in para. 455 by setting off the span 
length either side of P, as PA/ and PA/ and joining A/ and A," with 
X and producing to meet the verticals in B" and B' respectively. The 
intersection of the straight lines A"B' and A'B" with the fixed verticals 
m and y give the points and y, which, being joined and produced, the 
intercepts A"a" and A'a' are obtained. But it will be observed that 
in the case of symmetrical loading, the resultant load line PX being 
centrally placed, we have a' a' parallel to A' A'" and A"a'' = A'a' = ^ 
A'B' or i A'^B^ 



266 


<JHAt>TER XXTl.-* FIXED AKD COMTIRUOUB QIBDStlS. f ART. 473. 

^ ^ 1 

(5). The elastic curve can now be drawn in. The load l;ae PX (=r 
A a of Fig, 219) is divided in the points a, a,, a, and so that the 
parts a/ijt a^a^y and are proportional to the areas of the corre- 

sponding resultant upward and downward partial moment areas in the 
representative polygon a' A' 12345 A'Va' and the force polygon shown 
in Fig, 219 with pole distance equal to one-third the span is described. 
The corresponding elastic polygon is shown with a firm line. 

Figs, 222 and 228 are dealt with in the same way* 

N,B , — The Student's attention is called to Mg. 221 which shows how the irreg- 
ular rectilineal figure A BCD is reduced to a triangle AaD of equal area and height, 
namely, by drawing throngh B a straight line Ba parallel to CA and then joining 
Aa. For the triangle BAa is equal to the triangle BCa, being on same base Ba and 
between same parallels Ba and CA. To each add the part DABu ; therefore the 
whole DAa is equal to the whole DABC. 
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PARALLEL GIRDERS. 

474. Beams of wrought-iron and steel ^aro built up of pieces whose 
sections are of the various forms * described in para. 899, Vol. L, such 
as plate^ bar, angle, tee, channel, <&c., connected together by rivets or 
bolts of iron or steel. 

They may be divided into the two principal types of (para. 266, 
Vol. I.)— 

I. Plate Girders, or beams with continuous or solid webs of plate- 
iron or steel. 

II. Braced Girders, or beams with opsn webs, of which Lattice, 
Warren, and N, or Whipple-Murphy, girders are instances. 

These two types may be further sub-divided into girders with straight 
or parallel flanges, and those with a curved flange, or curved flanges, 
such as bowstring and saddle, or hog-backed girders, so frequently used 
on railways, • 

475. When designing built-up bridges of this nature, the following 
points f deserve special attention : most of them have been already 
referred to in Vol. I., but are collected hero for convenience of reference. 

Points to he looked to in the Design of Built-up Bridges, 

1. Care should be taken to use, as far as possible, the sections and 
lengths of iron or steely which are usually to be found tn the market, 
bearing in mind, however, while doing so, that the use of special irons 
may possibly, under certain circumstances, prove more economical, by 
reducing the number of joints, or the weight or number of cover-plates 
or angle covers, required (para. 899, Vol. I.) 

2. The length of the beam, for purposes of calculation, should be the 

* Quadrant iron may be added to the Hit. It oontiaia of a flat bar bent to the form of a quad- 
rant with two flat flanges. Foar bars are riTetted together to form a tube with four wings or 
feathers, in which form it Is especially adapted for stmts. 

t Wray and Seddon's Inttmeiim tn Con9trt$ett9n, 8rd Bditioo, pages 104 sad 908 to 911 
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length from centre to centre of bearings, and not the clear «pan (paras. 
275 and 896, Vol. I.) 

3. The effective depth at any section of the girder, is the depth be- 
tween the centres of pressure of the danges, and these may, without 
sensible error, be considered to be at the centres of figure of the respec- 
tive flange sections (paras. 186 and 204, Vol. 1.) 

Tbe depth of parallel girders is usually from ^th to ^th the length 
for single span girders, and from ^th to continuous girders, 

y^^th being generally regarded as the most advantageous proportion. If 
the beam has a greater depth, the web is more liable to buckle, and an 
extra thickness is required, or stififeuers have to be rivetted to it, till, in 
very deep girders, the stiffeners may require nearly as much metal as 
the bars of an open web girder ; if the beam has little depth, more metal 
has to be put into the flanges (para. 195, Vol. 1.) 

4. Rivet holes should be arranged so as to weaken the plates, <&c*, 
as little as possible. Drilled holes are always desirable where many 
plates have to be rivetted together, as they can be put closer together, 
and the arrangement of fhe joints is thereby frequently facilitated, 
whilst the cost is not much increased owing to the facility with which 
the holes can be made by the use of multiple drilling machines. In no 
case, however, must they be so close as not to be readily got at on both 
sides for the purpose of^ being rivetted up or that the heads of two 
adjoining rivets are in each other’s way. 

In calculating the strength of the tension flange^ the areas of the rivet 
holes must be deducted, the loss due to this cause in the case of a 
chain-rivetted flange joint being sometimes as much as 15 per cent, of 
the whole. 

The rivet holes in the compression flange need not be deducted if the 
work is properly done, as, being filled up by the rivets, the compression 
is conveyed through them from one side of the hole to the other (para. 
364, Vol. I.) 

5. The length of flange plates in compression varies from 8 to 12 
feet, that of those in tension from 12 feet upwards, the object of the 
greater length in the latter case being to reduce the number of joints 
in the tension flange, in which, being a source of weakness, they should 
be as few as possible. 

The plates in each flange must break joint, and should, as far as pos- 
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fiiblft, be uniform in dimensions, and the rivets so arranged that the 
pattern for each plate be, as far as possible, the same. Any departure 
from this rule involves the risk of mistakes by the workmen. It is 
always considered worth while to waste a little metal in order to secure 
unilorinity of work generally. 

When the quantity of metal required in the flanges is great, it would 
appear better to use a large number of thin plates than a small number 
of thick ones, the former being stronger in proportion to their thickness 
than the latter, allowing of a more gradual reduction of the quantity 
of metal towards the points of support, ai\d thus rendering the deflec- 
tion of tho beam under its load more gradual. It is not usual, however, 
to use any plates less than or more than in thickness, as very 
thin plates are liable to corrode, whereby their strength becomes 
seriously affected, whilst the bolts or rivets must bo very large to give 
sufficient bearing area. Thin large plates are also apt to lose their 
flatness during the rivetting of their edges. 

6. The tvidth of the tension flange may, if necessary, bo reduced to 
what is required to give a proper bearing on the piers, or, if the beam 
is suspended from the top flange, to a still smaller breadth. 

7. The loidth of the compression flange^ when not stiffened laterally, 

as when the cross girders are on the bottom flange, must be sufficient to 
prevent buckling sideways, (i.e., in a horizontal plane) under tho thrust. 
This is found from exj)erience to be obtained by a width of to 

^‘(jth of the length of the beam. In very deep girders a smaller width 
may be adopted, the top flange being stiffened against lateral bending 
by cross girders.* The plates should have a thickness of at least 
yj^th the span to prevent buckling vertically, fpara. 195, Vol. I.) 

8. The thickness of web plates usually varies from I'" to but it is 
not desirable to use plates less than thick for open-air girders. 
Horizontal joints in the webs of open-air girders are objectionable, as 
the upper edges of the covers afford a lodgment for rain. They are 
necessary only in girders of unusual depth. Reducing the number of 
joints in the web has the advantage of reducing the number of places 
where rain can penetrate. 

9. It is undesirable in girder work to use angle-iron of a thickness 
less than ^th the width of one side. 
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10. To lesBen the evils of corrosion, it is advisable to add to thin 
plates and to the webs of plate girders, or when much exposed to 
smoke from engines or other deteriorating influences, and all bnilt-np 
work should, as far as possible, be so designed that all parts of it can 
be got at periodically for scraping and painting. 

11. Built-up beams, unless very small, arc almost always 

constructed with a “camber’* such that, when the beam is fully loaded, 
it becomes horizontal or nearly so. This “camber” is made equal to, 
or a little more than, the calculated deflection of the beam, the deflec- 
tion in this case including a considerable amount of permanent “set,” 
due to the large number of parts and the unavoidably imperfect nature 
of their connections. The effect of these two causes is to reduce the 
value (E) of the modulus of elasticity from 29,000,000 lbs. to about 
18,000.000 lbs. (E = from 16,000.000 lbs. to 18,750,000 lbs.*) and 
in calculating the camber, this value of E should bo used. With a 
beam of uniform strength, under stresses of 5 tons and 4 tons pfer 
square inch in tension and compression respectively, and having a depth 
of from i*^th to span, the camber would be from about y^x^th 

to .fjffth the span; and if (as may be inferred from the value of E 
being reduced by about Jrd) about Jrd of this is absorbed by per- 
manent set, the true deflection would be from about 

the span. It may be wise to increase this camber a little, say by one- 
third, the calculations for deflection being approximate only, us it is 
better to have too much than too little camber, (para. 293, Vol. I ) 

12. The a*038 section must be designed so as to allow of the plates 
being built up setiatim, the rivet holes being accessible on both sides. 

13. Expansion arrangements , — As already explained, beams, if 

“fixed” with a view to increasing their strength and stiffness, should 
still be free to expand and contract lengthwise. This may be effected 
as explained in paras. 393, 894, Vol. L, and 351, Vol. II. If a girder 
were immovable at both ends, a variation of 15® Fahrenheit would pro- 
duce a variation of length, and consequent stress of 1 ton 

per square inch of section. 

Girders of railway bridges over 80 feet in length generally have ex- 
pansion rollers under one end, but timber bed-plates are often preferred 
up to 150 feet, as rollers on metal plates are apt to become rigid. For 

* Rduklnt't " Civil Bngmeeriniir/' 1861. p. if 1. 
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shorter span**, timber, tarred felt, lead or planed cast-iron] plates are 
often used under one or both ends, to lessen friction and allow of easy 
expansion and contraction. 

Parallel Girders, 

476. The subject of Parallel Girders has been so fully dealt with in 
Vol. 1. that it only remains to add a few remarks to those contained in 
Chapter XIX., Vol. L, on Rivetted Joints, and illustrate with examples, 
also to make a few further observations on Areas and Moments of 
Resistance, and on Moments of Inertia. « 

The principles to be complied with in the design of Joints in Ironwork 
generally are stated in para. 367, Vol. I., but require a little farther 
explanation and addition in their application to Grouped Joints^ which may 
be dehned as those in which several butt joints are grouped together 
under two cover plates, which are common to all of them ; there are, 
further, certain peculiarities in grouped joints which require attention. 

477. In designing these joints, the thickness of the covers must bo 
first determined, and the three condition^ of strength enumerated in 
para. 367, Vol. I., fulfilled. 

I — Thickness of covers. 

From para. 866, Vol. I,, it is evident that if there are two or more 
plates under two covers, and only one of them jointed, as in Fig, 570, 
Plate X , Vol. 1., the stress in the two covers must be inversely pro- 
portional to their respective distances from the centre of the joint, and 
that the total stress in the covers must equal that in the jointed plate, 
the intermediate unjointed plate, or plates, acting as distance piece or 
pieces. 

On this principle the thickness of the cover of a grouped joint would, 
theoretically, be stepped in section, and somewhat as shown in Fig, 238, 
Plate XLI. This, however, would bo quite inadmissible in practice, and, 
as explained in the para, referred to, cover plates are always made of 
uniform thickness, generally the same if possible as that of the plates 
to be joined, but at least as thick as the greatest thickness given by 
equations (23a) and (24) of para. 366, Vol. I. 

Thus, suppose there is a pile of y plates, each r thick, to be joined 
under two covers, the upper of which is r and the lower thick. Let 
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the breadth of the plate be b. Then from equation (23u) above referred 
to, we have 

/ + T** must be rather > r, and ai leasts therefore, = r. 

Suppose the top plate of the pile were the only one to be joined, the 
others acting as distance pieces. Then, by equation (24) above referred 
to, we have— taking moments about the neutral surface of the lower 
cover, and considering the upper cover in relation to the joint in the 
plate next beneath it : — 

(i r*" + pr + J /) — hr / + (v — i) r} 

Substituting for r" in terms of r', as above, we have 
T* (2 V 1) 2 yT — T 



In other words, if the plate next beneath the top cover were the only 
jointed plate in the pile, that cover would have to be made at least 

(;;^)r thick. 

Ill a similar way it may be shown that, were the plate next but one 
to the top cover the only ore to bo joined in the pile, the thickness of 
that cover would have to be r, and were the plate next but two 

to the top cover the only jointed one, a thickness of r would be 

required for that cover, and so on. So that the several thicknesses of 
cover necessitated by the ^ uccessive jointed plates would stand in order 
as follows, (reckoning away from the cover plate) ; — 



Hence, since each cover plate is to be made of uniform section 
throughout, its thickness must be at least equal to (^ 7 ^) »■» 

combined thicknesses of the two cover plates = ( 7 -^^) r, which, for all 
grouped joints, is > r. 

II. — Conditions 0 / Strength, 

Let N' be the total number of rivets required in bearing ; that in 
shearing; and N the actual total required, being equal to the greater 
of N' and N". 

Lei n' be the number of rivets required in each end group, n" that in 
each intermediate or central group, and m that in each transverse row. 
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Let y be tue total number of plates to be joined under the two covers ; 
the total stress to be met by them ; and <7 the stress on each plate, 
so that T' = vff. 

Let T be the thickness of each plate ; r' that of each cover plate ; and 
d the diameter of each rivet. 

And lastly let St, «c, and have the meanings assigned to them 
in Vol. I. 

Then, it is evident that the total number in any case (N' or N'^) 

= { 2n' + (v - l)n' } (8). 

In para. 867, Vol. I., n is taken to denote the “ whole number of 
rivets on one side of the joint,** the meaning of which is at once evident 
in the case of a jointed plate, as in Figs b7b and 57r, Plate X., 
Vol, I., but is, perhaps, not quite so apparent in the case of a grouped 
jointy the figure of which is stepped in section, as in Ftg, 57c?, Plate X., 
Vol. I., or the Figs, 238 to 242, Plate XLI. 

The value of m will be known, since b is given, by the rules for pitch, 
for which see para. 869, Vol, I., and para. 481 following. The first 
condition can, therefore, be fulfilled, Thu^«— 

Condition 1°. Sufficient tensile or compressive strength in the plate 
is assured, provided : — 

T' 

(= <r) 18 not > (6 — md) r»t for tension plates, or not 
> brSc for compression glates, 

Condition 2®. It is evident from Ftg» 241, that the joint might open 
owing to the livets cutting into the plates, the covers remaining intact, 
if the bearing surface of the plates, exposed to pressure, bo insufficient. 
Hence, as explained in para. 367, Vol. 1., tbo available bearing strength 
on one side of the stepped joint must be at least equal to the tensile 
strength of the plates. From Fig. 241 it will be seen that the avail- 
able bearing surface from A to B zz vn'rd ; that from B to C zz (v — 1) 
nrd ; that from C to D = (v — 2) n^^rdy and so on ; the available bear- 
ing surface at last joint being = n'Vcf. 

Therefore, the whole available bearing strength 

=s [yn' + {(»^ 1) + (i' — 2) + ... 1} n^] rdShf 

whence, for condition 2°, in order to ensure sufficient bearing strength, 
we must at least have, 

T' = = 1) | = y {2fl' + - I)*.']**., (5), 
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or, in terms of N' we have 

T' = -y N'rfrSb = ver (6). 

Now, the expression can be evalaated once for all and tabulated 
for different values of d, and r (see Table, para. 480) ; calling this 
expression, therefore, K' we have for the general relation — 

= (7). 

Condition 3®. It is evident that separation by shearing cannot take 
place along the stepped joint unless all the rivets shear simultaneously. 
Fig, 239. Thus for suflScient shearing strength we must at least have 

T' = v(r = |2n' + (v - 1) n* I -j x d* X ». 


= {2n' + (v~l) n*} 0-78 (8), 

or in terms of N^ T' = j/cr =: x 0*78 dhn = (9), 


in which is put for the expression 0*78 X, y, which may be 
tabulated for different values of d and 

Conditions 4® and 5°. In condition 2° we have examined the chances 
of failure owing to insufficiency of bearing surface, and in condition 3^ 
that owing to want of sufficient shearing strength. It remains to 
examine combined chances of failure. Thus, for instance— 

(ti). The covers might tear and the intermediate groups of rivets 
shear off, as in Fig, 242. 

(6). The rivets might out into both covers of an end group, and at 
the same time into the plates on one side or other of the 
joint in the central groups, as illustrated in Fig, 240, which 
shows separation at the joint owing to the right group of 
rivets having cut into the cover plates, and the central groups 
into the plates on the right side of the joint. 

With regard to (a) the tensile strength of the covers is = 2 (ft — md) 

r'«t, and the shearing strength of a livct =: suppose. Hence 

wo must at least have 

Condition 4®. T' = < 2 (ft - md) rSx + n'' (p ^ \) (10). 

With regard to (ft), the bearing strength of the covers for one end 
group only, as shown in Fig, 240 is 2n'r'dSh = 2a' K/ suppose, and 
that of the intermediate groups is=: {1+2 + 8+ «•«... (v — 1)} 

n\dsh = (p — 1) n'Vd^b = (i/ — 1) w*K/ suppose, in which K/ is 
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the Ubu1ate|j valae of for thickness r' and K/ that for thickness r. 

Hence— 

Condition 5®, for bearing strength of plates and covers combined we 
have 

T' = vjr < { 2nV' + - 1 ) n*r } = 2n'K,' + - 1 ) n'K/, (11). 

478. The conditions of strength above discussed are here collected 
for convenience of reference. 

Strength of covers. The thickness of each of the two covers required 
to cover the “ grouped ” joint of a pile of v plates, each r thicks must not 
fall short of 

\v I ' 

Strength of Plates. 

1®, (tensile or compressive strength of plates) 

^ z=: <T f — vid) TSi in tension ) 

V ^ \ brSo in compression / 

2^, (bearing strength of plates) 

T' = ~ NVrs., (or ~ N'K'). 

3®, (shearing strength) 

T'= < N" X 0‘78 d’^.Tor N-^K^). 

4°, (1® for covers and 3° for plates) 

T' = r,T < 2 (6 - md) r'st + n" (r - 1) 0’78dV.. 

5°, (2^ for covers and plates) 

T' = ^<r < I 2n'r'4- (i' - D n"T | dg,.. 

As a matter of fact, the total number of rivets N is practically found 
from 3®, and their distribution from 4®, the other equations giving 
results which are less than those given by 3® and 4®. 

479. In the flanges of large girders, frequent grouped ’* Joints 
must necessarily occur, and we shall now examine bow, having made 
the calculations above described for the joint comprising the largest 
number of plates, those comprising fewer plates may be dealt with in 
the most expeditious manner. 

The stress in each plate is by hypothesis the same throughout the 
flange, and equal to the total stress to be met divided by v, the number 
of plates. It follows, then, that N' is constant throughout the pile, 
since it varies as <t, and that varies directly with the number of 
plates, this being evident from the relation sestablished in the preced* 
ing paragraph, (2° and 3® above). 



276 


OHAFTER XXVII. 


[ ARX 480 . 


But, if n* be the number of rivets in an intermediate group of y 
plates, then the number iu a group of plates is given by the 

following relations : — 

Condition 4® for v plates gives 

*^(7 2 2 (^ — md) TSt -f (v — 1) 

Assuming / to be the same throughout the flange, the same condition 
for y^ plates gives 

v^iT < 2 (6 — md) /st 4- n/ (vj — 1) drSh^ 
subtracting we have (i^ — {n^ (y t) — 

Hence < = (12)- 

Also N, = — N and, further, Ni = 2n/ + {y^ — 1) Hence 


N„ n/ and n^'' are known. 

480. The following Table,* prepared by Captain II. R. Sankey, 
(late R.E), gives the values of K' and K", referred to in the previous 
paragraphs, woiked out for the particular values Sb = 5 tojiSf and = 4 
and 5 tons per square inch. These results may, of course, be reduced to 


suit any other values of s\t and 

Table giving bearing strength of Plates (K') and shearing stiength 
of Rivets (K'^). 


c 

I 

Q 

Rksistancbin tons 
TO blNOI.B MUSAll. 

I Bearing Resistance in tons at 6 tons per square inch of a single rirct 

K*' = 0 

Wrought- 
Iron, 1 , = 
4 tons per 
sq. inch 

•78 

Steel, = 
3 t^ns per' 
tq. inch. 

TB 

r 

- — "b 

i" 

r 

1 

i 

i 

4’ 

15 ' 

i' 

r 

r 

r 

r 

0-786 

0-98 

0.156 

0-312 

0-626 

’ 0*937 

1-260 

1*662 

1*875 

2*187 

2*600 


1-227 

1-684 

0-196 

0-391 

0-781 

1-172 

1-562 

1'960 

2-344 

2*784 

3*125 

V 

1-767 

2-208 

0234 

0469 

0*937 

1 1-406 

1*876 

2*344 

2 812 

3*281 

3-760 

f 

2-405 

8-006 

0 273 

0-647 

1-094 

1-640 

2-187 

2 734 

3*281 

3*828 

4-876 

r 

8-141 

3-927 

0 312 

0-626 

1-250 

1-876 

2 500 

8*126 

8'750 

4-376 

6-000 

ir 

3-976 

4-970 

0 861 

0-703 

1-406 

2-109 

2812 

3*676 

4*219 

4-922 

6-626 

\i- 

4-908 

6-136 

0'393 

0-781 1 

1-662 

2-344 

3*126 

3*906j 

4*687 

6 460 

6-260 


la single cover joint, or in considering the outer joint only of a 
grouped joint, the shearing resistance of each rivet section should, for 
equality of strength, be equal to the bearing resistance of the corre- 
sponding rivet hole of the nearest cover (or in either plate in a lap joint) ; 
therefore, in using the above Table, which gives the relative resistance 

* Wr»j and Seddoas’ “ luatruction iu Conttractiou," 3rd Edition^ p. 192. 
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of rivets to shearing and of plates to cutting under the ordinary 
of btrese^ it will generally be sufficient to calculate the number of rivet*? 
required either for shearing or for bearing, taking the one which offers 
the least resistance. Thus, with I'' rivets and cover, the Table shows 
tliat more livets would bo required for bearing than for shearing ; hence, 
the number required for bearing will be more than enough fur shearing, 
whilst the reverse would be the case with a j" cover. 

The method of using the Table ivill be apparent from tlie following 
example* : — 

The tension bar of a lattice girder, 5^^ in section, is rivetled 
to the flanges, by J" rivets and is subjected to a stress of ton"’. 

From above Table wo have, the beaiing resistance of rivets in 
plate is 2*187 tons per square inch, and iho shearing resistance is 2*4 Oo 
tons. Hence, the least number of rivets necessary must be 10 -r- 
2*187 4*7, or 5 rivets. 

481. Size and Pitch of Rivets, — The rules given in para. 369, Vol. T , 
for tiansvcrsG pitch are not quite satisfactory. It would appear that, m 
order to ensure eipiality of stiength in all {igiits of the joint, the shear- 
ing strength of the rivets should equal the tensile strength of the not 
area of the cross section of the plate to be joined, and also, tlio beniing 
strength of one rivet hole in single, or of two in double, rivetting shonhl 
likewise equal the tensile strength of the plate left between any two 
livet boles in the same transverse row, • 

If Z' =1 transveise pitch, and r, Sh, and Si have tlio same meanings 
as before, (/' being measured from centre to centre of rivet), we have — 

Tensile strength uf plate between two rivet holes in the same Iransveise 
row = (/'—* d) r8%, 

Dealing strength of one rivet hole = drs>,. 

Hence, in the case of single rivetting^ P — ^1 *f ^ 

and, in the case of double rivetting^ P ==z -f 2 d 

Whence, since — St we have, P =. 2d for single, and dd tor ilouhlo 
rivetting, for bearing and tensile strength only. 

The shearing strength of one rivet section = ~ d} 

Hence, for a single-rivetted single shear joint ^ cZ* #, = (Z' — d) r^. 

• Wray and Seddon*' Initrnction In Censtruttion," 3rd Edition, p 

2 N 
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In tlie case of single- riretted double shear joints, there are two cross 
sections of rivet to resist the pull, and so likewise in that of double- 
rirotted single shear joints; in the case of doubte-riretted double shear 
joints there are four cross sections of rivet. Therefore, if /t be a con- 
stant which equals 1, 2, or 4 as the case may be, we have the general 


expression 


0*7854 k(P8, = (r - ii)T8, 


whence I = — 4* * (2). 

Again, if be a constant which, m the case of single rivetting equals 
1, and of double rivetting 2, we have for equation (1) the general 


expression 

r = (i + d, (3). 


Hence, equating (2) and (3), wo obtain a general expression for d in 
terms of known quantities; tlius, when the tensile strength of the net 
area of the cross section of the plate to be joined is equal to the shear- 
ing strength of the rivets as well as to their bearing strength,— when, in 
fact, the several parts of the joint arc all equally strong — we have for 
the diamotor of the rivet 


0 7854 ^ it 


and putting ab = 5 and a, = 4 the usual values, we have c/ = 1*59 x ^ X r. 


For singlo-rivetted single shear joints, A;' = 1 and A; = I d = 1*C r. 

Fur single-rivotted double shear joints. A:' = 1 and Ar =: 2 /, = 0*8 r. 

For doublo-rivctted single shear joints, = 2 and A: = 2 = 1*6 r, 

and for double-rivetted double shear joints, A;' = 2 and Ar = 4 d = 0*8r. 

Hence, generally, in the case of single shear joints d = 1*6 r, and in 
that of double shear, d = 0*8 r. On account, however, of the risk of 
damaging the plates in punching holes of small diameter, also of the 
additional labour involved, and bearing in mind the necessity of main- 
taining as much uniformity as possible in order to avoid errors in 
practical construction, the same diameter 1*6 r) is generally given 

to the rivets whether in single or double shear. 

Substituting cf = l*6r in (2) we have 


l’ - X -t + <' = (* + 0 r. 


Thus, for single- nvetted single shear joints V «= 3'2r, and for single- 
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rivetted double shear and double-rivetted single shear joints / ' = 4 8r ; 
for double-rivetted double shear joints T = 8r. 

And substituting ci = l*6r in (I) we have /'= 3*2r for single and 4*8rfor 
double-rivetted joints — a result practically the same as for equation (2). 

The above dimensions indicated by theory are slightly altered in prac- 
tice, the rule generally followed being that of Mr. Fairbairn, to make 
d zz 2 t for plates under Y thick and = 1 Jr if thick or more. Pro- 
fessor Unwin’s rule is d = 1*2 (Machine Design, 1877). The 
minimiinj pitch of rivets is 2d, but in the case of punched holes is made 
= 2J to Sff. In zigzag rivetting the distance between the transverse 
pitch lines is made at least = ^ what the transverse |)itch would be for 
chain rivetting. In a pile of plates of different thicknesses, r in above 
would be the thickness of the thickest plate. 

482, Lozenge Rivetting, — The arrangement of zigzag rivetting known 
as Lozenge Rivetting is referred to in para. 367, Vol, L, but the explana- 
tion therein given (owing to misprints) is not satisfactory. The follow- 
ing explanation, due to Professor Unwin, is offered to the Student. 

From Fig. hie, Plate X., Vol. I., it istevident that the section at s 
(or c) is reduced in tensile strength by one rivet hole, this strength being 
(with the same symbols as in para. 477, p, 272) measured by (b — d) 
t8%. It is likewise evident that the second section ti (or pq) is similarly 
weakened by two rivet holes. Bnt it is equally clear that the plate can- 
not fail at the second section rt (or pq) wfthout also simultaneously 
shearing across the fiist rivet section at s (or c). Consequently the 
strength of the plate at rt (or pq) is not merely measured by (6 — 2d) 

rStf but by I (& — 2d) rSt -{- ^ | . If now the diameter of rivet and 

thickness of plate be so proportioned that ^ d^s» = drSt, that is, so that 

the shearing resistance of one rivet seetton be not less than the tensile 
resistance of a strip of the plate one diameter wide, then will the 
strength of the plate at section rt (or pq) = (^ — d) rSt, that is, will be 
the same as at section s (or e). 

In a similar way, the plate cannot fail at the third section cd (or ab) 
without simultaneously shearing across the two rivets at the second 
section tt (or pq) as well as the single rivet at the first section s (or c), 

so that the strength at section cd (or ab) = | (6 — 4d) rSt + 3 | 
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wliicb, under the conditions stated above, reduces to -- d) r^i, tliat 
IS, to exactlj the same Btrength as that of the first cross section at s 
(or c). 

Himilarly the fourth section might have 8, the fifth 16, and the n'*' 
section 2“”' rivet holes, without the strength of the bar being reduced 
below that of the first section at $ (or c), or virtually below that due to 
reduction by one rivet hole. 

But if - = drSt at least, then d = 1*27 - r, at least ; and tak- 

ing tons r= 5 » this reduces to d = 1*27 r, and if = 4*2 and 

=: 3, an extreme case, then d = 1*8 r, at least. 

But as the value of d is in practice taken ~ r to 2 r (see preceding 
paragraph), it is evident that by this lozenge-sbaped arrangement of 
rivets the elfective section of tlio plate is virtually reduced in strength 
by one rivet hole only, so that the n*** cross section may have up to 2"~^ 
rivet holes cut in it, provided the rules for pitch admit of that number. 

483, The principles to bo observed in the design of Ri vetted- Braced 
Joints are explained in para^. 373, Vol. T. The only point that need be 
mentioned here is that “ the line of fracture *’ which, on p. 15 of Mr. 
Lathanrs Wrought-lron Bridges^ is defined as “ the lino drawn through 
the plate or bar (on its surface) crossing all the linos of strain in such 
a way that the section of the plate along it is a minimum” should be as 
long as possible. For H is found by experiments on ordinary fibrous 
plates, that the plate is more likely to break in such a line, even though 
it be ii regular and zigzag than in any other.” 

Practical Hints for Rivetted Joints. 

484. The following practical hints for rivetted joints are collected 
here for convenience of reference, viz. 

1, Cover plates , — If a pile of y plates, each r inches thick, are to be 
joined under two covers, the thickness of each cover plate must at 

least = ^ r inches, and is generally made = r (para. 477). 

2 Some joints require special devices in order to admit of the use 
of double covers. Figs. 243 and 244, Plate XLI., show different ways 
of arranging double covers to the flange plate of a girder, one cover in 
each case being placed on the outside of the flange, whilst the inside 
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of the joint *nay be covered as most convenient. At C, Fig, 243, there 
is room for a small cover slip in addition to an inner angle-iron called 
an angle cover or wrapper ; at D a cover is cranked round the angle-iron ; 
at E, Fig, 244, an angle cover alone is used ; whilst at F another cover 
slip could be added, as shown by dotted lines, which might be made 
strong enough to do the work required either for a joint in the angle- 
iron, or in the flange plate. If an angle-iron is cranked over a cover, 
as shown in elevation in Fig. 215, the outer cover should be prolonged 
one or two rivet holes at each end, to compensate for the strength lost 
by the bend in the angle -iron. ' 

3 Rivets should bo arranged so as to admit of being got at on both 
sides for tlio purpose of clencliing the rivets. 

4. Size of rivets . — If r be thickness of thickest plate to bo joined, 
then Fairbairn’s rule is, diameter of rivet {rfj = 2r for plates under 
and 1 Jr for plates or over ; and Unwin’s rule {Machine Design, 1877) 
is (1 = 1*2 r. 

With rivets so proportioned, the total number in single shear joints 
(yit,y lap, single cover and grouped joints) will, when the resistance to 
shearing is taken at 5 tons, depend on the number required for bearing 
with plates under thick, and for shearing with plates thick and over. 

If r, and = 5 tons and == 4^ tons, then will single 

shear joints be equally strong as regards both tearing and bearing. 

Rivet holes are seldom over diaraetcr^even with U plates. 

5. Rivet heads should have a diameter of from \\d (where d = dia- 
meter of rivet hole) for countersunk to 2d for conical heads, with a 
height of about for snap to for conical heads. For the method of 
forming ellipsoidal and segmental heads, see Molesworth's Pocket-Rook. 

6. Rivet iron and weight of Rivets , — Rivet iron increases in diameter 

by from to The diameter of the rivets should bo about 

less than that of the corresponding rivet holes. 

The length of bar required for each rivet = length of shank + {2d 
to 2^d) for a pan head, (1 i\d to \\d) for a snap or conical head, and 
(Irf) for a countersunk head. The extra length required for rivet 
head being known, tho weight of iron can be taken from any Table of 
Weights of round iron, or by taking it out at 0*27 lb. per cubic inch. 

7. Pitch o/ Hfireia,— Minimum pitch = 2d, but (2^ to 3) d is adopt- 
ed for punched holes ; maximum longitudinal pitch in compression plates 
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= 12 times the thickness of weakest outside plate. In sjigzag rivet- 
ting the distance between transverse lines of rivets =: at least |rds 
the transverse pitch for chain rivetting, 

8, The distance of the outer rivets from the edge of a plate depends on 
the direction of the fibre of the metal. In the direction of the fibre, 
the distance from the edge to the centre of the rivet hole should be 
not less than + v 4- in a direction at right angles to the fibre, 
the distance from edge to centre of rivet hole may be less than this. 

A safe rule is to make the end distance measured from circumference 
of hole = 2 diameters of rivet, and side distance less. 

Areas and Moments of Resistance. 

485. Ai'eas of resistance. — In para. 198, Vol. I., it is shown that 
the figure representing the area of longitudinal stress variation across a 
slightly bent beam of isotropic material, the cross section of which is 
rectangular, consists of two triangles, having a common apex at the point 
in which the neutral axis traversing the beam longitudinally meets the 
cross section, and may be described by drawing the two diagonals of the 
rectangle which will thus enclose the area of stress. It is further shown 
that this area niny bo regarded as the equivalent area of resistance 
of a uniformly varying stress acting over the cross section in question. 
The principles on which such equivalent areas may be determined for 
cross sections whose figure^, are other than rectangular will bo apparent 
from the following r*— 

Draw the figure of the cross section of the beam to a convenient scale, 
as in the figures of Plate XLII., and determine the position of the 
centre of gravity either by cutting out the section in cardboard, as 
explained in para. 202, Vol. I., and suspending it in two positions, or by 
any other of the methods already explained. 

Let NA, Plate XLIL,^ represent an axis passing through the centre 
of gravity of the section. On each side of NA project successive layers 
of the section, taken at convenient intervals apart, on to a lino drawn 
parallel to NA, and at a distance from it equal to that of the extreme 
fibre of the section. Let cc represent such a projection of any layer ee; 
then, since the intensity of the stress increases uniformly from zero at 
ISA to a maximum at the extreme fibre, by joining the points cc with 

• Plate XLIT. is taken from Wray and Seddons* “ Initi notion in Construction," with slli^bt alter- 
ations, M also tho description of the method 



ART. 486-487 ] 


PARALLEL GIRDERS. 


288 


the centre of gravity of the section, and thereby cntting the layer ee in 
the points bi, we obtain a length bb which in each case represents the 
total stress on the fibres ee. By dealing thus with snccessive layers of 
any section, taken at convenient intervals apart, the shaded areas of 
uniform intensity of stress, shown on the sections of Plate XLIL, are 
obtained. 

The numerical values of these areas may be severally ascertained by 
carefully cutting out the figures of the respective areas in heavy card- 
board, weighing them, and dividing the weight of each so obtained by 
that of a square inch of the cardboard. # 

486. Moments of resistance . — As explained in Chapter IX., Vol. L, 
the moment of resistance of the cross section is equal to the product of 
its area of resistance into the safe intensity of stress multiplied by the 
distance between the centres of stress of the cross section, as to which 
see para, 203, Vol, I. 

Distribution of the Shearing Stress. 

487. From the previous investigation it would appear that the 
equivalent area of resistance of a uniformly varying stress over a cross 
section of almost any figure, may be determined, and from this area 
the distribution of the shearing stress may be determined as follows, 
viz. 

Let Fig, 246 represent the side elevation of a portion of a beam of 
rectangular cross section. Then, since the horizontal shearing stress 
along any layer, such as ee,, is equal to the sum of the differences of the 
direct stresses on the fibres in the portions /e, ge^ of the cross sections 
tf ggy it follows that any part of the sectional area might be taken to 
represent the direct stress upon that area, or the ditference between the 
stresses at two adjacent sections, so that the horizontal stress at any 
layer Fig, 246, one unit in length, and so also the vertical shearing 
stress per unit of height at e, might be represented by an ordinate equal 
in length (on any convenient scale) to the number of units contained in 
the area of the section between ee^ Fig, 247, and the outer edge cc of 
the beam. 

Thus, if the shaded portion of the cross section, Fig, 247, represent 
the equivalent area of uniform intensity of stress, a diagram showing the 
distribution of the shearing stress throughout the section might be 
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drawn, rs in Fig. 248, by laying oft" from the straight line dd, which 
represents the depth of the beam, ordinates proportional in length to 
the areas of the shaded portion of the figure taken in succession from 
the outer edges to the neutral axis of the section, as the ordinates in 
Pig, 218, which are proportional in length to the successive areas 1, 1 
-f 2, 1 -h 2 -f 3, and 1 -f 2 -f 3 4- 4, of tlie shaded figure; so also for 
tlie shaded figures of the other cross sections; and hy joining the ends 
of those oidinatea the diagrams indicated by continuous lines are obtain- 
ed, giving the distninition of the Khcaring stress throughout the section. 
3’he boundary curves will oheiously nppioxiniale more nearly to the true 
curve the nearer together the sections are taken, that is, the more 
numerous the ordinates are taken, and, moreover, the area of the dia- 
gram will obviously represent tlio total magnitude of the slieaiing 
htress at the cioss section of the hoam in question. 

It is evident from the above that, in a rectangular cross section, the 
distiilmtion of the sheaiing stress may he represented hy a parabola 
(as stated in para. 213, Vol. I.), since the ordinutos of the diagiam vary 
as tlio areas of similar tiianglcs. See Pig, 248. 

488 . Intensity of shearing stress , — In Figs, 218, 250, vfec., the cono- 
s[)onding intensify of sheaiing stress througliout tlie section is indicated 
hy a dotted curve, the ordinates of which are found hy dividing the ordi- 
nates of tlie curve representing the distiibution of the sheaiing stress at 
each layer by the actual hveadth of that layer at the point in the cross 
section to which each ouluiato refers. 

Since in P'ig. 247 the hieadtli is uniform throughout the cross section, 
the curve representing the intensity of tlie shearing stress is merely a 
flutter parabola than that represontiiig the distribution of that stress. 

Moments of Inertia, 

489 . As the figures of the cross sections of girders of ordinary con- 

struction are usually symmetrical and simple, and may generally be 
supposed to ho made up of rectangles, the value I of their Moments of 
Inertia about an axis passing through the centre of gravity of the 
section may often be readily determined by the following simple method, 
depending on a knowledge of the relation I =r being the value of 

tlie Moments of Inertia of a rectangle, of breadth b and depth c/, about 
an axis passing through its centre of gravity. 
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Thus, the area of the cross section of the girder shown in Fig, 272, 
Plate XLIV., is made up of rectangles, as follows, rw. : — 

Area = ABCD - 2 (EFGH + KLMN + PQR8). 

Therefore, the Moment of Inertia I of the area about an axis passing 
through its centre of gravity is equal to the algebraic sum of the 
Moments of Inertia of its component parts about the same axis, so that 

1^ [24 X (66)> - 2 {7-125 X (61)> + 3-875 X (59-75)» + 

0-625 X (50-75)*J] = 574,992 - 421,808 = 153,184 inch-units of 
inertia. 

490. We shall now add a few practicaUexamples illustrative of the 
principles that have been discussed in the Chapters of Vol. I. and in the 
preceding paragraphs. Commencing with a simple example of a Group- 
ed Rivetted Joint and then proceeding to the complete design of a Plato 
Girder with parallel flanges, suitable for a Railway Bridge, we shall con- 
clude with an example of a Box Girder. In these designs the analytical 
methods of Vol. L will be employed equally with the graphical ones 
described in this Volume, that method being employed which would 
appear to be the more suitable for the immediate object in view. 

EXAMPLE I. 

Grouped Rivetted Joint. 

The tension flange of a Wrought-Iron Parallel Flanged Plate Girder 
is 19 inches wide and made up of four plates, rivetted to the web 
by two 4^" X 4^^^ x f" angle-irons. The four plates are to be joined 
together under two covers, the flange being liable to a maximum bending 
moment of 1,188 foot-tons. The depth of the girder is 5 feet 6 inches. 
Design the joint so that the plates shall be weakened as little as pos- 
sible, taking s* = 5, «b = 5 and s. = 4 tons. The Table given in para. 
479 may be employed. 

This joint is similar in many respects to the main joint in the main 
girder of the Plate Iron Railway Bridge designed in Example II,, fol- 
lowing. 

(1) . For the thickness oj cover plates, we have, by para. 477, r' = 

= (at least) J" X = Y', It will, however, be more convenient to 
make covers and plates all of same thickness, vit., 

(2) . For size of rivets we have (para, 484), d = 1^^ x = jf*, or 
say 1". 

2 o 
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(8). For pitch of rivets^ V = (2^ to 3) c=: 2^" to 3", say 3^'. 

(4) . Therefore m = 5. 

(5) . Available section of two angle irons, one on each side the web, 
after deducting two rivet holes hi each, will be 

2 (2 X 4^" I" - 2 X 1'') = 2 X X f" = 7*97 square inches, 
available strength of angle-irons = 7*97 square inches x 5 tons 
= 39*85, or say 40 tons. 

I . • bendine: moment 1188 foot-tons 

Ihe longitnJ.nM stress on boom = = — 5 a l e et— = 

216 tons. 

/. stress to be taken by the four plates = T' = (216 — 40) rr: 176 tons, 
and stress to be taken by each plate = or = ~ = 44 tons. 

(6) . If lozenge rivetting be adopted, each plate will be weakened by 
one rivet hole only, so that available strength of each plate will be 

(19' — 1") X I" X 5 tons = 56 25 tons, 
which is more than sufficient. 

Therefore Condition is satisfied (paras. 477 and 478). 

(7) . For Condition 2^ wo have for N', the total number of rivets 
required in hearing (para. 478), 

2<r 88 

N' = -jt; = = 28*1 at leastj say 30, the nearest multiple of m, 

O'iaO 

(8) . For Condition 3'^ we have for N", the total number of rivets 
required in Bhearing^ 

N" = ^, = ^ =r 56-37 at least, say 60. 

(9) . Hence N = 60 rivets. 

(10) . For Condition we have 

2 (19' - 5 X 1") X i" X 5 tons + n" x 3 x 3*14 = 176 tons, 
n" = 9*4 rivets at least, or say 10, being nearest multiple of m. 

(11) . Hence, since N = 2n' + (v — 1) n" we have 

n' = ^ (60 — 3 X 10) = 15 rivets. 

(12) . Substituting n' 15 and n" = 10 in equation for Condition 
5®, we have 

j2«' + l)n"|rrf»b={2xl5 + 2x3xl0)x3-13 = 281-25 

tons, which is stronger than is required, T' being = 176 tons only. 

The joint may, therefore, be designed as indicated above. 
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EXAMPLE II,* 

The Design op a Plate Iron Girder Railway Bhidqk. 

Specification. 

A double line of narrow gauge railway is to be carried over a clear 
opening of 62 feet, the eflfective span, or span from centre to centre of 
bearings, being 66 feet, and the total length of the bridge 70 feet. 

The bridge is to be of the form shown in Plate XLIII. The main 
girders are to be placed on lead on the pier^, and are not to be fastened 
in any way. 

The rails are to be carried on longitudinal timbers, 12" X 6", which 
are not to be taken into account as affording any strength to the bridge; 
these timbers rest on longitudinal iron beams, carried on, and rivetted 
to, cross beams at central intervals of 5 feet 6 inches. 

The cross beams rest on the lower flanges, and are rivetted to the 
web and stiffeners, of the main girders. 

The platform between the longitudinals, cross beams, and main gir- 
ders, is to consist of plates, on which ballast is to be laid to an 
average depth of 4 inches. 

The rolling load on the main girders and longitudinals of the bridge 
may be taken at 1-^ tons per foot run for each line of way. 

The working resistances given in Table, n. 435, para. 397, Vol. I., 
are to be adopted. 

Remarks. 

The width of the bridge is determined by Board of Trade Rules, which 
are as follows : — 

^*Rulb 15. No standing work should be nearer to the side of the 
widest carriage in use on the line than 2 feet 4 inches, at any point 
between the level of 2 feet 6 inches above the rails and the level of the 
upper parts of the highest carriage doors. This applies to all arches, 
abutments, piers, supports, girders, tunnels, bridges, roofs, walls, posts, 
tanks, signals, fences, and other works, and to all projections at the 
aide of a railway constructed to any gauge.** 

“ Role 16 . The intervals between adjacent lines of rails, or between 
lines of rails and sidings, sliould not be less than 6 feet.** 

* This exMnple i« taken in part from Wray and Baddone' In^tmctioki in Ccnttmetion.*' 
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The condition, that the longitudinal sleepers carrying the rails are 
not to be taken into account as affording any strength to the bridge, is 
necessary from the consideration that these timbers may, and probably 
will, be renewed by men knowing nothing of their functions as part of 
the bridge, and consequently, if relied on for strength, their repair might 
inyolve the safety of the bridge.* 

The distance apart of the cross beams has been fixed on as being 
likely to render the platform stiff. It would be cheaper to put them 
further apart, but the longitudinals would then have to be stronger. 
This distance or any distance up to 7 or 8 feet, has the advantage of 
ensuring that only one driving wheel of an engine can come on to them 
at one time, (para. 339). 

The curved form adopted for the plates of the platform is for the 
purpose of drainage, and a row of small holes should be punched at the 
bottom of the curve, and provision made for carrying off the water. 

Tht Longitudinal Beams, 

These girders have a span of 5-5 feet ; they are rivetted at the ends 
to the cross beams, are in the condition of imperfectly fixed beams, 
as it is seldom possible to fix ” them absolutely for want of the neces- 
sary room for the requisite number of rivets, and are, therefore, treated 
as “supported’' beams. Their flanges, consequently, are really stronger 
than the calculations show, but this is a good provision, because the 
rolling load, which constitutes nearly the entire load they are called 
upon to sustain, comes upon them so suddenly. 

Load on Longitudinals, 

Dead Load , — This consists of — 

lbs. 

6*5 feet run of steel rails, at 90 lbs, per yard run, in- 


cluding fastenings, ... ... ... = 165 

5*5 feet run of timber 12" x 6", at 40 lbs. per cubic foot, z; 110 
About 25 feet superficial of plate, at 10 lbs. per foot 

superficial, ... ... ... =: 250 

An average of 4 inches of ballast, at 93 lbs. per cubic 

foot, ... ••• — 775 

Total, exclusive of weight of longitudinals themselves, 1 *800 


• Unwin’t “ Wrought-Iron Bridget and Roofs/’ 1869, page 64. 
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Hence, the distributed dead load = 0*58 ton + weight of longi- 
tudinals. 

Live Load . — This consists of the weight on one driving wheel, say 
tons (being equivalent to a distributed load of 15 tons) applied as a 
concentrated single load, producing the greatest direct stresses when 
it is at the centre of the longitudinal, and the greatest shearing stress 
when it is just clear of the cross beam, either coming on or going off 
the longitudinal. 

Working Resistances . — As the load is almost entirely live we shall 
have = 8-5 and Sc = 2*75 tons (para. 907, Vol. T.), and since from 
paras. 360 and 361, Vol. I., it would appear that the shearing and 
bearing strength of wronght-iron is much the same as the tensile 
strength, except that the former should be somewhat reduced in the 
case of ** group rivetting, if we take Sb = 3*5 and = 3 tons we 
shall be making sufficient allowance for the sudden imposition of the 
load. 


Estimated Weight of Longitudinal. 


The weight of the longitudinal is approximately estimated by Pro- 
fessor Unwin’s formula,^ as given in para. 279, Vol. I., Eq. (15). 

Let W = weight of longitudinal in tons, and W, =; the equivalent 
distributed load on the girder. 


• Professor Unwin's formula Is arrived at as follows 

It Is known by experience that from i to | the weight of a girder Is In the booms < Unwin’s 
Wrought-lron Bridges and Roofs, p. 40) ; also the volume of a well designed boom should be pro- 
portional to its length and to the area of its section at the centre. 

Let W =: weight of main girder ; W, = total external distributed load In tons, {i t., exclusive, of 
coarse, of girder’s own weight) , te = weight of metal per unit volume; A = mean gross area of 
both booms together in square inches ; «' = working stress Intensity at centre ; r = ratio of clear 
span to “ effective " depth. 

mW 

Then |W=AXLX«'# and A = — — , where m is a constant 

( W ) D ^ 

Also, Bending Moment at centre = - ‘'L, and moment of resistance = s'A 

o S 

.M (W + Wi) I- = i *’AD'. and (W + W,) = - ^ 

SubBtItutIng Jot A, aa above, we baveCW + W,) = whence W = ^ where 

L* Ou'i — L* 


C if a constant. Dividing numerator and denominator by D' we have W = 

Cf' - Lr 

In order to deduce the value of 0 from girders of known weight, we have from above relation 
(W + Wi ) L* _ . AX . _ ad' 

WDV ” • W* 





CHAPTKR xxrir. 


[art, 490* 


Then W, = 0'58 + 15 = 15‘58 tons (exclusive, of course, of gir- 
der’s own weight). 

L = clear span in feet = 5*5, and D' = effective depth = 1 foot. 

Then r = L -f- =5 5-5. 

C = 1,500, and s' = mean working stress intensity on areas 
of both flanges in tons per square inch = ^ (3 5 + 2*75) = 8 tons 
per square inch about. 


Then W = ~ 

— hr 


15-68 X 5-5 X 5 5 


= 0*105 ton. 


1600 X 3 - 5-6 X 6 6 
Hence total distributed lo^id = 15*58 + 0*105 = 15*69 tons about, 
and the intensity of load per square inch = 15'69 -r 5*5 x 12 = 0*24 
ton about. 


Flanges. 


For the tension flange^ we have for the bending moment at the centre 
(para, 182, Vol. I., Ex. 8) — = all quantities being expressed 

in inches and tons. , 


. Vfl 15'69 X (6*6 X 12) „ . . 

Whence A. = g-- - ^ ^ = S 08 square mchce. 

$ 3*6 

For the compression flange. Since ~ , we have, since by para, 

190, Vol. L, 

Ac : At I t St I Sc, 

Ac = X 3*08 =: 8*9 square inches. 


Forming the flanges out of two angle-irons, each 2J" x 2J" X /y"', 
rivetted to the web, and assuming the rivets at I" diameter, we have 
At = 2 X {2 X 2J" — yV' — I”} X yV'^ = 3*3 square inches. 

Ac = 2 X {2 X 2J" — yVl X yV — ^ square inches. 

Hence, the flanges can be made of same section, vide Fig. 257, Plate 


XLIII. 


Thickness of web and pitch of web rivets. 

The greatest shearing stress occurs at the end of the girder and 
amounts to ^ X 15*69 tons = 7*85 tons, when the driving wheel of the 
engine is either just coming on or rolling off. The web must be every- 
where thick enough to — (1) give a sufficient bearing area on the rivets 
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connecting it with the flanges ; (2) resist buckling without incurring the 
cost of too many stiffeners. 

The shearing stress per foot in height of the web at the piers 
reaction at the pier -f- height of web in feet = 7*85 tons -- 1 foot 
(since the effective depth of the web may, in this case, be taken for its 
full height). The horizontal shearing stress along the joints of the 
web with the flanges will, therefore, also be 7'85 tons per foot run. 

Assuming the rivets to be J'* diameter, as before, we have, taking the 
working resistance of the iron in bearing at 3*5 tons per square inch, 
the pitch at 2", giving 6 rivets per foot rurf, and r as required thickness 
of plate for web.* 

6 X r X J'" X 3-5 tons = 7*85 tons, whence r = J inch. 

The shearing strength will be more than sufficient. 


Web Stiffeners. 


The clear distance between the angle-irons is 7 inches. The shear 
per foot run of web = 7*85 tons, which, since the web is thick, and 
there are therefore 6 square inches in its section, is at the rate of 7*85 
4- C = 1*3 tons per square inch. 

Substituting in Eq. (8), para. 287, Vol. I., we have 





f — 


2 75 tons 
7^2 X 49 X 4 
■*“ 3000 


= 2*43 tons, 


which is much greater than 1*3 tons, the loau actually to be carried. 


Deflection of Longitudinals, 

It will be sufficient to determine the maximum permissible deflection 
by the formula of para. 286, Vol. I., on the supposition that the beam 
18 supported at its ends and loaded at the centre. Taking /t -r s ~ 8*5 
X 2,240 lbs. and -f- « = 2*75 X 2,240 lbs., we have 




= 0*02 inch. 


This would be reduced by one-half if the ends of the girder were 
“ fixed.’’ 


Weight of Longitudinals, 

The section and elevation of the beam may now be drawn as in Fig, 
257 and its weight calculated. 


*A pitch of 3 Incheg would be preferable, and the Student tbould exeroiie hlmaalf with a view 
to the adoption of this pitch, in the neoetaarj alteration in the dealgn. 
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With regard to Fig* 257 it may be remarked that it^ would make 
sounder work if covers were put at A and A instead of cranking the 
angle-iron, as the weld in the latter method is liable to injure the iron. 

The full depth of the longitudinals is 13^ inches, the extra H inches 
being due to the distance from the centre of hguro of the flanges to the 
outsides of the beam. This extra depth will not necessitate recalculat- 
ing the web for resistance to buckling, as it was found to be more than 
the required strength. 

The weight is as follows (vide MoleswortK s PocleUBook) : — 

‘ lbs. 


Two lengths of 13 feet each of X 2^'' X angle-iron 
26 X 6*65 lbs., 

Ill 4 • / u n rLf ^ t \ n * ^ 13*5 X 20 Ibs, 

Plate* iron for web = 5*5 X - ^ of ^^iron = “ 12 

(6x13) rivets, diameter length (f +2x^x1*") 
r>2 


= ^ 16x12 ^ 1-^76 lbs., ... 


173 

124 

31 


Total weight one longitudinal, = 328 
328 

Hence, weight of each longitudinal =: = 0*146 ton, This is 

more than the estimated weight (0*105 ton), but the difference is not 
sufficiently great to render recalculation necessary. 


' T/i€ Cross Beams. 


These beams may be either in the condition of beams “supported” at 
the ends, “ imperfectly fixed,” or “ fixed,” according to the manner in 
which they are connected with the main girders. If they merely rest 
on the lower flange, without having their ends rivetted to the web or 
stiffeners, of the main girder, they are nearly free to bend as a supported 
beam ; but this arrangement is unusual, although it strains the stiffener 
of the main girder less, and is, therefore, better for the main girder 
(^Fig. 263). It is more common to see them rivetted firmly to the web 
and stiffeners of the main girder i^Fig. 264, Plate XLIV.), and sometimes 
the connection is made more complete by gusset pieces {Fig. 265), The 
last case (i.e., with gussets) only differs from that of perfect fixation in 
that the stiffeners are possibly liable to bend laterally, but this cannot be 
to any great extent. If the top flanges of the cross beams are rivetted to 
the bottom main flange, or the bottom cross beam flange to the top main 
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flange {Figs, ^66 and 267) they become perfectly “fixed” beama. The 
former arrangement {Fig, 266), however, is objectionable, as the sadden 
stress comes chiefly on the inner rivets at m, which would be liable to 
yield. 

It is usual to design cross girders as if “ supported only,” unless, of 
course, they are really “ fixed,” as above explained. In this example 
calculations will be shown for each case. 

The Cross BeamSy supposed “ supported,''' 

The load to be provided for consists of four equal loads symmetrically 
placed, two on each side of the centre, each consisting of the weight on 
one driving wheel of the engine, in addition to the load on one longi- 
tudinal and the uniform load due to the weight of the cross beam itself, 
since each cross beam carries four longitudinals, and each longitudinal 
carries one line of rail {see Plate XLllI.) 

Working These will be taken the same as for the longi- 

tudinals, for reasons which will become apparent later on. 

Estimated Weight of Cr^pss Beam. 

In estimating the weight of the cross beams it will be suflicient to 
reduce the weights above enumerated to an uniformly distributed load, 
by equating the maximum moment of flexure at the centre of the beam, 
due to the four isolated loads, with that due to an uniformly distributed 
load, the beam being, as already explained, supposed to be supported 
freely at the ends. 

It is easy to see that the maximum bending moment produced by the 
four equal loads W' placed symmetrically at distances of and from 
either end of the cross beam {Fig, 271) is equal to W' ( ac, + *,). 

Also that a uniformly distributed load, amounting to W, in all, would 
produce a maximum bending moment = ^ W, / (Eq. 44, pnra. 182, 
Vol. I.) 

Equating these two values for maximum bending moment, we have 

Wi = 8 W (aTj 4- a-j) -r I, 

Now, W' = 8-2 tons (being made up of 7*5 tons weight on driving 
wheel + 0*58 ton permanent load on longitudinal -f 0*146 ton, weight 
of longitudinal itself), a:, = 5', = 10', and I = 26'. 

Whence W, = = 37-8 tons. 

2 P 


VOL. II. 
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Now, the estimated weight of the cross beam is by Unwin’s formula 
(Eq. 15, para. 297, Vol. 1.) 

= W, Lr -r (Ca' - Lr). 

It is proposed to make the depth of the girder = ^^^th span = 26 
inches (the span being 26 feet), so that r == L — D' = 12. Also W, = 
37-8 tons, L - 26 feet, C = 1,500, s' = j (3 5 + 2*75) - 3*11 tons. 

estimated weight = =2-19 tons. 

Therefore, total live load amounts to 2 x 7*5 = 15 tons, and total 
dead load to {2 X (0*58 + 0*146) + 2*19} = 3*65 tons, so that pro- 
portion of live to dead load is about 5 to 1. 

Fiances. 

It is proposed to build the cross girder of the section shown in Ftg. 
224a, /*/afe XL., the web being secured to the flanges by means of angle- 
irons, and two or more plates being used for each flange. 

In cases where groat acciuacy is required, the diagram of bending 
moments must be drawn separately for the uniformly distributed load as 
well as for the imposed loade, but in the present instance, as the weight 
of the girder bears such a small proportion to that of the imposed loads, 
it will be sufficiently accurate to combine the two, as shown in Fla/s 
XL., Fiffs, 217 and 218, which show the diagram of bending moments 
for the weights combined. 

Assuming the angle-irons to be 3}" X 3J'' x and the rivets, 
therefore, to be X diameter, two rows in each angle-iron 

and two in each plate, the effective section of the pair of angle-irons re- 
quired for the tension flange will be = 2 x (3|" + — J" — 2 X J'') 

X = y square inches; that of those for the compression flange 
= 2 X (2 X ““ i) X ^ = 7 square inches. 

The moment of resistance of the angle-irons in tension, therefore = 
(depth of girder) X V square inches (area of angle-irons) X 3*5 
tons = 41 7 foot-tons; that of those in compression = X 7 square 
inches X 2*75 tons = 41*7 foot-tons, the some as for the tension flange. 

As the longest ordinate CC' of 218 measures 6*5 lineal (or 26 
load) units and the pole distance 20 load (or 5 lineal) units, the maxi- 
mum bending moment measures 6*5 X 20 (or 26 x 5) = 130 foot-tons. 
Consequently the moment of resistance to be supplied by the plates of 
each flange = 130 — 41*7 88*3 foot-tons. 
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Taking the width of the girder at ^\jth the span about, (para. 195, 
Vul. I.), the^flange width will be 8 inches, and the total thickness t of 
plates required for the respective flanges at the centre of the girder 
given by the relation — 

For the tension flange — (8" - 2 x X < X 8*5 tons x ff" =: 88-3 
foot- tons, whence < = 1*8 inches. 

For the compression flange — 8" X < X 2*75 tons x ^ = 88*3 foot- 

tons, whence ^ = 1*6 inches. 

Each flange, therefore, may he made up of four plates. 

To ascertain the necessary length of the, plates, the 2ytttd J/et/iod of 
para, 193, Vol, I., may be employed. Set off CD, Fiff* 218, P/ate XL., 

41'7 

to represent 41*7 foot-tons, that is, measure CD = = 2 lineal 

units, and draw DF parallel to A'C. Then DC' repiesents the moment 
of resistance to bo supplied by the plates of each flange at the centre 
of the girder, and the ordinate between DF and the curve C'F that to be 
furnished at any given section. Since there are to be four plates, divide 
DC' into four equal parts in the points G, K and L, and through them 
draw straight lines parallel to A'C and meeting the curve in M, X and 
H. Then it is clear that the uppermost plate may be diopped at H, 
about 6 feet either side the centre of the gilder, and the other plates at 
N, M and F respectively, although it will be practically advisable to 
continue the last plate the whole length of the giider instead of dropping 
it at F. 

Design of the Web. 

Pigs, 220 and 224, Plate XL., show the state of shearing stress, 
the former when both lines of way are fully loaded, the latter whan 
only the left one is so. The maximum stress evidently occurs at each 
end of the girder when both lines of way are fully loaded, end measures 
17'5 tons, the stresses diminishing in value towards the centre, at inter- 
vals of 6 feet ; at the centre it never exceeds a value of about 5 tons, 
Fig. 224. 

The web must be thick enough (1) to give sufficient bearing surface 
to the rivets, and (2) to resist any tendency to buckle. 

It y' rivets be used, as for the flanges, taking 6 per foot run, or a 
pitch of 2 inches, we have for the stress at the piers an intensity of 17*5 
ton per foot of web height, since the height of the web is practically 
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26 inches, and this amount, therefore, will also moasuro the intensity 
of shear per foot run of the length as well as the height of the web, 
(para. 234, Vol, L); so that, if t bo the thickness required for bearing 
area at the piers, wo liavo for one foot in height or length of the web, 

6 X < X I'' X 3*5 tons r= 17*5 tons -r whence f == 0 5 inch. 

Fig. 224 shows the maximum shear at the centre to measure 5 tons. 
Hence, for the thickness i of the web at the centre we have as just 
explained 

6 X ^ X I'' X 3 5 tons ^ 5 tons -r whence t := 0*15 inch. 

As, however, it is undesirable to use plates of a less thickness than 
for the webs of open air girders (para. 475), we shall make the web 
thick for a distance of 5 feet from each end, and thick for the 
remaining length. The web will, therefore, be built up of three plates, 
two Y thick for the end lengths of 5 feet, and one thick lor the 
intermediate length.* 

Wth StiJJcners. — Of the 26 inches depth of web available for resisting 
the shearing stress, a width of 3| inches both at top and bottom is 
slifTcued by the angle-irons, so that a depth of 18^ inches only remains 
which is liable to buckle. While, therefore, a sectional area of 26*^ X 
= 13 square inches is available for resisting the shearing force F, we 
can only reckon on a depth of 18i inches for resistance to buckling. 

Bubstituting, therefore, in Equation (8), para. 237, Vol. I., we have 
on the right side of the eq^^ation, for the actual intensity of stress to be 
provided for at the centre of the girder, 

F 1 tons -I o j X * 1 - 

— =2 — — =2 1-34 tons per square inch, 

at ij fc<iuaro iiiciios * * ' 


and, for the maximum permissible stress intensity, putting Sc ==■ 2*75 
tons, and rf' = 18’5 inches, we have on the left side of the equation — 

,t 2 75 

'J—y.—. — ^ " — V = 1*44 tons per square inch. 

Therefore, one plate is sufficient without any stiffeners for the end 
portions of the web. 

Now, it is evident from Fig. 220, that the maximum shearing stress 
on the central web plate occurs at 3 feet either side the centre when 
both lines of way are simultaneously loaded, and that it then amounts 


* A pitch of 3 inches would be preferable, and the Student should exercise himself in the con- 
sfqaeut alterations in the design. 
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to 8*75 tons. The height of the web being practically 26 inches and the 
thickness of*this portion /j'', its sectional area is 8*13 inches, and 

the intensity of stress, therefore, about 1 ton per square inch. If ^ =r 

26" -f* be substituted for in the second equation nboye, 

it will be seen that the maximum permissible intensity of stress amounts 
to rather over 1 ton per square inch, so that no stiffeners are required 
for the central poition of the web, the plate being sufficient of 
itself. 

Section and Elevation of Cross Gv'ders. 

The section and elevation of the cross giiders can now be drawn in, 
Ftg. 2 24 ft. 

In order to keep the pieces of plate-iron within the limits of length 
and weight charged for at ordinary market rates, it will be convenient 
to arrange the lengths as shown in Fig, 218, with a grouped joint at 
the place indicated by a firm line. 

Thus, each bottom and top plate will b^e in one length of 1 1 feet 6 
inches. The remaining plates will each be in three lengths. That 
next to the bottom or top plate of the pile will have its middle portion 
7 feet 4 inches long, and each outer portion 4 feet 4 inches long. The 
third plate from top or bottom will have its middle portion 8 feet, and 
each end portion 5 feet 6 inches long. 17,)e fourth or inner plate of 
the upper flange will consist of three portions each 8 feet 8 inches long. 
The fourth or inner plate of the lower flange will be 8 feet 8 inches be- 
tween the joints, and have outer portions each 10 foct 11 inches long, 
which latter will be turned up at their outer ends to meet the ends of 
the corresponding plate of the upper flange. See also Fig. 224a. 

Joints in the Flanges. 

There will be two joints, one on each side the centre of the girder, as 
shown in Fig. 218. 

The rivet diameter being the pitch will = (2J to 8) x = 
2" say. 

The thickness of covers might be 1 X but will be made 

like the plates. 

The strength of each plate in the tension flange = (8" — 2 x J") 
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X X 8*5 tons = 11*88 tons; that of each compression plate = 
8^ X X 2*75 tons = 11 tons. 

Now, only three of the four plates are jointed, the remaining one 
acting merely as a distance piece. Hence, taking the strength of each 
at 1 1 tons, we hare, since m = 2, 

For Condition 3° (para. 477), 11 tons X 3 — N" X 0*78 X X 
3 tons, whence N = 25, or say 26. 

Condition 4®, 11 tons X 8 = 2 (8^^ — 2 x X i'' X 3*5 tons + 
n" X 2 X X X 3*5 tons, whence = 8*9, or say 4, and since 
N = 2 (n' + n'^) = 26, we have n' = 0, or say 10. 

Hence, the length of cover plates = 2 '4", and the joint may be 
drawn in as indicated. 

Angle Covers* 

No angle covers will be required, as it is easy to get angle-iions 26 
feet long, and there will be no joint except over the supports where a 
cover is not necessary. 

Rivets to connect Angle- it ons to Flange Plates* 

The greatest intensity of horizontal shear occurs over the supports 
where it amounts, as already explained, to 17 5 -r tj ■= 8 tons about 
per foot run, so that for single shear of the rivets, if N" be the number 
required, wo have 

N" X j X (I")* X 3 tons = 8 tons, whence N'^ = G rivets, 

and for the number N' required for bearing, we have 

N' X X i*" X 3*5 tons = 8 tons, whence N' = 6 rivets, 
and as there are two rows, three per foot run, or a pitch of 4 inches, will 
sutTice. 

Covers to Web Plates* 

As the web consists of three plates, one at each end thick, and one 
central plate thick, the simplest arrangement will be to make the 
plates flush on one face and use a single cover to each of the two 
joints, thus avoiding any packing pieces except on one side between the 
angle-irons and central web plate. Were the web liable to much expo- 
sure to the weather, double covers would be desirable so as to exclude 
wet from the joints. 
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The number of rivets required for shearing and bearing at the ends 
of the web has been determined above, the rirets being the same 
throughout, (vit,, and the central portion ot the web being only 
thick with a maximum intensity of stress of 8’75 -f- = 4 tons 

per foot run, it will be found that 8 rivets per foot run are sufficient in 
shearing and 5 in bearing. A pitch of 2 inches, therefore, will be adopt- 
ed, giving 6 rivets per foot run on either side of the joint. 

The joints in the web plates will, therefore, have single' covers of 
metal, the rivets having a pitch of 2 inches, which allows of 9 on 
each side the joint, as the distance between the anglo-irons is 18| inches. 

The length of covers from top to bottom of web will be 18^ inches, and 
their width, to allow of no livet being nearer the edge of either the cover 
or the plates than the distance laid down in para. 484 (8), amounting 
to 4 X (i'' + thickness of plate + = 4 X (J + // + i X J"®") = 

45 ", say 5, inches, to allow a margin, for the direction of the fibres will be 
across the cover plate, and on one side each rivet hole there will be the 
edge of the cover plate and on the other that of one of the plates to be 

joined. » 

Deflection 0 / Cross Beams, 

The deflection of a beam very similar to the one under consideration 
is examined in the Addendum to Chapter VIIL At the time the Ad- 
dendum was printed, the section of the cross girder was designed as 
in Fig, 85a, but owing to subsequent changes made in the values of 
the working resistances, the design has been correspondingly altered. 
There will, in consequence, be a slight difference in the deflection due to 
the new value of I, the Moment uf Inertia of the cross section about an 
axis passing through its centre of figure. This in the former case was 
taken = 6,250 inch- units; the new value of I will be found 9,000 
units about (para. 489), and as in the Addendum referred to it is shown 
that the deflection of beams, varying only in the Moments of Inertia 
of their cross sections, varies inversely as the values of those Momenta 
of Inertia, we have for the deflection y of the beam with revised cross 
section, seeing that of the former was 0*84 inch, 

3' = 0-34 = 0-24 inch, 

SO that the ratio of — = 0*24 26' X 12 rr which is well within 

the limit laid down by Professor Rankine {see para. 282, Vol. I.) 
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Weight oj Cross Beams. 

The croBs girder can now be drawn and its weight calculated as fol- 
lows 

I, — at 20 Ihs. per foot superficial for flanges and mb. 

Outer plates = 2 x 11 X iV ) 

Second „ = 2 X 16' X iV ( 

Third „ =2x19' 

Inner „ = (26' + 30^') x ) ' * 

Covers, 2 X 2' x 17 5 -f- 12 
Z, irons, 2 x 56 5' X (2 x 3*5 — 0*5) -r 12 
Outer wob plates, 2 x 5 X 26 -i- 12 

I I. — plate, at 12*5 lbs, per foot superficial for web. 

Central web plate = 1 x 8§ x (26 ~ 12)1 “ 20’ I feet 
Web covers, 2 x (18-5 12) x (5 -t- 12)J *"'12-5188.'= 261 

IIL— plate, at 5 lbs, per foot superficial. 

2 X 10 X (3 75 ^ 12) = 6-25 foot superficial, = 31 

IV. — Rivets, round iron, at 1*5 lbs. per foot run. 

Web row in ^ iron, at 2" pitch = (2 x 57 x » 
6 )x(ii+iix|)x A, 

Flange row, at 2" pitch = (2 X 57 X 6) x f == 364 feet, 
m + li X I) .X A» ( atl‘61b.=: 546 

Web covers, at 2" pitch = (IJ X 6) X (2 A j 
+ 1^ X I) X iV> I 

Total, ... 4,594 

4 ')94 

Thus each Cross Beam weighs = 2*05 tons, or almost exactly the 
esti?naled weight. 

Connecting Longitudinals with Cross Beams, 

Tlie number of rivets required to connect the longitudinals with the 
cross beams may be determined as follows : — 

They have to resist a total shear of - — = 8*75 tons, bo that, using 

£ 

I" rivets, if N'' be the total number required to resist single shear, we 
have- 


lbs. 

= 188 3 feet 
superficial, 
at 20 lbs. = 3,766 
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X I ~ y (|*)^ X 3 tons I = 8*75 tons, whence N'’' = 6*6 or 7 
rivets, say. 

For bearing N' X J'* X X 3*5 tons =: 8 75 tons, whence N' =: 6*6 
or 7 rivets, say. 

Hence, 4 livets in each angle-iron, or 8 in all, will be amply sufficient. 
The Cross Beam^ considered as Fixed*' 


Tliis is dealt with in Example II., Chapter XXVI , wherein the bend- 
ing moment atid deHoetiori polygons are determined. See Plate XE, 

FlangtS — It will be seen frt)m Fig 217 tliat the bending moment over 
the supports amounts to 90 foot-tons; that at the centie of the girder 
to 40 foot-tons. 

If the same angle-irons are employed ns for the beam, supposed 
“supported,” u/z., UJ"" X x V\ the moment of lesistnnco of which 
has been shown to amount to 41*7 foot-tons, whether in compression or 
tension, it is evident that no fl.uige plates at all are required except for a 
short distanco of ahont 3 feet at either end of the beam, the thickness of 
which for the tension flange over the snppofts is given hy the relation-*- 

Oi// 

(8" — 2x1") X f X 3*5 tons x -7 = (90 — 41*7) = 48*3 foot-tons, 


whence i = 0 93 inch ; and for the coinpiession flange over support® 
by 8" X t X 2*75 tons x ‘^7 = 48*3, whence t = I inch. 

Hence, it will be suffii ient if a lialf-inch plate extends to a length of 
3 feet from each end of I he giider, both on tension and compression 
flanges, and an «<Mitional halt-inch plate be secured to it for a distance 
of 2 feet from either end See Fig. 224^, Plate XL. 

Web . — Tlie drsign of the web will be the same as for the ** siippoited ** 
beam (paia, 4G3). 

Deflection — Tlie deflection is given by the formula arrived at in para. 
119, viz., y = y' •>(. 1^. 

From para. 489 we have 

I = X (26")» - 2 (3-25" X 25"'» + 0-5' x 18-5*)) 

= 2,726 inch-units of inertia. 


I = 26 X 12, p = 20 tons = 20 x 2,240 lbs., E = 18,000,000, and 

y measures 9 inches about, being the deflection shown on Fig. 217. 

„ 9 X (20 X 2240) X (26 X 12;» - , . . , . . 

Hence , = = 0-14 inch about. 


2 Q 
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The Main Gliders, 

t 

Tho Main Girders, 70 feot long, carry the platform, the rolling load, 
the longitudinals and cross beams, and their own weight. In the case 
of the cross girders, the approximate weiglit was determined by means 
of Professor Unwin’s formula, as given in E(|. 15, para. 279, Yol. I. 
It being unnecessary to again illustrate the iiso of this formnla, we shall 
at once turn to Sir B. Baker’s Tables of gross weights of Biidges, 
given in Appendix E, Theiein the weight of the two main girders of 
a double line Plate Iron Bridge, of 70 feet span, the cross girders of 
which are secured to the lower flanges of the main girders, is fixed at 
8 8 cwt, per foot run. 

The load, therefore, to be borne by tlio main gliders, is as follows : — 
Load to be carried by Alain Girdets, 

Permanent load to be carried by two main girders— tons. 

Weight of 44 longitudinals = 44 X 0*14 ton = 6*16 

„ platf(irin on longitudinals = 44 X 0*58 = 25*52 

„ 1 1 CI088 girders = 1 1 X 1*98 ... = 21*78 

,, side platforms = 2*5' (width) X 2 X 

66' (length) x 41 Ihs. ... = 6*01 

. • • 1 8.8 cwt. X 70 feet on on 

,, two main girders =: rr 30*80 

Total permanent |.oad on two main girders ... = 90*30 

(1) . Dead load, therefore, to be carried by one 

main girder ... ... ... = 45*15 

(2) . Live load on one girder = rolling load on one 

set of rails = 66 X 1^ tons ... ... = 99 00 

Total weight to be carried on one main girder = 144*15 

The proportion of live to dead load is, therefore, about 2 to 1, and the 
Woiknig Resistancos will, by para. 897, Yol, I., be 

Working Renstances — = 4*2 tons, Sc = 3*3 tons, = 4*2 tons, 

r=: 3 tons. 

The Design of the Main Girders, 

Of the above loads, the weight of the girder itself is evidently the only 
distributed load, the remaining loads being applied at the points in 
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which the 11 crose girders are secured to the main girders and at the 
supports. As the former load constitutes such a small proportion of the 
whole, being leas than one-ninth of it, it will he sufficient to combine all 
the loads together, and suppose the whole load applied at the points of 
junction referred to. 

The total load, therefore, of Hi tons will he supposed appoitioned at 
the 11 points in which the cross ginleis meet the main girders, together 
with half a poition applied at each suopoit. There will be 12 tons at 
each point of juncture and tons at each snppoit, 

Fig. 261 shows the strohs and shearing diagrams under this hy- 
pothesis, and Fig, 259 the bending moment diagiam. The deflection 
polygon is shown in Fig, 260. 

As a pole distance of 76 loml for 19 lineal) units has been employed, 
and the maximum ordinate of the bending moment polygon measures 
15 lineal (or 60 load) units, tiio magnitude of the maximum beudtug 
moment evidently =r 76 X 15 (or 19 X 60) =:: 1,140 fooi-tons. The 
maximum shearing force at the supports measures 66 tons. 

We shall aseuine the depth of the girdey to be span Jg' = 5*5 
feet, and the angle iioiis to be 4^" x X |", so that the diameter of 
the livets will be = X f " = } J"', or say 1 inch. The width of tbe 
flanges will be taken at 3*^ the span r= 2 feet, (para, 195, Vol, I.), 
and we shall suppose there aie four rows of rivets running the length 
of each flange. 

The effective section of tlio angle-irons in tension will be = 2 X 
(2 X 4^" — I'" — 2 X X ^ square inches, and their moment of 

955 

resistance = square inches X 4’2 tons x 5‘5 feet (depth of girder) 
= 184 foot-tons. 

The effective section in compression will be 2 X (2 X 4^^ — 

X square inches, and the moment of resistance =: square 

iJ J 32 ^ 

inches X 3*3 tons x 5 5 feet =190 foot- tons, 

If t be the total tliickness of plates requiied in either case, we shall 
have — 

For the tension flange. (24'' — 4 x T') X / X 4*2 tons X 5*5 feet =r 
H40 — 184 = 956 foot-tons, whence t = 2*1 inches. 

'For the compression flange. 24" x f X 3-3 tons X 5*5 feet = 1140* 
— 190 = 950 foot-tons, whence t = 2*2 inches. 
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Hence, each flange ma^ be built up of four plates, 24 inches 
wide. '' 

To a^ctriain the points at which each plate may be dropped, we set off 
vertically below A'C, Fuj, 259, after ^I< thoil 3^, as explained in par^, 
193, Vol* I*, a distance repiesenting 181 foot-tons (the tension flange 
angle-irons being the weaker), that is, emce the polo distance mea- 

) 81 

aures 76 load units, we set down CD = — = 2r\ lineal units to re- 

present the resistance of tlie angle-irons, and draw DK parallel to CA' ; 
then will the ordinates between DIf] and the curve of bending nmunents 
measure, at any point, the inoment of resiNtance that must be supplied 
by the plates. As the number of plates leqnired foi eacli flange is four, 
by dividing tlie distance DC' into four ecpial pnits and diawing stiaight 
lines through them, the points at which the seveiat plates may be 
dropped are at once determined. These aie tlie points H, K and L. 

'Ihe Design oj the Web, 

Prom Fig, 2Gl it is seen that the total sheaiing stress at the piers 
c3 60 t<m8, so that the intensity of stress per foot in height of web = 
66 -r 5*5 feet = 12 tons per foot run = intensity of stress also per 
foot run lioiizonlnlly of web, (para. 234, Vol, I.) 

Taking a tiial thickness of for the web at tlie piers and rivets of 
1* as bef(*re, we have for tlie total nnmher N' of livets required per 
foot rim for bearing, tlie fxpression N' x X X 4 2 tons 12 
tons, whence N' = 45*7 livets. Hence, a thickness of ~ for the 
web plate at the piers will necessitate U, or say 4 rivets per foot run, 
that is, a pitch of 3 inches. 

This number will be found more than sufficient for requirements of 
■hearing. 

Towards the centre of the girder the shearing force diminishes, and 
the web can consequently be correspondingly reduced in Ihiikness, pro- 
vided it be every wild e maintnined thick enough to afford sufficient 
bdaring area and resist buckling. 

By drawing the scale//, shown to the left of Fig, 261 and dividing 
it into 12 equal parts, each part may be taken to represent a web thick- 
ness of and the points where the several plates may he dropped 
miglit iherehy he at once determined, always remembering tliat a less 
thickness than is undesirable, but as the cross girders are rivetted 
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to the main girders at distances of 5 feet 6 inches it will be conyenient 
to reduce the weh IhickneBs at these points. 

Thus, the thickness m>ghtj it would seem, he reduced nt intervals of 
11 feet as follows, provided tlie thickneHses proposed are sufTicient to 
prevent buckling, which it will be seen however (hey are not, viz , : — 

For a distance of II feet from each snppoit web thickness might 
be 

From 11 feet to 22 feet from each support web thickness might 
be 

From 22 feet from either support to girder's centre web thickness 
might be 

IVed stiffeners. — In order to determine the atrongth of the web to 
resist buckling, it will be necessary, while beaiiug in mind tlie limits 
laid down in pma. 390, Vol. I., as to length, weight, breadth, &c., of 
plat0“iiou, to Hj^ply foiinula (8a), para 238 of tliat Volume, and it will 
then be found advisable to have stiffeners nt less inteivnls than even 
5 feet 6 inche<i, if the thickness of the web is not to be unnecessaiily 
increased. Moreover, the limit of breadth mentioned in para. 399 re* 

3 

ferred to is 4 feet. Let, then, the thickness of the web be reduced at 
intervals of 5 feet 6 indies, and a<lditional stiffeneis introduced midway, 
that is, at intervals of 2 feet 9 inches. 

If a plate be the thinnest used, it will require rivets of X 
or say J*' diameter, nece.s6itating cover plates having a 
width of at least 4 X (2 X ^") -f 2 X = 5 inches, or say G inches, 
at the junclion, so ns to allow a distance of two diameters between the 
circumfeicnce of each livet liole and the edge of the plate or cover 
plate as laid down in para. 484 (8). This 6 inches width of cover 
plate will stiffen the web and lherd»y reduce the “effective lengtli ** of 
the hypothetical pillar, referred to in para. 399, Vol. I., to (2' 

- ^ ^2 X 27^ 

Taking, tlien, in Equation (8a), para. 238, Vol, I., St r= 3*3 tons, 
d! = GG'^, (ff — 27" and c — 3,000, the expression reduces itself to the 
coQveuient form 

20*58 (217*8 f - P) = F, 

by substituting in which, approximate values of t (varying by in 
value) can be determined. 

lu this way, the following thicknesses at intervals of 5 feet 6 inches 
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will be found sufficient (bearing in mind, that is, that one intermediate 
stiffener will be provided in each interval): — 

From each extremity of the girder to a distance of 

5' 6" from end cross girder a thickness of Ifl ^ 

At from 5' 6" to 11' from each support a thickness of }| = j". 


„ „ 11' to 16' 


>» 


»» 


»> 


9 

Iff 


„ „ 16' 6" to 22' „ „ „ A = r 

»» ft 27 6 ,, ,, ,, =r I . 

„ „ 27' 6" to girder centre „ „ 

This is shown in 265^, Plate XLIIl. 

The main stiffeners, those at 5 feet G inches intervals, assist in 
securing the cross beams which rest on the" bottom flange, and in trans- 
mitting their load to the web. 

It is usual to make stiffeners either of angle or tee-irons, in order to 
stiffen the whole girder, and as they should be 6 inches wide at least, as 
already explained, the main stiffeners might be made of tee-iron, 6'' X 3" 
X 1'^, winch is a market section, and the intermediate ones of plate* 
iron, each of the thickness of the web at the joint they cover. 

The stiffener over each support must be tioated as a piMar, which has 
to resist a compression equal to the shearing force at that point. If, 


therefore, the least dimension be made rather over the height = ~ 

= 6*6 inches, say 62 inchep to 7, the pillai may be treated as a “short 

column.” and in that case will require a sectional area =: 

' safe stress intensity 

= =20 square inches, which may be obtained by using two 

tee-irons G"' X 3" x one rivetted each side the web, as shown in Ftg, 


268, Plate XLIV. It would, however, be better still to introduce a 
gusset piece, as shown in Prff, 269, 

As the girder will be built with a camber, and as, when it deflects 
under the load, the position of the centre of the bearings alters, it will 
be well to introduce an additional stiffener at the inner end of the bear- 
ing, as shown in 255, Plate XLfll. 


Joints in Flanges, 

The limiting weight of pieces of pUte-iron, priced at ordinary market 
rates, is fixed at 4 cwt, {vide para. 399, Vol. I.) As a length of 8 
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feet 11 inches of plate-iron 2 feet wide and I" thick weighs about 4 
cwt. this length should not be exceeded, if prices are to be kept within 
ordinary rates. It will bo found that this condition is observed in the 
grouping of joints shown in firm lines in Ftg, 259, necessitating four 
joints X, Y, Z and V on each side the girder’s centre. That at V 
might, of course, be dispensed with, and would be so in practice, but it is 
retained in order to show the method of calculation. 

The cross section of each plate being 24* X -J" with four longitudinal 
rows of rivets, the maximum permissible stress in a plate of the 
tension flange will ho (24** — 4 x 1'^ X X 4*2 tons = 52*5 tons, and 
in the compression flange ™ 24'^ X f'' X 3*3 tons — 49‘5 tons. Tliereforo 
it will be sufficient to deal generally with the tension flange. We shall 
have, then, (refeiring to para. 477) or = 52 5 tons, and T' — 52*5 x 4 
tons. 

Thickness oj cover plates » Least thickness = r = f X 8*^ = 

but a thickne8.s of (same as plates) will be adopted, being more 
convenient. 

Joints AT X and Y. Here v = 4. CcuUtion 1° is already satisfied. 

Condition 2® (bearing). We have N' rr “ i « = 40 rivets. 

1 X 8 X 4*2 

This value of N', tlieiefore, will be constant tliroughout. 

Cendiuon r (shearing). N" = 3 = 89-7, 

or sfjy 92 rivets. 

Condition 4®. n" (*/ — 1) x 0*78 x ^ ~ X' — 2 (5 — md) r'^ 

= 3 X >r8 =" 

Hence, since N =. 2n' -f 3n* we have 

n' = ^ (92 ~ 48) = 22, or say 24 rivets. 

Condition 5®. Substituting these values in the expression 

|2n'r' 4- 2 C*' - 1) 

we obtain the value (2x24+2x3x 16)x|Xlx42=i 378 
tons, whicli is 1'8 times T' (= 210 tons). 

Hence corrected value of N 2n' + i=2x 24 + 3x 16=5 96 
rivets. 

The flanges may, therefore, be designed as indicated. 

With a pitch of 3 inches the length of cover plate will be (96 4) X 

(3 -r 12; = 6 feet. 
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Joint at Z. Here « =: 8, Hence new value of N = J x old value =a 
} X 96 = 72 rivets. 

Substituting in equation (12) of para 479 we have for new value 
n"' = 16 X ^ — 4 X ^ X V = 14 rivets. 

* ^ 4 2 o 

Therefore n' =r J (N — 2n'') = ^ (72 — 28) = 22 rivets. 

And with a 3^ pitch the length of each cover plate = (72 -a- 4) X 
(8 -r* 12 ) = 44 feet. 

Joint V. In tlu«i case ># = 1, and in dealing with this joint it will he 
well to boar in mind the following, viz \ — (1), that m coinpnring the 
value of N olitameil for thia joint under para. 4 77 with that of n which 
would be obtained under para 367, Vol. I., the foimer represents the 
total number of rivets required for tlie joint, wheieas n only represents 
the number requited on one solo of the joint, so that N = 2n ; and (2), 
that the values of N obtained ha* the joints X, Y and Z have been fixed 
by the reqniretiients forsbeailng stieiigtli only. 

Comparing, tlierehire, the new value of N (for sheaiing) when v == 1, 
with its value (= 96) wlien p = 4, wo have tlio udatiou ^ X 96 

24, whereas the value of iV for heating has already becm shown to bo 
constant throughout the flange ond = 40. 

Joint V, theiefoie, will recjniro 40 livets, 20 being placed each side 
the joint, 80 that with a pitch of 3 inches the length of cover plate = 
(40 -f- 4) X (3 -r 12) = ^ feet. 

Pitch of Rivets. Tho pitch = (2^ to 3), d = 3 inches say. 

The seveial joints may now be drawn in. 

Angle Covers and Angle-iron Joints. 

The effective section of one angle-iron 4^*' x 4^" X has been 
already shown to be = ^ X 7*97 = 3*99 square iuclie8, and its available 
strength (in the tenaion flange) = 3*99 square inches X 4*2 tons = 
16 76 tons. 

Whence, the number of livets required for shearing is given by the 
relation, x 0*^ X 1*' X 3 tons 16*7G tons, whence N" ==: 7*1, 
say 8, and for hearing by the relation N' x 1* X J" x 4*2 tons = 
16*76 tons, whence M' = 6 4. Hence 8 rivets are required, 4 in each 
arm of the angle- iron. 

The cross section of the cover must be equal to that of the angle- 
iron, and the cover may be of X X angle-iron. 
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The position of the joints in the angle-iron is unimportant. 

They should not, however, occur where the angle cover will interfere 
with the putting together of the rest of the work, and they may break 
joint with one another, though some Engineers prefer to bring the joints 
together for convenience of surveillance. 


Camber and Deflection, 


Fig, 260 shows the Deflection Curve of this Main Girder, the maxi- 
mum ordinate of which measures 9 lineal units = 0 X 12 inches* Sub- 
stituting in the equation, para. 119, we have 




C X H X 1 


in which ?/ = 9 X 12 inches, /) = 7G X 2,210 lbs., ^ 66 X 12 

inches, and E = 18,000,000 lbs., wc obtain the following value for the 
maximum deflection, viz. : — 

?/ =: 0*697 inch. 

Allowing one-third of this for permanent set, wo have the true de- 
flection = 0 46 inch, which, being divided in direct proportion to the 
dead and live load, gives 0*15 inch for tlfe former and 0 3 inch for the 

latter, or of the span for the live load only. 


Weight of the Main Giuler, 


The weight of the girder may now be taken out under the following 
heads. It will bo observed that the method adopted is slightly difTercnt 
to that employed in tlie case of the cross girders. 


Flanges, Outer 2 x 30*5' = 61 

Second ^ 2 X 43' = 86 

Third =::2x5t' =108 

Fourth = 2 X f70' -f r/) = 152) 

Covers, Joints X and Y = 2 x 4 x 6 =48 

Joint Z = 2 X 2 X 4’5 = 18 

Joint N = 2 X 2 X 2 5 = 10/ 


c.ft. 

= 483' X 2' 


Angle^iron, 4 X 76' X yV (2 X 4^ ~ x - ^ - 


= 11*06 


Carried forward, ... 61-37 
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+ 2 X 7' X 6-5' X 


Main Stiffenen = ) ^ 

(T-iron 6" X 8" x f'^) / ' 


Brought forward, 

Anglt Oovevi. 2 X 6 X X tV (2 X 3J — J) x 

fr,b. 2 X 6-5' X 5-5' X A (t\ + I + i + V* + i) 

S' 

4X12 

2x 11 x7' X A(6 + 3-|) 

3 _ 

^ 8 X 13 

Initrmtdiait, 2 x 12 X 5*5' X T5 — (mean 
thicknees) 

a-l'r^Tx a- X D h X » X ’■ X * <« + ® - 1> 
^ 4^ 

Rivets. \ 

Flanges'^U X (2 x 75 5) X yV (V + 

y*) (mean) t = 500 

Angle-irons {weh) — (2 x 75*5 x 4) X ) ^ 


T J ' 


+ W 


Web Stiffeners^ (27 X 7 ) X (4 x 2) X 
and Covers — > (J -f y) 


= 191 


S_i/ 

X 

X 


<?> 


Total, 


c.ft. 
.. 61*87 

= 1*09 

= 16*78 

= 3'46 

= 2*92 

= 1*20 

= 3*78 

=:= 90*60 


Weight = 90*6 cubic feet X = 391*5 cwt. 

1 1 11 

Hence the weight per foot run == = 5*6 cwt 

The estimated weight, as given by Sir B. Baker’s Tables, was 4*4 
cwt.**’ about, so that the actual weight exceeds the estimated weight of 
the whole girder by about 4 tons. 

Total weight of girder = 19^ tons about (instead of about 15J tons). 
If accuracy in the result is desired, the girder should be re-calculated. 
The ends of the girder may be rounded off as shown in Fig. 255. 
Expansion arrangements. These have already been dealt with. 


• Thege Tables give fairly correct results for the usual values of working resistances. When spe- 
oial values are employed, as In this case, the amounts given m the Tables should be corresponding- 
1> altered. 



ART. 490 . ] 


PARALI.II. CItRDBBS. 


311 


EXAMPLE III.* 

Thb Dksign or a Box Girdbb. 


It is required to design ft box girder of the form shown in Plate XLV. 
The girder is to be of uniform section, to replace a partition wall under 
the gutter of the M roof shown in Fig, 277. 

its clear span is 30 feet and width 14 inches. Its effective depth is 
to be as small as possible, consistently with the girder fulfilling the two 
following conditions : — 

Is/, thftt the working resistance shall no^ exceed— 

In tension 5 tons 

„ compression 4 

„ shearing 5 

On bearing surfaces 7 
2nd^ that the deflection shall not exceed under a uniformly dis- 
tributed vertical load (including the weight of the girder) of 14 tons. 


per square inch. 


Notb.— T he shearing and bearing resistances are taken higher than usual, the 
load being dead, and the deflection nut being influenced materially by them. The 
resistances to tension and compression might be higher were it not that a very stiff 
beam is required. 

The girders will rest at each end on a brick wall 14 inches thick, a 
atone template being placed under each end to distribute the weight 
over a sufficient area. 

The total length of the girder will be ^0' + 2 X 14" = 32 feet 4 
inches, and the span, from centre to centre of bearings, may be taken at 
31 feet. 

It is not proposed to ** fix ” the ends of the girders. 


Calculations, 


Depth necessary to fulfil the two given conditions. 

This being a beam of uniform section, uniformly loaded, with a 
cross section of equal strength, the maximum permissible deflection is 
given by the formula (Eq. Se, para. 286, Vol. I.) : — 

^ =5 — . jj whence d may be found. 


*Tbia Bxanaple is taken, with slight alterations, from Wraj and Soddons' Instruotlon lu 
Qonstniotion/’ p, 311, 3rd Bditiou. 
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fn this case ? = or about inch per foot run. 

n" = (para. 286, Vol. I.) 

— 5 X 2,2*10 lbs. and = 4 X 2,240 lbs. 

» ^ s’ 


c = half span = J x Bl' x 12 = 186 inches. 

Et = 18, 500, 000 lbs. = the Modulus of Elasticity of plate 
beams is taken high, as the number of joints will not be laige (Rankiue’s 
Civil Engineering,” page 531). 

d = required eOective depth in inches. 


5 _ 5 /OX 2240 \ I8« X 180. 
^ 12 M 8,500,000^ d 


d 20*9 ^21 inches. 


Section of Flanges, 

The section of greatest stress being at the centre, and the beam being 
of uniform section, it is sufficient to determine the dimensions of the 
flanges at the centre. 

On the assumption that the whole of the direct stresses are taken by 
tlie flanges, and the whole shearing stress by the web, and tlie load 
unifoimly distributed; at the centre— (paras. 182 and 189, Vol 1.) 

W I 

Mm = -Q— = Si Atd, or 8c Acd, Moment of Resistance. 

In this case W = 14 tons distributed. 

„ „ w per inch run = 

„ d = 21". 

,, „ the values of /, Sc are as given above. 

Whence — effective section of tension flange — 6-2 square inches. 

Ap = gross section of compression flange ^ ^ square 

inclios. 

Each flange may be taken to consist of one plate and two angle-irons 
(Fig. 274), the plate being weakened by three rivets in its cross section 
(the centre rivet occurring at the cover-plates), and the angle-irons by 
two rivets each, one in each arm (Ftgs, 274 and 276), 

It is apparent, from the small sectional area required, that one plate 
will be enough, and it is as well (not necessary) to have the angle-irons 
and plate the same thickness. 
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Assume the angle-iron to be 3" X 3", which will be sufficient to 
allow of the^angle covers being rivettecl on, and call the thickness of 
plate and angle-irons, r. Then it is clear that r will bo < since 
the flange plates are to be 14 inched wide, and the maximum area of one 
plate and two angle-irons = 7*75 inches only ; hence, the diameter of 
the rivets should be 2r. 

For the tenaton flange — 

The effective section At = (14" — 3 X 27-) r (for plate) -f 2 (6*^ — r 
— 2 X 2r) r (for angle-irons) = 6*2 square inches.^ 

Whence, the thickness of the plate aqd angles = r = 
and the diameter of the rivet holes =: 2t 
The loss of strength in the plate, due to the rivet holes, is about 13 
per cent. ; the loss of strength on the whole flange is about 17 per cent. 
For the compression flange — 

The effective, which is the gross, section Ac = 1 X r (for plate) 
+ 2 (6*^ — r) r (for angle- irons) =: 7’75 square inches. 

Whence r *3" = say. 

Cover plates to Fhnges, 

In order to keep the plates within the length (15 feet), for which no 
extra change is made, let theie be three lengths of plate in each flange, 
the joints m each plate being thus about 5 feet on each side of centre 
of girder. ^ 

The stress on one side of the joint is first taken by the rivets, by 
them transferred to the cover plate, which in turn transfers it to the 
rivets on the other side of the joint, and so to the plate on that side. 

The load being distributed at any section of the girder — 

the flange stress x depth of girder = (equation 43, para. 

182, Vol. I.) 

Therefore at 5 feet from the centre of the girder — 

*i 120(372 - 126) o 4. 

the flange stress = ^ ^ ^ ' 27*8 tons. 

For the tension flange — 

effective section of plate = (14'*' -- 3 X X = ||| square inches, 

• If the rivotting be *igzag, and the widely ppaced, only two would be deducted from 

the plate, and one from each angle-iron, to obtain the cfTet'tiv© aectlou ; hut such an arrangemont 
need not be conslderetl m this case, at) It would not do to uae thinner plates and angltH than 
though the angles might be reduced to 2J' X SJ'. 



314 


GHAPTKR XXTII. 


[ ART. 490 . 


effective section of angle-irons = 2 ((6^^ — iV) — 2 X “ fST* 

and the effective section of both plate and angles » square inches. 

Hence, of the total flange stress of 27‘8 tons, the plate, and therefore 
the cover lias to bear f|g of 27*8 tons = 16 tons, nearly. 

For the number, n", of rivets in the plate on each side of the joint, 
in order to be secure against shearing, 

n" X ~ X (I)* X 5 tons = 16 tons, 

whence n' = 10*4. 

For bearing surface— 

n' X X I X 7 tons == 16 tons, 
whence n' = 11*7, 

so that 12 rivets must be adopted.* 

Let the pitch of the rivets in these plates be taken at 8 inches. 
Then, as there will bo four rows on each side of the joint, the cover 
plates will be 24 inches long, and it will be seen afterwards that these 
rivets range with the other rivets in the work. As there is only one 
cover, it had better be tjiick. It would be far better construction 
to have two covers, but as they could not be less than thick, it would 
take a little more metal. 

For the compression JiangS’^ 

the gross section of the plate = 14' x /V' = = fff ' 1 lois^ 

and the gross section of thf» angle irons =: 2 x Jf f = | 

The plate has on it -rVA 27*8 tons == 15*3 tons. 

It was found above that rivets in plates are weaker in bearing 
than shearing, hence — 

For bearing surface, «' X A X f X 7 tons = 15'3 tons, 
whence n' = 11*1 nearly ; or say 12 rivets, as for tension flange. 

The cover plates in each flange may therefore be as in Fig^ 276, 
subject to alteration, if it be found necessary, in order to make their 
rivets range with those in the rest of the work. 

Angle covers might be got rid of altogether, angle-iron being easily 
obtainable of the length of this girder (32 feet 4 inches); but, for the 
sake of showing the calculations, it will be assumed that the angle-irons 
are jointed at the centre of the girder. 

* From Table, para. 480. it i« seen at onoe that with |* rlreta in tV* pl*t««. more rireta would be 
required for bearing than for ahaaring. 
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In the tension flange^ the joint being at the centre of the girder, the 
relative effeoMye section of the plate and angle-irons being as given 
above, and the stress at the centre being 6*2 square inches x 5 tons = 31 
tons, the angle-irons have on theno IJ J of 81 = 13’ 1 tons. 

TT 13'1 

For shearing, x X (f)* X 5 tons =2 tons, there being two 
angle-irons ; 

whence, n'’, the number of rivets in each angle-iron = 4*3. 

13*1 

For bearing surface, n' x f x X 7 tons = tons, 

m 

whence, n* = 4*8, or 5 rivets. 

Three rivets can be placed on each side of the joint, in one arm of 
the angle-iron, and two in the other; or three in each may be used, if 
more convenient. 

In the compreaeion Jlangey the angle -irons have on them yYry X 31 
tons =14 tons nearly. 

The rivets and angle covers being the same as in the tension flange, 
more rivets will be required for bearing than for shearing, hence 

For bearing, n' X f X X 7 tons = 14 tons, 
whence n* = 5'1, 

so that the angle covers may be the same for each flange. 

An angle cover 19 inches long, and equal in section to the angle-iron 
may be used. It may be 2|" x 2|^ X 

Thickness of Web and Fitch oj Rivets connecting Web to Flanges, 

The shearing stress under the uniform load being greatest at the 
points of support, and diminishing to nil at the centre ( Example 8, para. 
182, Vol, 1.,) the web may possibly admit of being thinned towards the 
centre, but it must everywhere be thick enough — laf, to give a sufficient 
bearing area on the rivets connecting it to the flanges ; 2fid, to resist 
buckling without incurring the cost of too many stiffeners. 

Note A. — The capacity of the web to resist thtartng does not require calca- 
lating, since even if the rivet holes are deducted (which is not necessary, as the 
metal could not shear through the holes without shearing the rivets in the holes) 
the shearing resistance of the metal left between tlie rivet holes will be greater 
than the bearing strength of the web on the rivets, since the bearing resistance ii 
never taken as more than 7 tons to the inch, or 1*75 times the shearing resistance, 
whilst the clear space between any two rivet holes is always more than 1*75 times 
the diameter of the holes. 
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Notk B. — The simplest method of proportioning the number of rivets, required 
for bearing, to the thickness of the web plates, is to take the thickness of 

jilate web at (as wroughtdron plates vary in thickness by and to ascer- 

tain the number of rivets re<iujred per foot rnn to connect the web to the flanges 
at the piers, -a hero the shearing stress is greatest ; then to divide the number of 
rivets, and multiply the initial thickness of web, by whatever number will reduce 
the rivets sufficiently to give convenient pitch, and a thickness of web between the 
ordinary limits of and J" as in previous Example. 

Tho same pitch is given to the rivets all along the girder as at the 
ends for the sake of uniformity; hence there will, if anytliing, be an 
excess of bearing strength towards the centre, as any reduction in the 
thickness of the wob would only be in proportion to the reduced 
shearing stress. 

It is usual to find the shearing stress per foot run of the web, assuming 
it to be uniformly distributed througbont each vertical section, and to 
calculate the number of rivets on this assumption. 

At the piers the shearing stress is a maximum = half the total load 
on girder 5 = 7 tons, or 3^ tons on each of the webs, which are 21 inches 
deep, so that in each web the shearing sttess per foot in height 3^ -r 
= 2 tons. 

The horizontal shearing stress at the piers, along the joints of the 
web with the flanges, will also be 2 tons per foot rnn, (para. 234, Vol. I.) 

Assume I'' rivets, as before ; and initial thickness of the 

web ; then equating the bearing strength of n rivets with the shearing 
stress per foot run — 

n' X J"' X ^ 7 ~ 2 tons, 

whence n' 7‘5, or say 8 rivets per foot run. 

Dividing the 8 rivets and multiplying the thickness of web by 
4, gives 2 livets per foot run, or a pitch of 6 inches, and a Y thickness 
of web at the piers, and therefore throughout the web, as nothing 
under is admissible. 

The rivets in the web being in single shear, it remains to see if 2 per 
foot run will give a resistance to shearing 2 tons. 

The shearing resistance of two rivets = 2x(|)*XjX5 tons 
= 3 tons. 

Hence, 2 rivets per foot run are more than enough to resist shearing. 

Keeping within the limits of ordinary priced plates, the web may be 
[u three lengths, with a voviical joint at 5 feet on each side of the centre. 
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Covers to Webs, 

If a single cover is need at each joint, of the same thickness as the 
web, t.e., it will be more than strong enough, as the shearing stress 
at either joint is only about ^rd its value at the piers. 

In order to naake the covers lie close to the web, three rivets are 
necessary on each side of the vertical joint, as shown in Fig, 275, and 
giving them a 6" pitch, as the other rivets, they will, for the reason just 
given, be more than sufficient for both beaiing and shearing. 

The width of each cover will be such as to allow of the rivet holes 
being punched both in the plates and cover without being nearer their 
edges than times the diameter of the holes; hence the minimum 
width will be 8 X = 5". 

Stiffeners to Web, 

The shearing stress being greatest at the piers, and the web uniform 
in thickness, if stiffeners are necessary at all, they will be required at 
the piers. ^ 

The shearing stress on the webs, at the piers, was shown to be 2 
tons per foot in height ; therefore the stress per inch in height of each 
web = J ton, and as the web is Y' thick, the stress per square inch = 
t I ton. 

it has been already shown that the vert^al and horizontal shearing 
stresses, having equal intensities, may be resolved into two stresses of 
the same intensity, one a tension, and the other a thrust, acting at 
angles of 45° with the horizontal, and at right angles to one another, and 
that the wob tends to buckle under the thrust, (para, 234, Vol, I.). 

P 

The intensity of the thrust — (para. 70, Vol. 1.), in tons per square 
inch, must not exceed what the material can safely bear, i.c., s, -r 

P 

In this case ^ ; 5e = 4 tons ; c = j ^ whence 

/ ^ 30 6^, measured between the angle-irons, at an angle of 45^. 

The vertical distance between the angle-irons being 15" {Fig. 275), 
the distance measured at an angle of 45° is 21", or less than 30*6", so 
that no stiffeners are necessary, {Fig, 275). 
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Order oj Rivetiing up, 

(* 

The girder may now be designed, as shown in Plate XLV,, the parts 
being so arranged that each can be riyetted up in the following order:— 

The lower flange, with angle irons and cover plates, is first ri vetted 
up ; then the webs are put together and connected with the lower 
flange; then the angle-irons for the top flange are rivetted to the webs ; 
and finally, the plates of the top flange are put together and connected 
with the webs, the last row of rivets being those connecting the top 
plates with the angle-irons. 

Plate XLV. shows the rivets at S'' pitch in the covers, and 6" pitch 
clear of the covers. A 6" pitch would be too great for work exposed 
to the weather; nor would it be advisable to use plates under thick 
in any but a dry situation. If the pitch were made V' throughout, 
the work would look better, but it would increase the number of rivets, 
and thereby the amount of work, as well as lengthen the covers. 

The centre row of rivets in the flange plates exists only at the covers, 
and in calculating the centre section, the centre rivet hole might be left 
out of consideration, there be^ng no cover there, but as the girder is to 
be a beam of uniform section^ it is more correct to suppose it to be 
present. 
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TIED ARCHED ROOFS. 

Mtm. No. C. ~ W. A. of P. and Oudh, dated Natni Tat, 

the August^ 1892, 


To ensure uniformitj in the preparation of drawings and estimates 
for buildings with tied arch roofs, the following instructions are issued 
for guidance;—^ 

(1) . For spans up to 10 feet, tie-rods to bo placed at not more than 

5 feet centre to centre. ^ 

Cast- or wrought-iron washers of diamond shape 9^ x 6" X can 
be used for thrust-plates. 

Thickness of brick ring to be 4J inches. Rise to bo taken at §th 
of span. 

(2) . When the span exceeds 10 feet and is under 20 feet— 

Tie* rods to be not more than 4 feet centre to centre. 


Thrust-plates to be of angle-iron (as per accompanying table). Thick- 
ness of arch ring to be 9 indies. Rise of arch ^th to ^ih. of span. 

(3). The concrete of the roof should be finished off us shown on the 


Fig, 1 . 



annexed sketch, and should 
not be brought over to the 
outer edge of the wall. 

Parapets should not be 
used with tied arch roofs, 
ZZj j as they interfere with the 
N free flow of water off the 
i roofs, and the drainage ont« 
lets left in them inTarlably 
get stopped up. 
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The filling in of the extra thickness at the haunch, shown in a darker 
shade, should bo carried out immediately the centering is removed, and 
the uniform thickness (of 3 or 4 J inches) of fine terracing should be put 
on some 20 or 25 days afterwards, so that any slight separation that 
may occur at 0 owing to the settlement of the arch would be filled up 
and covered over by the upper coat of uniform thickness. The weather- 
ing course of the cornice should bo brick-on-edge, cut to the slope of 
the roof, set in extra good lime mortar, and plastered with a thin coat 
of plaster, not more than ^ inch thick, at the time the upper surface of 
the terrace roof is being finished off. The backing to this course should 
be an ordinary course 2J inches thick, to allow of a sufficient depth (1| 
inches) at D for the end of the terracing to abut against. 

Whatever may be the kind of work in the wall below a5, the portion 
above it marked Z should invariably be set in good lime mortar. 

(4). In no case should the arched roof of a room intended for occu- 
pation spring from a less height than 12 feet above the floor of the room. 



constructing them per running foot. 
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Bemarki 

These calcolations ure 
based on the following 
data . — 

S'* of concrete to be laid 
over arch ring. 

Tie-rods placed A' apart. 

Kate of arch masonry at 
Its, 30 per cent. 

Hate of plain masonry at 
Ks. 23 per cent. 

Hate of concrete at Bs. 
15 per cent. 

Hate of ironwork at Es. 

12 per mannd. 
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Extract from a Itsport on the Design and Construction of Masonry 
Dams, By W. J. Macquork Rankinb, o.b , ll.d., f.u.b, 

[ Published in the ** Engineer ** of January hth^ 1872 ]. 

Material , — As regards the material best suited for a reservoir wall or 
embankment, 1 consider that it must be determined by the nature of the 
foundation. That foundation should be sound rock, if practicable ; and 
should a rock foundation be unattainable, firm impervious earth. It 
may be doubted whether any earthen foundation is thoroughly to be 
relied on where the depth of water exceeds 100 feet or 120 feet. It is 
not advisable to build a high masonry dam on an earthen foundation ; 
for the base of the dam must bo spread^to a width sufficient to distribute 
the pressure, so that it shall not bo more intense than the earthen 
foundation can bear ; and this involves the use of a quantity of material 
which would lead to immoderate expense, if the material used were 
masonry. 

Mode of Building , — In the case of a rock foundation the proper 
material is unquestionably rubble masonry laid in hydraulic mortar; 
and the opinion of M. Graeff, that continuous courses in building that 
masonry are to bo avoided, is fully corroborated by experience ; for the 
bed joints of such courses tend to become channels for the leakage gf 
the water. 

Prscawfieni.— The very fact, however, of the irregular structure of 
that masonry, renders necessary unusual care and vigilance in superin* 
tending its erection, in order to ensure that every stone shall be tho^ 
roughly and firmly bedded, and that there shall be no empty hollows in 
the interior of the wall, nor spaces filled with mortar alone where stones 
ought to be placed. The practice of grouting,*’ or filling hollows by 
pouring in liquid mortar, should be strictly prohibited. Should it be 
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resolved to insert in tke face of the walli beadersi or long hond-stoneS) 
with 0? without projectii^g ends to fprui CQrbelSi as in the dam of the 
river Furex^i those stonea^ought to be laid with their lengths not borU 
eontah bat normal to the face of the wall. 

Principles determining Prq/f/r.-^With respoot tp the profile of the wall, 
its figure is in the main to be determined by principles nearly the same 
with those laid down by the French EngineerSi and put in practice in 
the dams of the rivers Furons and Ban, that is to say, the intensity of 
the vertical pressure at the inner face of the wall should at no point 
exceed a certain limit when the reservoir is empty, and the intensity of 
the rertical pressure at the outer face of the wall should at no point 
exceed a certain limit when the reservoir is fall. 

of Vertical Preceure. — In the theoretical investigation of M. 
Delocre, and the practical examples given by M. Graeff, the same limit 
is assigned to the intensity of the vertical pressure at both faces of the 
wall. But it appears to me that there are the following reasons for 
adopting a lower limit at the outer than at the inner face. The direction 
in which the pressure is exerted amongst the particles close to either 
face of the masonry is necessarily that of m tangent to that face; and* 
unless the face is vertical, the vertical pressure found by means of the 
ordinary formula is not the whole pressure, but only its vertical oompo* 
nent; and the whole pressure exceeds the vertical pressure in a ratio 
which becomes the greater, the greater the batter/’ or deviation of the 
face from the vortical. The outer face of l^o wall has a much greater 
batter than the inner face; therefore, in order that the masonry of the 
outer face may not be more severely strained when the reservoir is full 
than that of the inner face when the reservoir is empty, a lower limit 
must bo taken for the intensity of the vertical pressure at the outer face 
than at the inner face. 

Weight of wall to he thrown inward^.— The proposal of the Execu- 
tive Engineer to throw the weight of the wall further inwards than in 
the French designs tends to realise the principles just stated, and so far 
I fully approve of it and have carried it out in the profile which accom*' 
panies this report.* 

Wall not to overhang inmrds.^l do not, however, concur with the 
Executive Engtueer in the proposal to throw the weight of the wall so 


* This proAls hM oat beta reproduced. 
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far inwardt) aa to make it OYerhang, for the following reason: — The 
additional stability against the horizontal thrust of the water gained by 
giving the wall an overhanging batter inwards, is not that due to the 
whole weight of the overhanging masonry, but only to the excess of 
that weight above the weight of water which it displaces ; in other 
words, about half the effect of the weight of the overhanging mass of 
masonry in giving stability is lost through its buoyancy, and hence the 
additional stability gained by making the wall overhang inwards is not 
proportionate to the additional load thrown upon the lower parts of the 
inner face ; and more stability would be gained by placing a given mass 
of masonry, so as to form a^ uniform addition to the thickness of the 
wall, than by making it overhang inwards. 

Limits^ of VeHical Pressure, how In choosing limits for the in- 
tensity of the vertical pressure at the inner and outer faces of the wall 
represented by the accompanying profile,* I have not attempted to de- 
duce the ratio which those quantities ought to bear to each other from 
the theory of the distribution of stress in a solid body; for the data on 
which any such theoretical determination would have to be based are too 
uncertain. The limits which I have chosen are as follows and they are 
given in the first place in feet of a vertical column of masonry whose 
weight would be equivalent to the pressure, and are then reduced to 
various other measures 

Limits of vertical prkssurb at— 



Inner face. 

Outer face. 

Feet of masonry, 

.. 160 

125 

Feet of water, .« »• 

.. 320 

250 

Pounds on tbo square foot (nearly), 

20,000 

15,625 

Metres of masonry (nearly), .. 

49 

88 

Metres of water (nearly), •• 

98 

76 


Kilf>g. on tho square centimetre (nearly), 9*8 7*6 


In choosing these two limits I have been guided by the consideration 
of the following facts. As regards the inner face, where the deviation 
of the direction of the stress from tho vertical is unimportant, it is cer- 
tain, from practical experience, that rubble masonry laid in strong hy- 
draulic mortar, and on good rock foundations, will safely bear a vertical 
pressure equivalent to tho weight of a column of masonry 160 feet high, 
if not higher. As regards the outer face, the practical data given by 
M, Oraeff show that masonry of the same quality in the sloping outer 
* TUI profile is not reprodaoed here. 
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face of a dam will safely bear a pressure whose vertical component, as 
found by the ordinary rules, is equivalent to the weight of a column 125 
feet high. 

Dimimiion of Vertical Pressure towards foot of slope.^Th^ same 
reasons which show that the intensity of the vertical component of the 
pressure ought to bo loss for a battering than for a vertical face show 
also that this intensity ought gradually to diminish at the lower part 
of the outer face, where the batter gradually increases. In the present 
state of our knowledge we should not be warranted in forming any 
definite theory as to the law which this diminution ought to follow, and 
therefore, in preparing the accompanying derign, I have thought it beat 
to be guided in tliis, as in the previous case, by practical examples, and 
to consider it sufficient to make the law of diminution such, tliat at the 
depth of 150 feet below the surface the intensity of the vertical compo- 
nent of the pressure at the outer face becomes nearly equal to what it is 
at the same depth in the outer face of the dam across the Furens, viz,, 
107 feet of masonry, or about 6]^ kilogrammes on the square centimetre. 

Tension to be avoided, -^1 have kept in view another principle, not 
referred to by the French authors, viz,, that there ought to bo no prac- 
tically appreciable tension at any point of the masonry, whether at the 
outer face when the reservoir is empty, or at the inner face when the 
reservoir is full. Experience has shown that in structures of brickwork 
and masonry that are exposed to the overturning action of forces which 
fluctuate in amount and direction (as when a factory chimney is exposed 
to the pressure of the wind) the tendency to give way first shows itself 
at that point at which the tension is greatest. In order that this prin- 
ciple may be fulfilled, the line of resistance should not deviate from the 
middle of the thickness of the wall to an extent materially exceeding 
one-sixth of the thickness. In other words, the lines of resistance when 
the reservoir is empty and full respectively should both lie within, or 
but a small distance beyond, the middle third of the thickness of the 
wall. 

Horizontal curvature of IValL^As regards the effect of giving the 
well a curvature in plan, convex towards the reservoir, I look upon this 
as a desirable, and in many cases an essential, precaution, in order to 
prevent the wall from being bent by the pressure of the water into a 
curved shape concave towards the water, and thus having its outer face 
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bronght into k stnta of tension horlsontsllj, nhich would probably danse 
the formation of vertical fissures, and perhaps lead to the destrnction of 
the dam. 1 consider, however, that calcnlations of stability which treat 
tl|b dam as a horizontal arch are so uncertain as to be of very doubtful 
utility; and I would not rely upon them in designing the profile. In 
fixing the radius of horizontal curvature, I consider that the engineer 
should be guided by the form of the gorge in which the dam is to bo 
built, making that radius as short as may be consistent with convenience 
in execution, and with making the ends of the dam abut normally against 
the sound rock at the sides of the gorge* 

Summari/ of conditions to he futfiUcd by Proy?/e.— The conditions which 
have been observed in designing the accompanying profile may bo 
summed up as follows A. The vertical pressure at the inner face 
not to exceed 160 feet of masonry. B. The vertical pressure at the 
outer face not to exceed 125 feet of masonry at the point where it is 
most intense, and to diminish in going down from that point C. The 
Hoes of resistance when the reservoir is full and empty respectively, to 
He within or near to the middle third of the thickness of the wall. 
These are limiting conditions, and do not prescribe exactly any definite 
form. Any form chosen should fulfil them without any practically im- 
portant excess in the expenditure of mateiial beyond what is necessary. 
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NOTE TO CHAPTER XV. 

Note on M. Boovibr's 7nethod of measuring the maxxmuin intensity of 
stress at a point of the walCs Jace, 

It is necessary here to refer to a method of calculating the maxi mum 
intensity of stress at a point of the wall’s face, duo to M. Buuvier, and 
'Pig, 2. adopted by many Engineers, be- 

cause the proof offered would 
seem to rest on unsound premisses. 
In order to measure the maximum 
stress acting over the horizontal 
joint mn, Pig, 2, the total result- 
ant pressure R on which is re- 
presented in direction by Goo', 
M. Bouvier draws the hypotheti- 
cal joint mn^ through rn, perpen- 
dicular to the direction of R, 
making it intersect the straight 
line nvT drawn through ix parallel 
to R in the point n", and then 
supposes the effect of R to be 
distributed over the area mn" only 
of the joint mn , The following 
is a general statement of his argument ; — 

“ It is evident,” he says, “ that the distribution of pressure over joint 
ntn is greater than that over a joint such as m^', situated above it, because 
in the latter case the inclination of H is more acute with regard to the 
joint’s surface, and the pressures are diminished by those due to the 

c 
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weight of iimsonry hnn^ and to the fluid pressure acting over surface nk^ 
both of whicli aflect the intensity of pressure at m.” Such, however, he 
argues, is not the case with joint run", taken below wn, because the 
weight of masonry mnn' can have no effect, as likewise the fluid pressure 
over nn on the pressure at m, and there is no reason why the triangle 
nmn' should not bo regarded as simply transmitting the pressure it re- 
eeivos from above. Under these conditions, joint 7nn\ which is perpendi- 
cular to the direction of the resultant pressure R, would become the 
joint yielding the maximum intensity of pressure at m, and such being 
the case, it will bo seen from Fig, 2, tliat — 

If mn = /, om = o'm = xi'* ^ and a be the angle of 

I y 

inclination of U to the vertical ; and if mo = then will xno' = ~ = 

iJ o 


2 coa a 

a” 


, and a" 


u' cos a and, wo shall have for p, the maximum intensity 


of pressure at w— 


_ 2K_ 
^ I coa o 


e- t) 


instead of the value usually given, m., — — ^2 — which is 


a very serious difference, but altogether on the side of safety. 

The objections offered to this argument are, that it is inadmissible 
to take one property of matter into consideration, (e.g.^ its property of 
transmitting pressure) and neglect another (its property of being at- 
tracted oaithwards) ns likewise to regard the resultant pressure R as 
distributed over only a portion of joint mn' and not the whole (in other 
words alter the dimensions and inchnatiou of the joint’s surface relatively 
to the force by projecting its area by rays parallel to the direction of the 
force and not at the same time suppose the magnitude and direction 
of the force correspondingly altered relatively to the joint) because the 
weight of the masonry mnn', as likewise the fluid pressure over the area 
nn' do affect the intensity of pressure at ?n, causing an increase in the 
magnitude of the resultant pressure over joint wn', and an alteration in 
the position of its centre, which will certainly not be at o', but move fur- 
ther towards n', being the centre due to the weight of the wall Amn'B 
combined with the fluid pressure over the surface Cn'. 


* AnnmlefdM Pont* ot Chaoes^ (th 8«ri«a, VoL X., p. 173. 
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1. Objects proposed ^ — It is proposed to investigate in this Paper 
the Problems of Stability and STRENOTii op Masonry Well- foundations 
m quicksand. 

These are Problems of great practical importance, as the Piers of most 
of the Railway Rridges over the groat Indian rivers are in general simply 
large Masonry Wells sunk in many instances in quicksand beds* 

[This Paper is intended to bo a complete investigation of the whole Problem, as 
far 118 the present state of science admits, with the final resalts in a form immediate- 
ly suitable for calculations of the practical Engineer ; all “results’* are accordingly 
eitlier reduced to simple algebraic formul® or to**simple statements of fact/’ and 
numbored seriatim. All detailed mathematical investigations are separated into an 
Appendix. 

A complete numerical solution of one actual Example is given in Arts. 67, 69, 
with full rclcrcnces (for all formul® used) to the Text, so that no difficulty should 
occur to the practical Engineer in applying the piinciples and formul® of this Paper 
to practice]. 


2. It may bo premised that the particular practical case which gave rise to this 
inve^tigiition was that of the Well-toundations ot certain Bridges over the Ganges, 
HAtnganga, Sai, Gumti and Garri rivers on the Oudh and Bohilkhand Kailway, 

The Brnlge over the Uamganga has been selected as an example in illustration of 
the Methods and Foiniulus of thi;< Paper, as being one of the most unfavorable cases, 
the soil IxMog simjdy (piicksand. 

An outline diagram of one of the Piers is given (Fiff. ), Plate A). It will be seen 
that the Pier is sunk 75 feet below the cold weather bed of the stream, and it is 
supposcMl that in the worst floods scour might take place to a depth of 60 feet. The 
greatest surface velocity is believed not to exceed 16 feet per second. 

The Gliders of the Budge '^xpose a large surface (317 square feet from Pier to 
Pier) to the Wind The Piers themselves are liable to the shock of Drift Timber 
Logs, and Hafts, and of laden Boats. The numerical data are taken from the official 
Railway Records. 

Summary of Results, 

8. In consequence of the length of this Paper, it is considered advisa- 
ble to give a general summary of the Results, 


Seotlon. 


\ o 

H-* ^ 

2q 

i 2 

^ 5*5 


Art. 

Result. 

6 


i 

7 j 



Brief Btatement of Results. 


A “ slender Pier in a rapid current over a quicksand bed ” 
may fail in four ways, viz , by sinking^ sliding^ tilting^ or snap* 
\ping : these give ns© to four distinct problems. 

The data for these problems are very imperfect. 
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Section. 

Art. 

BesnlL 

Brief sUtement of Reealte. 

0 

M 

1 

P ^ 

S'S 
& ^ 

7 


A proper numerical solution at present impossible. 

Useful (^enerahxations may however be certainly drawn, and 
a numerical solution may be found on certain hypotheses. 
These are the objects of this Paper. 

*f ■“ 

1. § 
k-H V» 

9 


The Problem treated as a Statical Problem, 
impact can only be imperfectly allowed tor. 

o 

rH 

& 

H 

CO 

11 


The External Forces divisible into two sets of parallel forces, 
m*.. Vertical, and Horizontal (parallel to stream). 


13 

4® 

The Total Friction developable from the subsoil is alo?ie jiv/- 
fiount to support the Weight of the Well. 



o o 

Quicksand can at great depths bear very great divert pres- 
sure, and also yield great tangential resistance, and is there- 
foie scini-solid. 

i 

o 

15 


Water-percolation docs not affect the “ Whole PresRnre ” of 
the upper courses of Masonry on the lower : that Wliole 
Pressure is simply the Weight of those courses. 

p 

3 

p 

PS 

> 

1 1 

16 

1 

Water having access toi a Well’s base exerts an vpward 
pressure equal to the Weight of the fluid displaced, which is 
wholly conducive to Instability (of Potation). 

In questions of Vertical and Kotary Stability this is 
conveniently allowed for by reducing the “ effective heavi. 
ness ” of the immersed masonry by 62^ ttis. per cubic foot. 

Section II 

18 

I 2® 

Water-percolation seriously reduces a Well’s Tkansverab 
Strength, ‘ 

The Masonry of the Wells shonld therefore be set in good 
cement, and bonded vertically with iron ties. 

20 

21 

(8) 

(6) 

1 

The Vertical subsoil Re-actions, both ’* Direct and Friction- 
al, always set upwards^ and are always condneire to Instabi- 
LITY. 


22 


There appears danger of Wells failing hy sinhing under the 
peculiar action of the Disturbing Forces after full scour has 
taken place. 

Experimental data not available for a numerical estimate. 

of 

w§ 

>.s i 

K 

23 

24 

26 

(7) to 
(1») 

Records of Wind-pressure for India very imperfect, 
Maximum Wind-pressure in Oudh is 40 Ihs per sq. ft , and 
in Lower Bengal 50 Itis. per sq. ft. 

FormnlflB for Total Wind-pressure, and Moment of the same. 

R p 

ga 

W i 

27 

84 


j Laws of Current-pressare complex, and imperfectly known, 




Section IV.— Rotation. Section III — Hobizontal Fobces, 
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1 

29 
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89 

29 

41 

34 1 

43 


45 


40 


48 

(38) 

49 

(39) 
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/ 

lb 

(40) ! 
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(41) 
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54 

(49) ; 

65 

(63) ti 

55 
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Brief statement of Besulfct. 


Subsurface velocity vanes as absciss® of a parabola whose 
ordinates represent depths. 

New and simple formulro proposed for Subsurface Velocity, 
and for Intensity, Total, Centre, and Moment of Current-pressure 
on Well and on J)nlt Mass. 

The Disturbing Forces increase both the up-stream and down- 
sttearn llori/.ontal Kc-aetions of the soil, and taise the centre of 
piessinc of the tormer and depress that ot the latter. 

Wells should bo sunk below level of “ no motion of sub- 
soil 

This level is in this Problem the “ virtual bed of the cur- 
rent. 


C7 


Problem of Rotary Stability is complex, and resembles that 
f Stability of sliij)8. 

point chosen as “ Centre of Moments ” indiffcient. 

The Rc-actioiis of soil cannot bo disiegardcd i^as in Structures 


Resultant Moment of all the Vertical Forces is a Moment of 
Stability. 

Increased sinking increases the Moment (of Instability) of 


The Horizontal subsoil Resistance is the chi([f element of 
itability of Rotation, and the Pier’s weight is a comparatively 
niinportaut element. 

Stability of rotation can only be secured by deep sinking. 

Stability of rotation cannot be with cei’tainty numerically 
itimated for want of experimental data on nature of subsoil 
j-action. 

By making certain hypotheses a highly probable numerical 
line may be found for the intensities of pres.suro on the soil 
msed by the Disturbing Forces. 

Formnl® for Total of, also for Mean and Maximum Intensi* 
es ot, lloiizontal subsoil Resistance on these hypotheses. 

It icsta with the practical Knginecr to decide in each case 


I Example — Pier for K^mgang& Bridge. Maximum pressorc- 
lintousiliea on subsoil iound. 
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Saotion. 

' A,t. 1 

1 

Result 

Brief statement of BeenlU, 

W 

01 


The Plane of Greatest Stress lies at a short di.«itance below 
the current bed, probably about ^ of depth of sinking. 

The Stresses at this plane only require investigation. 

M 

62 


No reliance should be placed on vertical Tenacity of Masonry 




1 simply set in mortar. 

xn 

05 

(64) 

Formulae for Greatest, Mean, and Least Stress-intensities at 

CO 


(64rt) 

plane of Greatest Stress 

H 

{> 

68 


Slender Piers suffer xomt Tensile Stress ncarlif throvghovt 

OQ 

55 

H 



their length. Such Piers if simply set m Mortar are danger- 
ously liable to fail by ojicTiing of joints under Tension ; they 



should for safety be tied with vertical Iron Ties throughout. 

1 

> 

68 ' 


A solid cylindiir pier is one of the iveakest forms as regards 
Transverse Strength. 

55 

69 


ExHinplo — Pier for KAmganga Uridgo. Longitudinal Stress 

O 

IH 


intensities found. 




This Pier is strong enough if tied with vertical iron ties 

CO 



throughout, but if simply set in mortar its Transverse Strength 
^is doubtful. 


4. Practical Conditions , — The great rapidity of the large ludiau rivers 

in flood, and the shifting nature of their beds (often quicksand) lead to 
the practical condition that — * 

1®. The natural waterway must be as little as possible diminished by introduc- 
tion of Piers,” and conscquontly 

2®. “The Piers must be as slender as is compatible with the requisite STABILITY 
and Stbenoth.” 

5. Stability and Sthknoth. — The consep[uence of these particular 
practical conditions, m,, “ a blender Pier in a rapid current over a quick- 
sand bed” is that the complete Treatment of the Problem requires the 
consideration of a number of elements most unusual in Masonry Struc- 
tures, vis.y of the distinct problems of Stability and Sthbnoth, and 
moreover of several distinct forms of the former. In fact the Wells ap- 
pear liable to fail in four distinct ways, specified below, each of which 
gives rise to a distinct Problem as stated. 


No. 

Kanncr of failing. 

Problem of 

1 

■ ■■ 1 

By sinking as a whole, 1 

Vortical Stability, 

2 

By sliding as a whole, { 

Lateral Stability* 

8 

By tilting over as a whole, | 

ISy cross-breaking or snapping. 

Rotary Stability. 

4 

Transverse Strength. 
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[Liability of failure by Shearing is omitted from the above enumeration, as it is 
matter of practical experience Chat iolid Masonry stractures do not fail by Bhearing 
across under Transverse Strain], 

It appears that Well-foundations as hitherto constructed have usually 
failed by tilting over as a whole, i.tf., by want of Stability of Rotation. 
This Problem will therefore receive especial attention, aee Section iv. 

6. General interest of the Problema,-^lt is very seldom that so many 
distinct manners of failure really require consideration in Masonry Struc- 
tures. The present Problems present in consequence considerable in- 
terest even from a theoretical point of view. 

iV,/? — The Problem as set forth in its generality is an almost vntHed one, The 
author has had the advantage of consulting a Report on a portion of the general 
Problem, made for information of the Oiidh and Hohilkhand Railway, by K Bell, 
Esq., C.K. Mr. Bell’s Report deals solely with the Problem of Tkansvbbsb 
Strength. Mr. Bell considered the Problem of Stability at present tnwlnble. 

The author has had the advantage of discussing the general Problem of Stability 
with Mr. J. Klhott, M.A., Mathematical Professor, Muir College, Allahabad, and 
is much indebted to him for advice. The general treatment of the difficult question 
of Friction (Art. 21 ) is due to Mr. Elliott. 

7. Imperfection of the dafa.— The chief difficulty attending this prob- 
lem is the great imperfection of the practical data, and particularly of the 
two following : — 

(1) , Laws of Current pressure. 

(2) . Laws of Resistance of subsoil. 

The laws of the former are imperfectly known, but so little is known of 
those of the latter, that, as will appear in the sequel, it is simply im- 
possible, at present, to produce with real certainty any definite numeri- 
cal solution of any of the four Problems proposed in Art. 5. 

Nevertheless, as will appear, many useful generalizations may be 
certainly drawn from a critical discussion ; further, by adopting certain 
probable hypotheses as to the nature of subsoil Resistance, definite 
numerical solution of the Problems may be obtained. 

This Paper aims therefore— 

(1) . At establishing useful generalizations. 

(2) . At definite numerical solutions of the Problems upon certain 
probable hypotheses as to nature of subsoil resistance. 

External Forces, 

S, The External Forces may be divided into two sets ; (1), Applied 
Foaobs ; (2), Re-aotions, which are of coarse developed by the former. 
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The Applied Foroea are of two kinds — 

1®, Vb|itioal : these are simply the Weight of the Superstrijcture 
and Structure, 

2®. llDBi2fONTAL Qr nearly so : these ^re 

(1) , Wi*?4 W the 3uper«^wictpre- 

(2) . Wind on the Piers. 

(3) . Impact of floating Drift 

(4i. Onrreii* on floating Drift caught by the Piers. 

(6). Curtcnt oa th^ Pier^ 

It is convenient, for brevity, to class the whole of these last under 
the general term Disturbing Forcee, ” 

The Re-aetions will be considered hereafter. 

General Treatr^enf, 

9. The first question that naturally presents itself is the following:-^ 

** Is the Problem to be treated as a question in Dynamics (Kinetics), 
or in Statics ** ? 

Inasmuch as the Disturbing Forces ** (Wind, Current, and Impact of 
Drift) are all vires viva^ the proper scientifio treatment would be as a prob- 
lem in Kinetics. The question would thm present itself in this form t— - 

** Is the Potential Energy of the Re-action equal to the Kinetio Energy 
of the * Disturbing Forces * ?** 

Tlie estimation of Energy would require that all the co-efficients of elas- 
ticity of the masonry and subsoil should be known. As these co-efficients 
are however quite unknown, the problem Annot, at present, be solved 
in this form. 

Two of the Disturbing Forces, wr,, Wind and Current, have however 
been reduced, by experiment, to equivalent Statical Pressures, so that 
as far as these are concerned, the Problem may be treated as a question 
in Statics, i.«., one of e<|uHibrium. 

No such experimental reduction has however been made in the case of 
Impact of solid bodies, e.^., Drift-masses, so that the effect of Impact 
cannot really be included jq a ^Qjptjqn as case of Statics, and for the 
reasons before given the Kinetic solution is also impossible. 

An imperfect equivalent for the ej^ect of Impact, but one which will pro- 
babiy meet all practical requirements, is to substitute a ** Mass of floating 
debris'* as caught against the Well and there exposed io the full power 
of the current, so that** Impact’* is replaced by a Statical Pkessurb. 

d 
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N,B , — The bIzc and shape of this hypothetical floating mass must be assigpied as 
a purelj/ empirical question by the practical Engineer. Theory affords absolutely 
no guide to this assignment. A mass presenting 100 square feet broadside to the cur- 
rent has been assumed in the Example, Arts. 57 and 69 

The whole of the Disturbing Forces having been thus reduced to Sta- 
tical Pressures, the Problem may now be treated as one in Statics. 

10. It will be assumed that— 

** Piers should be designed to meet the case when the Disturbing 
Forces aimultantoualy attain their maxima, and also set in the same 
direction (down-stream).” 

[This is obviously the condition most unfavorable to the Piers, for under any other 
condition the Disturbing Eorcea will be either — (1) actually not at their maxima 
or (2) partially counteracting each other]. 

11. Resolution of the External Forces^ — The Vertical Forces are 
necessarily a parallel system.*' The Disturbing Forces may be assum- 
ed, with sufficient accuracy for this Problem, to be horizontal in direction, 
and by the limitation to the case of their setting in the same direction 
[Art. 10) they become a system of parallel horizontal forces.” More- 
over in symmetrical Wells, the usual case, the Disturbing Forces may 
be assumed, with sufficient accrracy for this problem, to be symmetrically 
distributed about the vertical axis of the well. It follows that, — 

1®. The resolved parts, across the stream's direction, of the action of the Dis- 
turbing Forces on the curved outline of the Well balance each other. 

2^. The Resultants of each of the Disturbing Forces pass through that axis. 

Inasmuch as the Re-action' must be equal and opposite to the Applied 
Forces, they may be similarly classified. 

It follows that the External Force ” may, for most purposes, be re- 
duced to two sets of “ parallel forces,” rt>., 

1°, A set of vertical forces. 

2®. A set of horizontal forces, parallel to the stream. 

It is convenient to consider the Vertical and Horizontal Forces sepa- 
rately, and in the order indicated in the Table of Contents, q, v. 

Section IL — Vbetioal Forces. 

12. Vertical Forces Classed, — The question of the effective heavi- 
ness ” of immersed masonry is really a very serious one, as enormously 
affecting the quantity of Masonry requisite to Stability, As this is a 
question on which the most opposite opinions have been advanced, 



ON WELL-FOUNDATIONS. xix 

it will be disouBsed at some length. Consider all the vertical forces: 
these are* 

!•. The Weight of the pier, (— W). 

2*. The WATEB-PREsaURB, uptoardu or dotontvardg on all parts to which 
fluid has access from beloto or from above respectively, (W'). 

3®. The Re-action of the soil, upwards, (R). 

4®, The Friction (F) between the sides of the Pier and the soil, upioardt or 
doumwardSf according as the tendency of the Pier is at any moment to stfik deeper 
or to rise vertically — or the vertically resolved parts of the partial Frictions on all 
sides of the Pier, when the tendency to motion is not vertical. 

Then, clearly at all times when the Pier is neither sinking nor rising, 
the following equation obtains 

_W + R + W'±P = o (1). 

13. Experimental evidence. — The chief difficulty attending this part 
of the investigation is the want of experimental evidence on the nature 
of internal subsoil pressure.” The following are apparently the only 
known data: as experimental evidence is the basis of all scientifio in- 
vestigations, they will be made the basis of the present investigation. 
The inferences which will be drawn from them should be carefully consi- 
dered, as most of this investigation is simply the necessary conclusion 
from those inferences ” as premisses. 

It appears that — 

(1) . In some Wells the water has been known to stand at a higher level (daring 

the period of sinking) inside the Well than outside it. 

Inference. It follows that in those casc^ — 

1®, Quicksand, even at great depths, permits thorough permeation of water, so 
that water has access to the base of Wells in quicksand. 

2®. The “ internal fluid pressure at the base of the Wells was somewhat greater 
than the hydrostatic pressure '' (of the water). 

Also in some Wells — 

(2) . It has been found, during the period of sinking, that the weight of the (then 
hollow) Well was not sufficient to cause its own sinking, even when all direct support 
from the subjacent soil had been removed, by the removal of that soil ; and further, 
that the Weight of the hollow Well together with the heaviest Weight of many 
tons of iron rails that can in practice bo laid on the Well is, after sinking a great 
depth, not sufficient to make the Well sink further, even when all direct support from 
the subjacent soil has been removed, by removal of that soil ; in fact, that all practi- 
cally available mechanical appliances eventually fail to produce further sinking. 

Inference. — Since by the removal of the subjacent soil, its direct Re-ac- 


* It is oottvenient to estimale upvoard Forces m positive : all Weights being downward Forces are 
thus negative. 
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tion oeaaeSf R = 0^ hence — W + W' +F =0, in such cases: thus 
it appears that—* 

3° The Total Weight (W) of the Welland fka saperstrirctarre yreire suf>porled 
by the opileard W !rter-pre«aure (W*) and Friction (F)^ 

4®. Thh Total Vortical Frictiott (F) which can thus be devtlopefd in support 
of the Fier is ve?‘y great. 

li®. The Total Normal Pressure of the subsoil a/^afSst the sides of the Pier, by 
which chuse alone can the Friction bo developed, most be very great radted. 

6®. Qnichsand H able, St any rate M great depths, to snstaih very great direct 
normal pressure. 

7®. Qaicksand, although thoroughly permeable by water, even at great depths, 
(see Inference I®), is at great depths capable of exerting considerable '* 'tangential 
Hesistanco,” to which property alone the Friction is due, and is therefore at such 
depths a “ serai-soUd,*' or very ietperfect fiald. 

iV; ly.— Sensibly perfect still fluids {e.g.^ still water) exercise no sensible Tangen- 
tial Hesistanco. 

The great practical iuiportanoe af some of tlre^e infetenchs, 
i°, 4®, 6°, 7^^, will appear in the sequel. 

14. Internal /Imd-pt^esettre , — The Inw of vaf^ialion of “ internal pTCi- 
sure ” in current fluid is involvofl ih equations which have not yet hedu 
solved. It is however known in a general mwimer that pressure 
with increased velocity, so that intewial finid- pres sure in cnrrchtftuW 

is generally Use than the hydrostatic pressure. 

It appears nevertheless (see Inference 2^) that the ** internal fluid-pres- 
sure*’ at the base of some of the Wells has been known to be saraewhat 
greater than the hydrostatic nressure of the water: this is probably due 
to the quicksand being a sort of “ imperfect fluid,” of greater density 
than water. 

It appears, therefore, that it Vfill he a sbfficdehtly hlppr^XinfAite method 
for the present problem to estiihaife the internal subsoil fluid pressure,^* 
(f.e., of the quicksand or mixture of sand and water) as the same as the 
“ hydiostatic pressure of the water alone. 

[AttheHaroe tihte thKt the diffictiUy of estimating ^' MeVaal fluiibp'fesirtire Of 
chh^dut fluid u thefs aVofded, it is evident that gome allowahOe h^s been made f6r 
A'e'mi'-fluidity of qhi^katiiud : as to Che Sufficiency Of this alloWnhCe, be it ohs^l^Ved 
that the alldvi^ahce refqflired eati hardly be very great, as it seems difficuft to irhiigiVie 
that the srth'Soil eoiWd Supply the great Total FflCftloh knoWn to be developable 
(lofereuce 4®) tihWss fts'^thte of ^ggfdgk'tioh at gtee't depths vVis ihofe approaehiog 
to tbirt of a solid than a fluid (see Inference 7®}. 

On this particular hypothesis, no further notice need be taken of the ** semi-fluidity ” 
of'thb qeteksahd]. 
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15* Still water is, anUss absolutely confined, ca- 

pable of yielding and also of transmitting only its proper ** hydrostatic 
pressure/* neither more nor less than that due to its depth, and that 
only uniformly and in all directions at <wice, and cannot therefore trans- 
mit either variable Pressure, or any Tension. 

ytlftber there is, necessarily, ini upit^drd Writer- pressure on all pafts 
io wMcb fluid has access from underneath^ which might be supposed to 
diminish the “effective weight*’ of the masonry above, but as this is 
'i?ec«#sati'ly accompanied by a simultaweous and equal dowiiwatd Watet- 
oh the parts below, to which the fluid of course has access from 
above^ it follows as a resultant effect that th^ — 

“Whole Presanro 6f each hOri^^Ohtal Strritimi on those below iS»AimpTy 
— or in other words 

“ Permeation by water does not attcr the Total PfiESSunn of the upper connsei 
w£ Masonry on the lower,” although, as presently shown, it may greatty altct the 
dietnbution of that Pressure. 

16. Effect of Water ^pressure on Stability, — As regards Stability, 
both Vertical and Rotary, of the Pier as a whole, also as regards Sta- 
bility, of both kinds, of Uie part above a fracture (should complete frac- 
ture occur below water level), the upward Wut^r-pressure exerts an upwat^ 
“ Re-aotion” against the base and parts to which it has access from below, 
which is equivalent to reducing the “ effective heaviness ” of the immersed 
masonry by about 62 '5 tbs. per cubic foot (the “ heaviness ” of water). 

This ibay be conveniently allowed for, tn questions of Vertical and R6taty 
Stability only, by estimating the “effective heaviness” of immersed maSOnty aS 64 J 
lbs, per cubic foot less than that of masonry in air. It must be borne in mind how- 
ever that this method is soggosted solely for convenience in numerical calculation. 
It must be carefnliy reriierobered thrit the “ whole weight*' of masonry, and also the 
“Whole upward Water-pressure, “ are distinct forces, the former whcdly effective in 
producing Stability, the latter wholly effective in producing Instability]. 

17. Effect of Water “preesure on lYaneveree Strength, 

la any case, the Water having access to the base of the Pier (see Iiffer- 
enoe under 1°) yields an upward Pressure (p»r., its “ hydrostatic pressure”) 
uniformly dietrihuted over the base. This affects Transverse Strength to 
the extent that the distribution of Stress throughout the Pier intis t be 
such that the Pier shall yield a downward Pressure on its base, which 
must not be Ubm at any point of its base than that “ hydrostatic pressure ”, 
(but may be greater). 

18. The Transverse Strength rs further affected as follows: — 
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If the Pier be impervious to water* 

2®* If the Pier be in parts permeated by water, 

1®. Pier imperviovs.^lf. the Pier be impervious to water, the state of Longitudinal 
Stress throughout the Pier is only affected as above stated. 

2®, Pier perviottn. — If the Pier be partly permeated by water : then inasmneh 
as a solid Pier under Transverse Strain (due to the applied Forces of Wind and Cur- 
rent) is at any horizontal piano “in a state of Longitudinal Stress which is generally 
supposed to be uniformly-varying with the distance from a certain ‘neutral axis’ in 
that plane ; it follows, from the nature of fluid-pressure, v. snpra^ that, should water 
have access to any portion of such a plane, then, when equilibrium is established, the 
distribution of the Longitudinal Stress is completely altered over that 2dane, there 
being substituted over the wetted portion the uniform “ hydrostatic pressure/* so that 
the algebraic difference between the previous Stress, on that portion, and the hydro- 
static pressure must now bo borne by the remaining solid material at that plane. 

It is easy to see in a general manner that the effect is usually unfavorable to Trans- 
verse Strength, especially if the Transverse Strain be so great as to cause actual 
Tension on one side of the Pier, as the permeation of that side would greatly increase 
the Tension on the remaining solid material (because the fluid is unable to transmit 
any Tensile Stress) : unfortunately this is the very Stress which the Material (Ma- 
sonry set in mortar) is least flt to bear, and the side in Tension is at the same time the 
most liable to percolation. 

Practical Remark, — It is therefore very desirable that the Masonry 
** should be set in good cement^ and bound with vertical, longitudinal, iron 
ties, 80 that water percolation may be prevented both during the period 
of sinking, and as a permanency.*’ 

[It will be assumoil throughout this Investigation that this point has been attended 
to, and that the effect of Water-percolation on Transverse Strength (which would bo 
very complex in detail) need not be considered], 

19. Vertical Re-actions of the soil, — These are of two kinds — 

1. Direct — exerting direct upward pressure on the base. 

II. Tangential — being the vertical portion of Friction on the sides. 

It seems impossible to separate the eflects of these two (none of the 
experimental date being available) ; the consideration of these effects pre- 
sents considerable difficulty, when the Pier is under the action of the 
Disturbing Forces, ej^cept as a statement of general principles, 

A Pier not under lateral applied Forces simply tends to sink vertically, 
so that the Vertical Re-actions are distributed, and, for the case of a sym- 
metrical solid Pier (the usual case in practice), are distributed uniformly 
(1) the Direct Re-action (R) over the base, and (2) the Tangential Re- 
action (Friction, or F) around the Pier, and set upwards, their sum being 
R -f F = W - W'. 
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It seems sufficiently evident that the only effect of the Disturbing 
Forces, being horizontal, on the vertical Re-actions is — so long as equili- 
brium holds — to alter their distribution and therefore to alter the position 
of their Resultant, but not to alter the magnitude of that Resultant which 
remains at the same amount, vi>., (W' -h R + F) = W, otherwise the 
Pier would sink or rise, as a whole, vertically, which would destroy its use 
as a support for Girders. 

Observing now that the Upward Water-pressure (W') is for a very slight 
displacement (tilting) of the Pier a quantity sensibly constant, and that the 
Weight of the Pier (W) is also a constant, it follows that — 

“ The Total Vertical Re-action of the sabBoil (R + F) ia constant for a very slight 
displacement (tilting) of the Pier,’’ 

i,e.f (R -f F) = W — W' a constant quantity, (2). 

But it seems almost impossible to separate these forces R, P : it is known, 
see Art. 11 — (2), that the Total Vortical Friction (F) developable is in 
the absence of the Direct Re-action (R o) of itself sufficient to support 
the Weight of the hollow Pier together with the heaviest Load that could 
in practice be laid on it — when not under the action of the Disturbing 
Forces. Nothing else is certainly known. ^ 

20. Direct Vertical Redaction of the soiL — It was shown, see In- 
ference (5), that quicksand is at great depths capable of sustaining great 
pressure and therefore of yielding great direct Re-action (R). 

[iV./?. — Although in the course of sinking, the subjacent soil is continually removed, 
so that the Pier does not then rest on the soil, still it feems almost certain that the 
contact of the soil with the base of the Pier is eventually renewed cither by the final 
hearting of the Pier with concrete, or by the imperfectly fluid quicksand eventually 
refilling any vacancy that may be left below the Masonry]. 

It has been explained (Inference 7®) that quicksand is at great depths 
probably a sort of very imperfect fluid ; reasons were given (Art. 14) for 
assuming that a sufficient allowance had there been made for the fluid- 
resistance” of the quicksand, and for assuming it was at great depths other- 
wise a semi-solid capable of sustaining considerable tangential stress, and 
therefore also capable of bearing direct pressure of varying intensity^ and 
therefore also of yielding Direct Re-action of like varying intensity. 

The general effect of Lateral Forces applied to a Pier resting on such a 
material as supposed, would be to alter the distribution of the pressure of 
its Weight on that material, vtz.^ to dimmish the pressure on the near side 
and increase it on the far side, thereby throwing the Resultant Pressure 
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towards the far side ; the]direct Re-action of the soil would of eooreo exaet* 
ly follow suit : and this effect would go on increasing with an increase of 
the Applied Forces to an extent depending on the actual power of the 
subsoil of Bustaining’vur^fn^ pressure. 

But inasmuch as it seems impossible to suppose that the quicksand ean 
be in a state in any way approaching sensible rigidity (as for instance of 
rock foundations), it follows that there is a limit to the extent to which 
the variation of pressure -intensity can proceed, and that the Resultant of 
the Direct Resistance of the soil on the base can never approach very near 
the far edge, with which it would eventually sensibly coincide in a very 
firm foundation, but must always fall considerably within the base. 

Hence, observing that the Ro-action is an upward Force, the following 
important resqlt : 

"The pircct upward Redaction of the soil 19 always conducive to InttaH^ j 
litj/** (of rotation), f 

21. Tangential Vertical Re-action of the soil , — This is the vertical por- 
tion of all partial Frictions around the pier. 

[ N, This Re-action is in the present problem a very important one, as the experi- 
mental evidence {see Art. 13) is, to the effect that it alo7ie may support the Weisrht 
of the Pier t^igcther with the heaviest Load that can in practice be laid on if. 

it is koovfp that Friction U a T(}ngen.ttal Force between particle? of material 
are in mutual contact, and always opposite to the direction of incipient relative motion. 

In a symmetrical solid Pier not under the action of Lateral Forces the partial Fric- 
tions are (as already observed, Art 19) uniformly distributed around the Pier and spt 
upwards. 

But can they ever sot downwards? It has been tugtj^ested* that when under the 
action of Lateral Foroes, they can and do set downwards^ and even with such intent 
sity as to neutralite the upward Water-Pressure. If true, Friction would be a 
in^ortant element in producini^ STAp+hiTX (of rotation). It seems therefore advis- 
able to discuss this question somewhat fully], 

XhP of Applied Lateral Forces will be to diminish the pres- 

sure of the soil ou the near side, and increase it on the far sidOf thereby 
dip^inisbiqg the vertical frictipn-intensities on the near side, and increasing 
them on the far side (inasmuch as the friction-intensities are proportional 
to the pressure-intensities) ; and this ©Sect wiR go on increasing ae thp 
li^tentl applied Forces increase until the instant of incipient motion, 
that instant every particle of masonry on the uear side is about to hi^t 
in eqch a manner that it tends to more altogether qwayfrori^ all the iu^Fe- 

t By », ♦Pd Hohll^btad RaUwaj. ffnekaow. "P^a^ulatianP pf ^ ^ 

oerUin brld(M, >7tb May, 1879. 
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diately contigaons particles of soil, and not tangentially along them (in 
which case only could Friction exist), so that the following important 
result follows: — 

“All friction (in every direction) ceaeee all over the near aide at the i 
instant of incipient motion," J ^ 

Thia will be evident from Fig. 8 % the particles of masonry P, P', clearly tend 
to move in the direction Fig. 8 . 

Pp, P'p’ (at right angles to 
OF, O'P' which are perpen- 
diculars from P, P' on the 
line OO^ the axit of rota- 
tion, 80 that OP, O'P' are 
radii of, and O, O' centres of, 
motion of the points P, P'), 
i.e., away from all oontigu- 
ou» particles ofscilf and not 
to slide over them. 

Kinetic friction.—Ht^t^va^ 
probable that, at the same 
time that the Pier tends to 
move (as a whole) away from 
ita contact with the soil on 
the near side (f.^., side of 
application of the lateral 
Forces), the soil being quick- 
sand tends to fill the vacancy, 
and so renew the contact ; 
the particles of sand in so 
moving probably/ai/, i.e., impinge in a aomewbai downward direction against the 
masonry, thereby expending part of their downward “ vis viva ” (Energy of motion) 
on the mass of the Pier, and also causing downward “friction of motion,” which 
is of course conducive to Stability. • 

The nascent velocity of the impiriging 8 and*p Articles will howeyer be very small, 
so that their nascent downward Impact and the simnltaneons nascent downward Kine- 
tic Friction will also be very small, and should be neglected in comparison with the 
large Forces in action. 

The state of the Frictional Forces over the far side is more difficult to 



form a clear conception of. In the state of incipient motion (round the 
point O in the far edge of the base), every particle of masonry on thenar 
side tends to rise and at the same time press harder on the contiguous 
soil, so that true sUdirig of the masonry over the sand tends to take place : 

Friction is thus developed, — opposite at every point to the direction 
of mcipient motioil of that point, and proportional to the pressure at that 
ahd thetiforb-— <;enef‘af/y different both in direction and intensity at 


t 
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every point of the far side. Resolving these partial Frictions vertically, 
the following important result follows: — 

** At the instant of incipient motion, the partial vertical Frictions are zero 
at the diametral plane which lies across the stream Ci perpendicular to the 
direction of the applied lateral Forces), and increase in intensity towards— 
and attain a maximum at — the far vertical edge of the Vier,” 

The actual distribution of the vertical friction-intensities, and the actual 
intensity at any one point, are entirely unknown. There is a natural 
limit to the maximum friction^intensity, viz,y that due to the maximum 
pressure-intensity which the soil can bear. 

It is possible that,— at the same time that the distribution of vertical 
Friction changes as explained, — some of the partial vertical frictions 
may set <3?ot4;nu;arrf^ ; it is possible also that their Resultant (F) may 
change in magnitude; but, whatever that change may be, the equation 
R + F = W - W' (a constant quantity), 
must certainly obtain at all times^ otherwise the Pier must sink, the 
Resultant Vertical Re-action oj all kinds (R -f- F) must be unchanged both 
m magnitude and direction* 

It is obvious from what precedes that the Resultant (F) can never 
approach to coincidence with the far edge of the Pier, but must always 
fall within the base. 

Observing also, that it is hardly possible that the Direct vertical Re- 
action (R) of the soil (quicksand) could of itself sustain the whole down- 
ward pressure (W — W') there follows the important result — 

“ The Resultant Vertical Friction always sets upwardty and ii always 

conducive to Instability,*’ > 

I 

Vbbtioal Stability — Stability of Sinking. 

22. It is clearly essential to the use of a Pier that it should not sink 
further, once the superstructure is commenced. 

As there seems (to the author) danger of Piers in quicksand sinking fur- 
ther under the peculiar action of the applied Forces, the question should 
receive consideration. 

Assuming that the Wells are sunk till mechanical appliances fail to 
sink them further, and also that the superstructure is put on before the 
tnaxlmum scour has taken place, (an almost certain event, as the supposed 
maximum scour might not occur for years), it is known that the actual 
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dipih of soil sunk through can yield sufficient vertical Besistance (Re- 
action) of all kinds (i.c., both direct upward Pressure on the base, and 
upward Friction on the sides), to support the greatest Load (say W) that 
has ever been placed on the Pier, so that at that time (previous to maxi- 
mum scour) the equation — W -f W' + R + F = 0, certainly obtains. 

But when full scour has taken place, many feet (sometimes 50 feet) in 
depth of the soil which previously supplied the Total vertical Friction (F), 
are completely removed, and the remaining subsoil, still in contact with 
the Pier, is probably ranch reduced in cohesiveness— both by the removal 
of the superincumbent sand, and by more thorough water-percolation— 
and therefore in power of yielding direct pressure, whether on the base or 
on the sides (by which latter pressure alone can friction be developed). 

But the action of the ** Disturbing Forces is further unfavourable to 
Stability of this kind, because they tend to alter the distribution of the 
partial vertical Re-actions, both Direct and Frictional, which the soil 
must supply, by accumulating the greatest intensity of those Ro-aotions 
towards the far side, so that, though the soil is called on to supply only 
the same Total Vertical Re-action (R -f- F W — W') as before, it has 
to supply it in a far less favourable manner, by supplying pressure, 
upwards on the base, normal on the sides, of far greater intensity in the 
neighbourhood of the far (down-stream) side than before. There is of 
course a natural limit to this, viz.^ the greatest pressure-intensity which 
the soil can supply, after full scour has taken place. If the partial pres- 
sures caused by the external Forces anywhere Exceed this, motion must 
take place, i.tf., the Pier must sink. 

[The experimental data required for properly ostimating numerically the greatest 
pressure-intensity that the Disturbing Forces ^^ill cause are entirely wanting. An 
attempt will be made on certain hypotheses later]. 


Section III. — Horizontal Foroe§, 

Wind. 

23. Wind intensity, data for maximum intensity in India are 
very defective ; it may be fairly assumed that the Wind will occasionally 
reach a Maximum whose “Statical equivalent” is 50 lbs. per square 
foot itt Lower Bengal ; 40 fcs. per square foot in Oudh. 

24. Total Wind-Pressure, — It is considered sufficiently accurate for 
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the pp^pofle ia view to estimate Wmd-preesure horuont/sal and of tm* 
form intensitu at all moderate hpighte^ also to estimate as follows^ for 
effect on curved Piers 

Total Wind-pressure (parallel to i j Total Pressure on a Ver- "J 

Wind's direction) on a Vertical ^ = | of < tical diametral plane > (7). 

cylinder or conic frustum, ) ( broadside to wind, ) 

Then if to' = Maximum Wind-pressure in pounds per square foot. 

Ao = Area of Girder-surface exposed to Wind in square feet. 

Am = Area of Vertical Diametral section of Pier exposed. 

Pa s= Total Wind-pressure on Girders. 

Pm = Total Wind-pressure (parallel to Wind) on Masonry exposed. 


Pa = to'. Aa (8). 

Pm = i * to' Am (9). 


25. Centres of Wind-preseure, — It follows from the preceding that — 
1°. The Centre of Wind-pressure on Girders is near the middle of 
their height, when the Girders have, as would usually be the case, straight 
flanges, and have tolerably equal areas of metal exposed to the Wind 
on either side of their mean line (** neutral surface ”), 

2®. The Centre of Wind-pressure on the Piers is the centre of gravity 
of the exposed vertical diametral section. But inasmuch as in practice 
the taper of the Piers is usually very slight, this point is near the middle 
of the height of that exposedf section. 

It is considered that it will be sufficiently accurate for the present 
Problem to assume that — 


“ The Centres of Wind-pressure on the Girders and Piers are at the middle ( 
of their heights," * 

26. Moment of Wind-pressure, — It follows from the preceding that 
this may be expressed in the following simple manner : — 


Moment of wind 
sore on Girders, 


2 ®. 


Moment of Wind-pres- 
sure on Piers, 


-pres- 1 _ 

-f - 

;■:} = ) 


i Total Pressure X height of mid- 1 

' die of Girders above centre of > (11). 

moments, ) 

i Total Pressure X height of mid - ) 


die of exposed area 
centre of moments. 


above | (12). 


Current-pressure and its Moment, 

27. It is known that Current-pressure varies as squaro of velocity 
which ia itself varialU with the depth. 

It follows therefore that neither Total Current-pressure nor its Moment 
can be expressed by any such simple means as in the case of Wind* 
pressure. 

* Banklne's Applied Mechanics, Art. 815. 
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It will bo nectsfiiarj first to inyestigate formula for tho sab^sarface velo- 
city, and thence for pressure-intensity, Total Pressure, and Moment. 

[The forraulaa dbout to be given have been constructed by the author for this Prob- 
lem : their detailed construction is given in the Appendix to this paper in order that 
the Engineer may satisfy himself of their correctness ; the results alone are given in 
the Text so as not to interfere with the discussion on the practical points involved]. 

Suh- surface Velocity. 

28« The extensive experiments on the Mississippi and its arfiluents have 
conclusively shown* that ** sub-surface velocity^' varies according to such 
a law that it may be represented by the abscisssB of a parabola, whose 
ordinates represent depths below a certain, line which is generally the 
line of greatest velocity and below the surface. 

This will be understood from the velocity-diagram 2, Plate A), which clearly 
represents to the eye the law of variation with the depth ; and it may be noted that 
with the tame data of surface, bottom, or intermediate velocities, the parabolic theory 
will always give the largest result for the Total Current-Pressure— it is easily seen 
from the 6gure {Fig. 2, Plate A), that the parabolic area encloses,?.#? , is larger than, 
any area formed with same data by simply joining extremities of the lines represent- 
ing given velocities (i«., as if the velocity were uniformly-varying). 

29. The complete determination of the sub-surface velocities, or, which 
is the same thing, the construction of the representative parabola requires 
three data, three observed velocities at three different known depths. 

The only observed velocity ordinarily recorded (at any rate for Indian 
rivers) is the Surface velocity.” It seems convenient to take for the 
remaining data— ^ 

(2), The “bottom velocity/' which must be taken from Hydraulic Tables, or as- 
signed by the practical Engineer, 

(8), The position of the axis of the parabola, which is given in the Mississippi 
lieport (pages 262 and 288), by fc»rmala (13) (below) as depending in a 
certain manner on the wind and on the “ hydraulic mean depth. '' 

With the following notation slightly altered from that in the Mississippi 
Report (page 200)— 

4 cn any depth below surface. V s velocity at depth d (required). 

D as depth of bed, Vp = bottom velocity, (assumed), 

4' « depth of axis of parabola. V' =s velocity at depth d* (usually the greatest). 

Q as depth oi surface. sa surface velocity, (observed). 

r sc hydraulic mean depth. 

f = force of Wind, estimated as zero for a calm, and 10 for a hurricane, reckoned 
positive or negative according as it sets up or down-stream. 

Report on Physics aad Hydraulics of the Mississippi* by Capt. A. Humphreys sad Lieut. H. L» 
Abbot, 1861, pages 334, 387. 
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Then the Mississippi Report gives (pages 262, 288) for the position of 
the axis— 

d! = (‘317 + *06 /).r (13). 

Thus for a half hurricane down-stream (J = about — 5), it follows 
thatrf' = 0 , f.c., the axis of the parabola (which is also the line of greatest 
velocity) lies in the surface^ 

[This 1 b an important simplification of formnla (13) as will appear below]. 

30. Accurate formulas, — The following formulae (for details eee Art, 70) 
follow immediately from the parabolic theory: — 

V V. - (V. - V.) . (14). 

V' = V. + <v. _ V j (“)• 

Approximate formulw , — For reasons given below, it seems sufficiently 
accurate in the present Problem to assume Vj, = o, cf' ^ o, which reduces 
formulae (14) and (15) to the much simpler forms — 

V»V,(l-^) (16). 

V' = Vo (17). 

[The Velocity-diagram {Fig. Plate A) has been constructed from formula 
( 16 )]. 

81. Explanation of atsumption* “ <», d* = o. — It is probable that the portion 
of bed scoured out near the Piers is often limited to a saucer or funnel-shaped hollow 
round the Pier, inside which there will he sometimes violent eddying and boiling action ; 
out so long as this violent action lasts, scour ts going on. The most unfavonrable 
time for the Pier appears to bo, when the scour has reached its full depth, after which 
time the eddying and surging action must bo comparatively small, as, by hypothesis, 
the scour is not increasing. It seems further probable that the most unfavourable 
time to the Pier will be when this scour has been very extensive in the neighbour* 
hood of the Pier^ so that the Pier is expos'^d to a Current of the full depth of sconr, 
that is to say to a Current whose bed has been lowered to scour level, and which is 
throughout its depth effective as a Current in pressing on the Pier, 

This hypothesis enables the whole effect of the current to be redneed to a Statical 
Problem of Pressure ; the present state of Hydraulic Science does not enable the 
effect of the eddying and plunging action to be in any, beyond a hypothetical, way 
Included, but if this hypothesis be admitted as the most unfavourable to the Pier^ it 
appears unnecessary further to consider such eddying action. 

Under this hypothesis the depth of river-bed, and of scour in the neighhonrhood of 
the Pier, are considered as the same : this most of course be one* of the data, either 
from actual observation or assigned by the Hesident Engineers. 

82. But, further, the Bottom velocity (V,>) seems (to the author) likely to be so 

• It i« B remarkabU {nttanoe of the Imporfectioa of the practical data for thii Problem that this 
Is one of the olcmente involved tn doubt. 
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small for a qnicktand hed^ (the case in hand), — perhaps that which will jast disturb 
loose sand — compared with the Surface velocity (V«), that it might be neglected in 
forming an appi^ximate formula. 

[N,B . — The ordinary Hydraulic Tables prqfeu to give the “Bottom velocity ” 
corresponding to varions “surface velocities,” but the fact is that such Tables are 
constructed from formulwin which the “constants “ were derived chiefly from experi- 
ments on artificial conduits. The results appear (to the author) totally inapplicable to 
quicksand £x. The “Surface velocity” in the Kamgang& has been recorded as 16 
feet (= 192 inches) per second. By Du Buat*s formula the corresponding “ bottom 
velocity ” would beCv — 2^/v + 1) inches, 166*3 inches per second — no matter 
what the material of the bed was. Is this possible in a quicksand bed ? The bottom 
would be surely scoured away]. 

88. Further iimplijication d' ss o.^lt will be observed (Eq. 14) that the sub- 
surface velocities <V) depend both on the surface velocity Vo and on d\ and therefore 
(by Eq. 13) on /, the force of the wind. Now the objects of the present inquiry are 
to ascertain both the Greatest Current-rressure, and the Greatest Moment of Current- 
Pressure on the Pier. 

It is evident that the sub-surface velocities (V) increase with the surface velocity 
(Vo) which is itself re-inforced by a strong down-stream wind. On the other hand, a 
down-stream wind (/negative), raises the axis of the parabola (see Eq. 13), and there- 
by diminishes the values of the sub-surface velocities (V) for a given surface velocit** 

(V.). 

The Problem of finding the really Greatest Current-Pressures and Greatest Moments 
of the same under these conflicting circumstances seems strictly insoluble, as tbe 
relation between Ve and f is unknown, but it seems almost certain that “a down- 
stream wind is more effective in increasing the sub-surface velocities by its increasing 
the surface velocity (Vo) than effective in decreasing them in consequence of its rais- 
ing the axis of the parabola.” 

The adoption of the value (/ = about — 6) corresponding to a down-stream half- 
hurricane causes so great a simplification of the formulao (14) and (16) and of all 
others thence derived for Total Current- Pressure, fcd Moment of the same, (in con- 
sequence of its making d' =: that there would bo groat advantage in adopting it if 

it could be shown to be sufficiently approximate. 

Now it will be found, by actually constructing tbe parabola, that a variation in the 
value assigned to a down-stream wind greater than a h al/- hurricane (eren if from a 
half to a whole hurricane / = — 6 to — 10) causes very little change (diminution) 
in the sub-surface velocities for a given surface velocity. 

Thus the assumption = o causes only a slight over-estimation of the values of 
V (sub-surface velocities), so that tbe simple formulas (16) and (17) may be regarded 
as good approximations for tl^e present problem, 

84. Current-presBure , — Our knowledge of current-pressure is wholly 

empirical ; it is approximately represented* by the formula ; — 

’• (i«). 

Total Current- pressure) ^“henviness” of fluid \ 

on an area a of small ? s:: A X | X area of cross-section, I (J8}. 

depth, ^ (x height due to velocity,) 

* Banklne’s XppUed ICsobaatos, art. eat. 
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where ^ ia a quantity depending on the shape and material of the body 
— at present only obtainable from experiment, and on which unfortu- 
nately few experiments are available. 

[In works on cloraentary Hydro-dynamics, (e.g., Cape's Course of Mathematics, Vol, 
II., Art, 546), the value of k for a cylinder is stated to be A =: f or 6, but this in- 
eludes only the effect of “impact,” and is based on a “theory” of current fluid, which 
is admitted to be roost imperfect 

The best value obtainable for the present problem appears (to the author) to be 
k’^Ahowt *8, and for the following reason:— IVofessor Rankine states* that “the 
co-efficient k is less fora solid moving in a fluid, than for a fluid moving past the 
same solid,” also that “for a cylinder moving sideways, k =- about *77’']. 

In absence of better data, the author suggests that for the present pro- 
blem (a current flowing past a fixed cylinder) the value k = *S should be 
adopted as being a simple figure and higher than *77 as required. 

[The Prosaure- diagram for current-pressure, Ffg> 3, Plate A., has been con- 
structed from Formula (18). It clearly shows the variation of Current-pressure with 
the depth ; the diminution of Current-pressure on the Pier duo to its being 3 feet 
narrower than the Well is very evident]. 

35. Then it may be shown by an easy integration (see Art. 71), that if 
= Surface Velocity in feet per second. 

P = Total Current-pressure paniUel to stream in pounds. 

D =2 Depth of current in feet. 

A. =3 Area of vertical diametral section immersed in square feet. 

Then for a Well tapering only slightly^ 

P S= ^ . Au) A . ^ (approximately) (19). 

Also in cases where a Pier is placed on a Well of considerably larger 
diameter, and both are either cylindric or taper very slightly, if 

P' = i Total Current-pressure 1 on the Pier. 

I parallel to stream, J on I4ie W’eU. 

d .= Depth of Pier immersed. 

A' .= Area of vortical diametral section of Pier immersed. 

B = Mean breadth of Well. 

^=(1 -i §+*-^) (20). 

V * 

Then P' = A' . (approximately), 

P" := kw • ^ • B I "ly B ~ } .(approximately), 

H.B.—ll d be Binall compared with D, the quantity \ may be taken 

.RwUm'i MnkulM, Art. Ut. 
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as X =s 1 approximately : this is an important simplification for numeri* 
cal calculation. 

[The Total Carrent-pressurea on the Pier and Well, Fig, 1, are of course represented 
by the areas of the representative Diagrams, Fig, 8, Plate A, of Corrent-pressi:^re]. 

. ( I • ’ ' * 

36. Centre of CurrenUpres6ure,-^\t is convenient to find this point fts, 
once found, the estimation of the Moment of CurrenUpressnre about any 
chosen point whatever is an easy problem of elementary Statics. It is 
shown in the Appendix to this paper that if 

=; Depth of centre Currentipressnre on whole Well. 

» »» M Pier only, 

rt H » Well only. 

Then in case of a Well tapering only slightly 

d, = D, (approximately), (2S). 

And in case of a Pier on a Well of considerably larger diameter, neither 
tapering except very slightly, 


d/ ss ^ , (apprtkximately), 




Where M = ( I - -gi + r ^ 


A ilj. ' 

8 U’ 6 UV 


( 28 ). 


( 24 ), 


Also if d be small compared with D, then X =: 1, /i = 1 (approximate- 
ly) so that these formulss become , 

d 

d,' es — (approximetely), 

d^- = -^ ^V> + ~ d ^^approximately), 

87. Moment of Current-pressure . — By elementary Statics, if 

M =3 Total Moment of Current-pressure in foot-pounds, 

M' = Moment of Current-pressure on Pier only in foot-pounds. 

=: Moment of Current-pressure on Well only in foot-pounds. 

H » Assumed depth (below surface of current) of any point chosen as **cen« 
tre of moments.*' 



l^heU in case of a Well tapering only slightly^ 

M = P. (H - d.) = kwi. . H - 1 D) ......... (26). 

And in case of a Pier on a Well of considerably larger diameter 
neither tapering, except vety slightly 


f 
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M' = P', (H - d/) I 

M" = P". (H - df) [ (27). 

M = M' + W' ) 

Impact of Drift, 

38. It has been explained (Art.) 9) that it is impossible to calcu- 
late the effect of Impact properly : an imperfect equivalent— believed 
however to be sufficient for the purposes of Engineering — was proposed 
in tlio substitution of a Mass of floating Drift supposed as caught bj the 
Pier, and exposed to the full force of the current. 

Lot Ai aSHumod area in square foot of Tortical cross section of supposed float- 
ing Drift exposed to full force of current. 

Vo — surface velocity. 

Pi = Total Current-press jre on area A|. 

Then as the depth of the supposed Drift-Mass ia necessarily small, compared with 
the depth of the river, and as the shape and size of that Mass are entirely arbitrary, 
it is permissible — 

1®. To assign any arbitrary value to the quantity k in the formula of Art. 34 j 
it is convenient to assume k = I, 

2®. To disregard the variation of velocity in the small depth of the supposed 
Drift-Mass, so that the moan velocity of impinging current may be assumed 
as sensibly equal to the surface velocity (Vo). 

Thus under these premisses, there results for the Total Current-pressure 
on the Drift-Mass, 

= (28). 

39. Moment of Impact — Under the same premisses the following will 
be a sufficiently approximate value for the Moment of that Current- pres*^ 
sure about a point 11 feet below the current surface, fu., 

M, = P. X H = w. A, . jj*. H, (29). 

40. Horizontal lie-actions, — The ** Disturbing Forces” develop Hori- 
zontal He- actions in the subsoil of two kinds — 

1°. Direct, being the direct normal pressure round the Pier. 

2°. Tangential, t.c., liorizontal friction between the subsoil and base 
of the Pier. 

Let Ujj', Hg'' be the sum of the resolved parts of the Direct Normal Presiiaret, 
resolved parallel to the stream, against the down-stream and up-stream (aemi-cylin- 
drie) sides of the Pier respectively, so that 

'Rf = Total up-stream “ Direct ” Re-action. 

Kg* = Total down-stream Direct” Re-action. 

Fa ss Total horisontal friction. 
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Then at all timeSp when there is no motion p this equation must obtain 
“ Sum of horizontal Re-actions = Sum of Disturbing Forces,*' 1 

Of r; - K + K 2 ^ 

It maj be assumed that is very small compared with : so 

that neglecting 

r; - V = ^ (5^)- 

N. Ji. — The hydrostatic pressure of the Water against the down-stream side of the 
Pier is omitted from the above enumeration of Kesistances, because from the manner 
in which the experiments on Current-pressure (by which the value of k in formula 
18 wao determined) were conducted, the resnlting formula for Current-pressure ex- 
presses only the iceea of tha Current-pic.isure above the Hydrostatic Pressure against 
the down-stream side of the Pier. 

41. In order to investigate the distribution of, magnitude of, and posi- 
tion of Centre of Pressure of these Rc-actions, consider separately the 
cases 


1°, Of a Pier not under the action of Lateral Disturbing Forces. 

2®. Of a Pier under the action of Lateral Disturbing Forces, 

1®. Pier not under Lateral Disturbing /'brees.— In this case it is evi- 
dent that R^' — R^" =3 o, for the Disturbing Forces P are zero and 

R^' R^'', i.e.p the Re- actions of the soil are equal up- and down- 

stream. 


[Observing that there is a hydrostatic pressure of D feet of water, being the depth 
of theenrrent, on the ourfac**, of the soil, then if <r =: specific gravity of the soil, 
the **heed of water” is equivalent to a “head” of 1] ~-<y fect of soil, and according 
to the usually received theory of loose earth (or quick.>and) pressure, the intensity of 
its pressure ngaindt the Maoonry is simply proportional to the depth below a plane 
D 4 . (f feet above the actual sa^f/^ce of the soil, or in fact follows the law of distribu- 
tion of tiuid pressure, so that ita “ Centro oS Pressure ” would be the same as that 
of ordinary fluid pressure again3t a submerged vertical cylinder whose top and bottom 
are D ri- «r aud (D -4- A) feet below the imaginary fluid surface. 

It la ahown (in the Appendix to this paper) that the height of the Centre of 
pressure above the base of the Pier la, if D' = D - 4 - <r, 


. h ZXyjfh . 

*•=8 +2 


— ) 

ly 


(32). 


It is worth noting that from Eq. (32), is always > ^ ^ j or = x when D' 

32 o 


=z 0 , i. e.f when there is “ no head ”, also ho increases with the ” head ” (D') approach- 
ing to the limit j when the “ head ” (D') is very large]. 

2*. Pier under Lateral Forces , — There are no experimental data for 
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determining the distribation of, actual magnitade of, and centres of pres- 
sure of, the horizontal Re-actions (R,\ R,,'^) up- and down^stream, which 
determination is requisite to the proper solution of the prol^lem ; still 
some useful generalizations may be drawn. 

Firstly, so long as there is no actual motion of the Pier, it is obrions 
that the Equation (31) must hold true, 

R^' > Sum of Disturbing Forces, S (P), 

It seems most probable that the effect of the Disturbing Forces on the 
magnitude and distribution of the horizontal l^e-actions is as follows * 

To diminish the pressure of the soil on the near (or up-atream) aide, and to 
preaa the Fier more against the aoii on the far (down-atream) aide, to 
diminiah Hn" and incretaie 

2®. To alter the distribution of pressure of Rh', Rn'' in opposite directions, vig., 

(а) . On the near (up^atream) aide — ditp^niahing the intensity of pressure near 

the Burface, and increasing it towards the base, and therefore of course 
d»pTetnnQ the centre ** of pressnre of Rh''. 

(б) . On the far (down-stream) aide— diminishing the intensity of pressnre near 

the base, and increasing it towards thb surface, and therefore of course 
raiting the “ centre of pressure of R^'. 

Thcae results may be briefly expressed — 

The Disturbing Forces raise and depress the Resultants of the up-stream ) 
and down-stream horiaontal Re-actions, 1 i ’ 

These results are very important, as the raising of the Resultant R^' 
increases its Moment (of (Stability), and depressing R^^' decreases its Mo- 
ment (of Instability), Both actions are therefore conducive to Stability, 

fit will be seen hereafter. Art that Stability of Rotation depends chiefly on the 
power of the soil to boar this alteration of the original distribution of pressure* 

There is good reason to suppose that though the first action of the Disturbing 
Forces may be to decrease Rh"i their irjtimate effect must be to increase It 

will be shown that the principal element of Stability (of rotation) is the Moment of 
Stability of the up-stream horisontal Ke-action (Rh')> v'^hich may be increased— 

Ry raising its Resnltauf, so as to increase its leverage* 

9*. By increasing its magnitude (RhO* 

But the nature of the soil will not admit of increase of the leverage by raising of 
the Resultant (which involves increased intensity of pressure towards the Surface) 
beyond a certain limit, so that further increase of Moment of Stability of R^^ must 
be doe to increase in the actual magnitude of RQ^ 

But since Rn' — R Sum of Disturbing Forces, it is obvious that for a given 
Disturbing Force an increase in Rh' is accompanied by an equal increase in Rh'']* 

42. The above general results are probably all that can be certainly 
affirmed as to the distribution of, magnitude of, and position of the Re- 
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sultantof thej^orizontal Re-aotipps^Rii', Ra'^ iu^senoe of experimental 
evidence as to the natare of the subsoil resistance. 

[It will be 8ho\ n in Art. 63 how on certain hypotheses as to the nature of that 
resistance, definite numerical results can be obtained]. 

Laib&aju Stability — Stability of Slioing* 

43« It is clearlj essential to the use of the Pier that it should not 
slide away, as a whole, down-stream. It appears certain that in some of 
the great rivers with sandy beds, there is motion — of the ivaUr at any 
rate — going on for a considerable depth below the visible “ bod " of the 
stream. 

[This is an inference from the observed fact that’ though the very largo (juantity 
of water withdrawn for canals from the largo rivers, such as the Ganges and Jumna, 
greatly reduces the quantity of water in the risers for some miles below the canal 
heads, it makes no perceptible difference in those rivers at a distance of many miles 
from the canal beads]. 

Whether the subsoil-particles themselves also partake of this motion 
or not, is not certainly known ; it is believed by many that they do. 

The author considers that for the purposes of the present problem, the 
surface of absolute rest among the subsoil-particles should be considered 
the virtual bed of the stream.'* 

It appears (to the author) essential that Piers should be sunk well be- 
low this ‘‘virtual bed** — i.e., that the failure of such Piers as cannot be 
sunk well below the surface of no motion among the subsoil -particles is 
certain, and will take place by sliding, as a whole, down-stream. 

It will bo assumed therefore that all Piers will in practice bo. sunk 
well below this level. 

The Total Force which tends to cause sliding is simply the sum of the 
“Disturbing Forces**: the Total Resistance to sliding is simply the 
algebraic sum of the Horizontal Re-actions (Ka', Rh") so that at any 
momeut when motion is not actually going on Eq. (30) must obtain, 
“Total Disturbing Force = Total Resistance to sliding.** 

Rnt t^her^ is a patural limit to the latter quantity (Resistance), vii,, 
the “ greatest intensity of pressure which the soil can bear with safety 
at any point.*^ There is no experimental evidence on this point. With- 
out this practical datum it is simply impossible to estimate numerically 
the “ Working Resistance to eliding/* meaning thereby tlie “ Greatest 
Resistance to sliding which the soil can supply with safety.f 
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Section IV. — Rotary Stability: Stability of Rotation, 

44. Well-fonndations as actually constructed appear to have failed 
in general, by “tilting over,” i.e., by want of “Stability of rotation/' 
so that this Problem assumes particular practical importance. 

in order that the Pier may possess “ Rotary Stability *' as a whole, it 
is necessary 

(1 ) That the external forces of all sorts, incloding all Rc-actions, should be such 


that in the normal position 

**The algebraic sum of their Moments about any point = o,” or, (S5), 

“The Sum ot Moments of Stability =: Sum of Moments of Instability/’ 


(5). Also that the Uc-actiona shouM be of Buch character that on the Pier under* 
golnsf i\ tmall hypothetic, not actual, displacement (tilting) — 

** The UesuUant Moment of all the external j'orccH, including all Ro-actiona, 
should “ tend to re-.tore the Pier to its normal position,” i e., “ Sum of Moments of 
Stability > sum of Momenta of lustabiUty,” (86). 

Thcdc conditions may be called — 

(1) , The condition of temporary equilibrium. 

(2) . The condition of permanent rotary Stability. 

45. There is one peculiar difficulty in this Problem (of Rotary 
Stability) in the present case of quicksand foundations, that the Re- 
actions of the soil alluded td are of very different character to the ordi- 
nary lie-actions of solid or sensibly rigid supports (eg*y rock founda- 
tions): the latter alone are mot with in the usual Problems in {Structures, 
and are alone familiar. 

[There is little ditHcuity In estimating the Moment of Stability of a solid Struc- 
ture placed on n rigid support j when no lateral (disturbing’) F’lg* 4. 

Forcoa are epplied, such a Structure presses all over tts baae^ 

Oo that the Ro-action also is distributed over the base, but the 
instant the Strnctiirc is tilted ever so slightly by lateral forces, 
the distributed flc-Actions are immediately concentrated into a 
ixngte Re^astioK passing through the heel, or point of rotation, 
so that by taking moments about any chosen point on this line, 
the moment of the Re-nctiou is zero and does not therefore 
appear in the reauU, so that no attention need bo paid to it. 

It IS in fact commonly simnly ignored in ordinary Text-books : 
the r.bofo is, ho.^orer, the sole justidcation of thus disregarding the Re-actlon. It is 
otherr;ies with the Re*actions in the present problem ; they do not become so con- 
centruCed Into a singto HosuUant upon a slight tilting of the Strnctore, so that 
there id no point t.bout which the Moment of these Re-actions obviously vanishes, 
and they cannot be disregarded in estimating the Moment of Stability]. 

In fact the question of “ Stability of rotation “ in the prencAt caw 
resembiea that of the Stability of Ships to the extent that the Re-actione 
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are distributed pressures wliicb do not greatly vary for a slight displace- 
ment (tilling over). 

46. It ought to bo sufficiently obvious that the Equation of Momenta 
(Eq. 35) must be true for any point whatever, so tliat it is a matter of 
indifference, theoretically, what point bo chosen as “ Centre ** for esti- 
mating Moments : it may make great difference in convenience of calcu- 
lation what point is chosen, but the result will be the same— 

in Structures on solid (8(*nsibly rigid) supports, it is convenient to choose some 
point on the Kcsultant Hc-aetion. after the Structure has undergone a slight dis- 
placement, simply because the Moment of the Ue-action does not appear in conse- 
quence in the result — a matter of some convenience for saving calculation — but the 
choice of any other point would eventually lead to the same result 

But about whatever point the Moments be estimated it is essential to 
include in the Equation of Moments all Re-actions whose UesultantH do 
not pass through the chosen point. 

[No difficulty is felt about this in the ordinaiy problem of Structures on rigid sup- 
ports because, as explained, the centre of Moments” can be so chosen as to render 
consideration of the He -actions unnecessary. There is in the present problem also 
no doubt tome point through which the Resultants of some of the Redactions pass, 
but as the position of this point is not known d priori it cannot be chosen]. 

It is, on the whole, perhaps most convenient to choose the extreme 
lower (down-stream) point of the base as “ Centre of Moments, ” be- 
cause all arms of levers ” are thus positive. 

[A simple consideration will now show the necessity of including all Re-actions 
in the Equations of Moments. 

With increased depth of sinking, the arm of le^er of the Distmbiug Forces 
increases, and therefore also their Moment (about chosen point), which is of course 
the Moment of Instability, but the arm of leverage of the Weight of the Pier remains 
constant, being simply the radius of the Pier's base, so that its Moment, which is a 
Moment of Stabihty, remains constant. If tbuRe actions bo disregarded, the follow* 
ing absurd result necessarily follows ; — 

** Increased dejith of sinking is attended with decrease of rotary Stability '*] 

47. Moment of Instability , — This is the sum of the Moments of the 
Disturbing Forces and of some of the Re-actions. 

(1) . Wind on Gilders. (5'. Upward Water- pressure. 

(2) . Wind on Piers. (6). Direct Vertical lie-action of soil. 

(8) . Current on Drift-Mass. ), Vertical Friction. 

(4). Current on Piers. (8). Lateral Uesistance of soil on ap-siream side. 

Moment of Stability, — This is the 8um of the Moments of the Weights 
and of one Re-aciion. 

(9) . Weight of superstructure. (11). Lateral Re-action of soil against down* 

(10). Weight of pier. stream side. 
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Formnloc havo already been given for the Momenta of (1), (2), (8), 

(4) ; thoao of (5), (9), (10) are also readily calculable ; but the experi*. 
mental data are entirely wanting for properly ealctilating the Mobenta of 
(l>)» (7), (^)» (11)» RO that it is ibipossible to present any certain nu- 
merical estimate of the Rotary Stability or Instability of the Piers, as ft 
has been explained to be essetitial to include (6), (7), (8), (11) in the 
Eqtiaiion of Moments, Some useful generalizations may, however/ Jjd 
made. 

48. Separating the Moments of rertical froilj those of horisiotitdl 

forces, and observing that by Art. 12, 

Sum of vcrti^l forces pr«* J I Sum of vertical forces pro- 1 

(lucing Instability, r/r., } = < dating Stabilit}', m., > (87), 

Nos. (5), (6), (7), t / Nos. (9) and (10), I 

but that the arms of leverage of the Resultants of the former are less 

than those of the latter, being in the latter case simply the radius of i)ie 

base, and in the former some smaller quantity, it follows that— 

The Resnltatit Moment of all the Vertical Forces, including Weight and Redac- 
tions, is always a Moment of Stability/’ 

Increased depth of sinking does not affect the arms of leverage of Nos. 

(5) j (9), (10), and it seems t^to the author) extremely probable that it does 
not affect the arm of leverage of the remaining vertical forces NoS, (6) 
and (7), Hence (Eq. 37), it may bo inferred with a high degree of 
probability that — 


“ The Hosultnnt Moment of all the Vertical Forces is always a Moment » 
of Stability, and not affected in amount by increased depth of sinking,”.., ) '***'' 


49. Next considering the horizontal forces, it is clear that 

** Increased depth of sinking increases the Moments of both kinds (Stability add 
Instability) of the lioriiontal forces/* 


Observing that the sura of the Disturbing Forces, (1), (2), (3), (4) is 
unaffected by increased depth of sinking, also that the Resultant up-stream 
Lateral Re-action of the soil, i.e , Rg' — Rg'^, the excess of (ll) over 
(8), is also unaffected by increased depth of sinking, (being equal to the 
sum of the Disturbing Forces), it follows that the Moment of In6tabiHty 
of the Disturbing Forces is increased by increased depth of sinking situplj 
by increased arm of leverage, but on the other hand that the Resultant 
Moment of Stability developable (though not necessarily developed) from 
the Lateral Re-action of the soil is tncreased in a siill\highsr rolto than 
the former, in consequence both of increase in the Total Re^^ihtiohs 
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lopable from the increased extent of soil (and that of greater compactness) 
in contact with masonry, and also of the favourable change, see Result ( 31), 
in the arms of leverage of the Re-actions, These Results may be briefly 
bxptessed, 

** Increased sinking increases the Moments of Instability of the Disturbing 1 
Forces, and also the available Kesultant Mofncnt of Stability of the Horizon- > (39). 
tal Ke-actions — the latter m a higher ratio/* 1 

[Both these Re-actions, both up-strcain and down-stream, be it observed, are 
simuUaneovsly necessary to Stability of Rotation], 

This last is a most important Result, for in consequence of all the Ver- 
tical Re-actions having been proved to be conducive to Instability^ vtde 
Resnlts (3) and (6), it is probable that the Resultant Moment” of all 
the Vertical Forces, which has been shown to be a Moment of Stability, 
is not of great magnitude^ and as it has been ex[tlained that it most pro- 
bably cannot bo increased by increased dcjitli of sit. king, it follows that— 

** The Weight of the Pier is in (jnick<iand comparatively unimportant in I 
producing Stability (of rotation), also that i 

“ Stability (of rotation) of Piers in quicksand is almost entirely due to the 
Lateral Resistance of the soil,” or in other words 

** Stability of Rotation can o?th/ be seemed hv sinking to a depth at which 
the required Lateral Rcsistanco oati be developed,” 

60. The utmost that it seems possible to do tvith certainty in the way 
of numerical estimation of Stability of R«»taticn is to calculate the Momenta 
of Instability Nos, 1 to 5, and of Stability Nos. 0 and 10. Their dif- 
ference will be a Moment of Instability. It can then only be left to the 
practical Engineer to judge empiiicully whf^her the re(piisite Monierit 
of Stability No. 11 is or is not developable from the particular subsoil, 

61. Rut by making some hypotlieses, guided by knowledge of the 
Boi), as to the nature of tlie re8i>tance the soil, more definite tiunierical 
results may of course be obtained. Althoiigli the results are of course to 
that extent hypothetical, still if the hypothesi's are well chosen, the results 
will be some guide to the practical Engineer, and better than no 
guide at all. 

[The usual hypothesis in works* on Applied Mechanics ns to the nature of resis- 
tance of the soil ia that the soil is capable of hearing and ihtrefore of yielding 
pVessure of ” rfniformly-vnrying ’* intensify, i.c, varying as the dihtanro from a fixed 
axis, pnividcd that there he pie8‘'Ure n\er all parts of the suiface pressed, at least 
equal to the least, and not gieiiter ihaii the guoitest, infernal picssure (usually called 
“ coujagate preasure”) due to frictional stabihiy of the particles], 

• Su Baskina’s Applied Mechanics, Arts. 1S7, 1»8, 

9 
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The course proposed is by assigning some probable manner oj distribU’- 
tion of the various Redactions to deduce the imuierical values of the 
Total Horizontal He-actions re<|uired froui the soil, and of the mean and 
maximum intensities of the same. It will then rest for the practical 
Engineer to consider whetlier the particular soil can or cannot yield the 
intensity of pressure indicated as necessary. 

— The greatest intensity of pressure which the soil can safely hear should of 
course be one of the practical data to bo furnished with a Problem of this sort]. 

It will bo convenient to consider the Moments of the Vertical and 
Horizontal Forces separately. 

52. Moment of Vertical Forces^ — A probable approximation to the 
Resultant Moment of Stability of all Iho Vertical Forces, Weiglits and 
Ro-actions included, may be made by assigning the position of the Re- 
sultant of Vertical Re-action of the soil, both Direct and Fricticiial. 
It will be remembered that semi-fluidity of the sand is considered to be 
allowed for in Art. 14. Assuming that the sand at the base is otherwise 
capable of bearing a uniformly-varying pressure, it seems probable that 
A limit to the extent of that variation is that there should be some f,ressure 
(no tonsion) at every point of the base, re., that the Pier should press 
everywhere on the soil at its^baso. The Resultant Pressure on the base 
must in this caso^ fall within a distance from the centre of the base of 
^ (radius). 

Observing, vide Art. 21 — (5), that the Vertical Friction is at the 
instant of incipient motion of the Pier confined to the down -stream side 
of the Pier, and most intense towards the down -stream vertical edge, 
and assuming that its intensity along any vertical edge of the cylinder 
is simply proportional to the distance of the edge from the diametral 
plane which lies across the stream, its distribution would he graphically 
represented by a very thin semi^circalar wedge ; the Resultant of Forces 
so distributed liesf nt a distance ^ irr = *7854 r or J radius approxi- 
mately from the axis. On the above assumption then, the Resultant 
Vertical Re-actions of the soil are 

Direct (R) at a distance ^ r from centre of base, I 
Frictional (F) „ | ^ 

It may therefore be assumed with considerable confidence that the Re- 
sultant Vertical Re-action of the soil (R p F) lies between the distances 

* Uankine'i Applied MechAoict, Art. tOI. 
t Appendix, Art. 74. 
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J r and | r from the centre of base, or is roughly speaking about ^ r 
distant from the same. 

Now the magnitude of (R + F) is known by Eq. 2, vu,, R + F 
= W — W', a known quantity. 

Moment of Vertical Redactions of soil = Re-action X arm of lever, 


= (R-hF)4,orXW^W')l5, (43), 

as a fou^Jk approximation. 

Hencfc the ** Resultant Moment of Stability of all Vortical Forces is 
aa a rough appronmation^ 

M, = Moment of Weight — Moment of Water-pressure — Moment 
of Vertical Re- actions of soil, 

W.r - W'r -d (R + F)^ 

= (W-W')r-{W- W')“^ 

= (W~W)^ (44). 


It is worth noting that had the l*ier been resting on a rigid support {e g , rock- 
fonndation), the Moment of Stability of Vertical Forces would have been simply Wr, 
t.#!.. the Moment of the Weight ot the Pier, and that m this problem, the Water 
pressure on the base reduces the effective Weight of the I'ler to(W — W'), if*e 
Art. IG, and that the peculiar distrihutfon of the lie-actions reduces the leverage 
from r to ^ r, so that the Resultant Moment is only § ( W — W') r. This bears out the 
remark that the Pier’s mere Weight must not be relied on for producing Stability of 
rotation, tee Result (40). 

53. Moment of Horizontal Forces , — A rough approximation may now 
be made to the magnitudes of the Total up- and down-stream Horizontal 
Re-actions ( R^', Rh'") which the soil must be capable of supplying 
against the Pier, by making some hypothesis as to the distribution of 
those Resistances. 

It has been explained (Art. 41, Result 34) that the effect of the Dis- 
turbing Forces on these Ke-actions was to alter the distribution of both 
of them, raising the Resultant (Hu') of up-stream Re-action and de- 
pressing the Resultant (Ru*) of down-stream Re-action. Now it seems 
probable that the natural limit to this action will be such an alteration 
in the distribution of the pressure that — 

1*. On the up-stream side, the soil shall just ceate to prett against the Masonry 
nt the surface of the soil. 

2*. On the down-stream side, the soil shall press uniformly. 

Assuming that the vertical distribution of pressure is still “uniformly- 
varying *’ in the former case, the effect would be — 
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1®. To depress the Resultant ( Rn") of down^stream Horizontal Re-action to a height 
of J X depth (of sinking) above the base, by the usual rules ol nniformly-var)iDg 
pressure. 

3^ To raise the Resultant (Uu') ofj^up-stream Horizontal Rp-action to a height of 
J X depth (of sinking) above the base. 

[ The exact vaiiations of pressure proposed are of course hyj)othetieal, but they are 
of the cliMiHOter indicated niice/tain in the geiieralizations in Art. (41)]. 

Let k — depth of sin king, 
j ( p) — Sum of Disturlnng Forces. 

Mv = Resultant \foinetit (of Stabilitv) of all Vertical Forces. 

Mil ^ ^utn of AfoincntH (of IiiMtability) of Disturbing Koines. 

Afu' Moment (of Stability) of up-streiim Horizontal Ite-aeticn (Rn^). 

Mii*^ Moment (of Instalnlity) of down-stieam UoiiAontal llc-aetiun (Ru"), 
Thou by the Uesulta niid 2^ of above iLssumptiuiiB — 


M/ = lln'X5 




Hence from tbo Equation of Momenta 

R„' X I - R,,". I = M„ - M. 


Also from the condition of equality among the horizontal forces 

H/ ^ U/' (48). 

54. Total Ifonzontal Redactions (Ft/, E,/). — As M„, My, P are 
known qnanliticH, the two quuiitiiies H„', K„' the up- and down-stream 
Horizontal Ue-uctions can be ca)culaU‘d jrom these two equations. Thus, 


G (Mr — My ) 


I> /r 6 ( Mn — My ) 

- 


- 2 2;(P) 
3 5 (P) 


5o. Intensity of Horizontal Re-cctton ». — On the foregoing assninptiops 
as to th e diNtiilmtion of pressure, it follows that if 

^ Mean intensity of up-stream hoiizontal He-action, ] 
pf — »« M down-stieam „ „ (. 

jt* — Maximum intensity of down-stream „ / s per square foot. 

h -- depth of sinking ) 

Then (by tlie pressure-distribution assumed iii Art. 53, see also Art. 56). 
R ^ 

=: Intensity of [{„' per vertical foot, (50). 

= Mean Intensify of 11/ per yertical foot, (51), 

u ^ 

2 - = Maximnm Intensity of R/ per vertical foot (62). 
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These quantities, (;)o^ p*)t the actual greatest mtensities of pressure of 
the Masonry on the subsoil produced by the Distiiibing Forces, under the 
assumed^ distribution of pressure, are the final quantities proposed for cal~ 
culation in Art. 51. These having been calculated it rests with the 
practical Engineer to decide whether any particular soil can or cannot 
bear them. This of course can only bo ascertained by experiment. 

66. Explanation of Renulti (50) to (.53). —Results (50) and (51) socm obvious. 
Result (52) follows from (51), because the distribution of Rr'^ l>ad been assumed as 
“ uniformly-varying,” and its intensity at soil-surface *ero. Now the maximum in- 
tensity is known in such a case to be twice the mean -in tensity : hence Result (52). 

Results (50) to (52) give the values of the sum of the resolved parts parallel to the 
stream of the Normal Pressures on a vei tical semi-cylinder of one foot in height. The 
intensity of Normal Pressure causing that Total Pressure (50 to 62) in one direction 
is kuowu* to bo (53). 


Example. 

57. The following numerical Example is that of a Pier for the Bridge 
over tile RauigangA, see Art. 2. 

F'lg, I shows a vertical section through the Pier’s cyentre of gravity. 

Fig 2 is a “Velocity-Diagram,” showing the variation of sub-surface* velocity 
throughout the depth calculated by (10). 

Fig 3 18 a “ Piessure-Diagram ” The distribution of the Horizontal Pressures 
of all kinds is shown by the abMciKsoi of tb^ figure in thin lines . the Total or Re- 
sultant Pressures of all kinds, both vertical and borizoiitHi, are shown by thick lines, 
and are drawn through the respecti'o ^'’eutres of Pressure. 

The Vertical Force representative lines necessarily overlap Fig, 1. 

The use of teveral scales in this Diagram was unavoidable on ing to the very great 
difference In the Forces, thus the scales are as follows : — 


For Distribution of Disturbing Fortes, 2,000 lbs. to an inch. 

„ Total or Resultant of Disturbing Forces 10,000 „ „ „ 

„ Distiibotion of Horizontal Subsoil Re-actions, 50,000 „ „ „ 

„ Total or Resultant Horizontal Subsoil He-ac- i 

tions, } 600,000 „ „ „ 

„ Vertical Forces, ' 


« Rankine’i Applied MeebaDies, Art. 179. 
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Result Moment (o{ JStabilit;) of all Veracal Forces, i — 4,197,600 * Eq\44) 



Tabli II.— ‘Distoebiko Fohoss 
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Total Moment (of Instability) of Disturbing FoTces. i.e., — jll,072 400 Art. 46. 
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Tab1et4 I. and IT. contain details'* of the calcalation of all the qaaotities indicated 
In this Paper, ondmj; with the following : — 

Total. Oiatarbing Force, S (P) = 138,710 lbs. 

Moment (of InMtabihty) of Disturbing Forces, Ma ss 1 1 ,072,400 f Mbs* 

Moment (of Stability) of all Vortical Forces, My = 4,197,600 „ 

Hence are calculated by Kq. (49), Art. 64, the final quantities, 

Total Horizontal subsoil Ue*actions, ^ Rn 

also by Eq. (53), Art. 55, 


J up-Ktream, Rn ' — 1,372,500 lbs. 
* I dowii>Ktream, Ha 1,233,800 „ 


Mean intensity of np-ntr^am horizontal I / _ « aan ii.o 

subsoil Kc-aotion, } P« = "’“• P" '»l- 

Greatest inton‘iity of down-stream hori | 

zontal subsoil lie-action at foot of > 32,340 lbs. per sq. ft. 

Well, J 

Approximate calculations were considered sufficiently accurate for this Problem : 
thus in FormnliB 20, 21, 23, 24, X, p have each been takeu as = I, also 2y = 64 4 a 
64 nearly. The Uesulta are all stated in round numbers. The numerical work has 
been carefully checked, 

[It rests solely with the Ucsident Engineers to decide whether the soil can or cannot 
bear these intensities of pressure safely, and the Stahtlity depends solely on this]. 


Section V.— Tkansveksb Strength. 


58. This is a qnesfion entirely distinct from that of Stadilitv, and 
Requiring distinct treatment, 

The general elTcet <>{ tlio Disturhing Forces is to produce two distinct 
Strains and Stresses at every cross-section, pir., { 1), Slieaiing ; (2), Longi- 
tudinal (in the present case vortical). 

[It is considered that a solid Masonry Structure is necessarily able to bear the Shear- 
ing Foree, so that the only question requiring treatment is that of the Longitudinal 
Stress produced], 

59. The Weight of the Superstructure ami upper courses of masonry 
produce in a symmetiicnl Pier (the usual kind) an approxinatei p uniform 
pressure all over each horizontal course of masonry, when the Pier is not 
undet the action of the Disturbing Forces. 

It may be said in a general manner that the effect of the Disturbing 
Forces is solely to alter the distribution of that pressure, so as to produce 
a varying pressure— Uosi intense on the near (up-stream) side, and most 
intense on tlie far or down-stream side. 

Tills variation of pressure may increase with increase of the Disturbing 
Forces to such an extent as wholly to relieve the pressure on the near side, 
Or even prodneo tension on that side. The material will fail if either of 
the two stresses, viz., tension on the near side, or pressure on the far side, 
exceed the limits of resistance to tension and crushing of the material, 

• with lift ol TtfarauM to aH tbe fomoUs zoqoliM. 
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60. The Problem admits of consideration from two aspects — 

(1) . To ascertain the actual Lon^ttadtnal Stress produced at any Cro8s*S6ction in 
a given Pier by a givea Disturbing Force. 

(2) . To ascertain the diameter of Pier required to bear with safety the greatest 
Longitudinal Stress produced by a given Disturbing Force. 

It is supposed (by the author) that Piers would in practice be doNigned 
from considerations other than those of Transverse Strength, e from 
considerations of Stability, so that the usual problem would bo the 
former (1). Although somewhat more difficult than the latter, it will 
accordingly be considered. 

[It is assumed by general consent* of the profession that the varying Ixjngitudinal 
Strain produced over a Cross-section by Transverse Strain is a uniformly-varying 
Strain, also that within elastic limit Stress varies as Strain. 

These assumptions are necessary* to the formuluj (54) of Art. 65]. 

61. Plane of greatest Stress. — Hemembcring that Indian Well-founda- 
tions consist in general of a Pier placed on a somewhat larger Well, neither 
of which taper much, it follows that — 

(1) . The available power of liesistaoce to the Longitudinal Stress produced by the 
Disturbing Forces is approximately the same at every horizontal section of the Well. 

(2) . The Longitudinal Stress actually pnaluced at any horizontal section of the 
Well will depend entirely on the actual Bending Moment of the External Horizontal 
Forces, including Disturbing Forces and Re-actions. 

Now the Bending Moment of the Disturbing Forces clearly increases 
in magnitude from the top of the Well downwards ; also under any con* 
ceivable distribution of the subsoil Re-actions (Arts. 41, 53) which will pro- 
duce Stability of Rotation, it seems (to the a uthor) essential that within 
a short depth of the current bed there should be considerable horizontal 
up-stream subsoil Re-action,'* and that it should rapidly increase with the 
depth : the Moment of such Re-action will oppose that of the Disturbing 
Forces. Hence the following important Corollaries ; — 

1*. *'The Bending Moment of all the Horizontal Forces, whether Disturbing or 
Re-actional, increases from the top of the Well downwards, and attains a maximum 
at some short distance below the current-bed, and the** Greatest Longitudinal btresa " 
occurs at that plane." 

2*. Inasmncbae the safety of the Structure depends solely on thi> ** Greatest Stress," 
it is quite unnecessary, as a practical question, to conuder any other. . 

Tbit is an important saving in calcnlation. 

It wonld be important to discover the exact position of this plane of 
greatest Stress, but this cannot be done without assigning the precise dis- 
tribution of the Horizontal Re-actions. Under the uncertainty attending 

• aaa]ans*s AppUsd Mtohanics, Art. 200. 

h 
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any liypotheiical aBBigoment of this disiribation, it does not seem (to the 
author) worth while to introduce ho complex an investigation. It seems 
(to the author) most probable that the ** plane of greatest Stress can* 
not lie at a depth greater than one-fifth of the depth of sinking, having 
regard to the necessity of Stability of Rotation. 

It will be assumed tberefore in the remainder of this investigation that 
the plane of greatest Stress lies at this depth, one-fifth of depth of 
jinking, 

62 . Hesietancs of Afasonrg to direct Strain ^ — Those materials whose 
Resistance to tearing and crushing are equal are in general best fitted to 
resist Transverse Strain. 

The available Tenacity of Brick Masonry is clearly the least of the 
following quantities:— 

1®. Tenacity of the Brick. 

2®. Tenacity of the Mortar or Cement. 

8®. Adhesion of the Mortar or Cement to the Brick. 

^he available resistance of Brick Masonry ** to crushing is clearly the 
lesser of the following quantities : — 

4®. Besistance to crashing of the Brick. 

8®. Kesistance to crashing of the Mortar or Cement. 

The ** available Tenacity ** of ordinary ** Brick Masonry is generally far 
inferior to its ** available resistance to Crushing.*’ In fact English prac* 
tioe in designing Masonry Structures set in Mortar is not to depend at all* 
on the Tenacity oj the mor' ir. 

An extract from a Memo, by B. Leslie, Esq., bearing on the Strength 
of Mortar used in the Well-foundations of the Oudh and Rohilkhand 
Railway is appended. 

My own experience of brickwork in India is that as a role, it is superior to the 
average of brickwork in England. This is chiefly owing to the excetlent quality of 
the bricks and the nse of surkhi inatead of sand for making mortar, by which the 
strength and tenacity of the mortar may become equal to that of the bricks themaelves. 

** In considering the tenacity of brickwork in a vertical direction, which is necessary, 
ks the lateral strains resolve themselves into vertical atraios at th» plane of fracture, 
we are to a very great extent dependent on the qnality of the workmanahip^ and the 
inperviaion maintained daring construction. In boilding np new brickwork npon that 
which baa been built for some time, it is essential to remove two or three conrses to 
arrive at * green work ’ to which the mortar will adhere, and even then, as tbete is 
no vertical * bond,* we are entirely dependent npon the adhesion of the mortar for 
vertical tenacity,” 


Rankins^ OlvUJEoglnisriag, Art. SM. 
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An extract from some ** General ObBerrationa ’’ on the Well-founda- 
tions in the same Railway by £. Byrnes Esq., Resident Engineer at 
Lucknow, bearing on the same point (m.. Strength of Mortar used in 
the Well-foundations) is appended. 

"The tenacity of Mortar • • • * may as a high figure be taken at 60 lbs. per super- 
ficiat foot. 800 Iba. attainable by the use of certain cements is not a thing of ordinary 
practice ; and if a floating mass carried down by unexpected floods should bear upon 
new, and hntriedly constructed brickwork, the shock received may quickly prove that 
the mortar used in putting it together had not attained a tenacity of even 20 lbs. per 
superficial foot. 

** Rough treatment to brickwork should as much as possible be avoided, for dls- 
tnrbance of any kind is prejudicial to the setting of mortar, and its proper adberehco 
to work which it is intended to keep together. 

^ The oscillating manner in which wells sometimes go down is attended with risk | 
for if heeling over be excessive, and when the mortar is still fresh, force be employed 
to regain position, fracture may ensue. 

In absence of good data, and after such conflicting statementB there 
appears (to the author) to be no reason to depart from established Eng- 
lish practice for Masonry simply set in Mortar. 

Admitting the Mortar to be even of snperior quality, considerable allowance must 
be made for the rough treatment a Well is exposed to in the act of sinking, as being 
likely to impair the tenacity of its Mortar. 

63. But pome Indian Well-foundations differ in an important point 
from ordinary masonry in being bonded together vertically by iron ties 
connecting horizontal curbs. The introduction of these iron ties must so 
greatly increase the available Tenacity’* of the Masonry as a whole, 
that ibis Tenacity will become a very Important element of Transverse 
Strength. 

Practical Rmark.^lt seems to the author that the best result would 
be obtained, in future structures, by placing a sufficient number of vertical 
Iron Ties on the side likely to be in Tension (the np-stream side), 
especially where the Tension would be most severe, i.e., for some distance 
above and below the level of greatest sconr, to make the available 
vertical Tenacity ” of the Masonry approximately the same as its available 
Reaistanoe to Crushing. 

64. Welle elaeeed. — Indian Well-fonndations appear therefore to be 
divisible into two classes as regards tbe investigation of their Tbahs- 
vaasa STaiMCin, ma., 
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Cask I. — -Tied vertically with iron ties. Tenacity approximately equal 
to CriiBhing Strength, 

Cask II. — Simply set in Mortar. Tenacity to bo disregarded. 

65. FormnlaB for Greatest and Least Stress- intensities (p\ p^) at 
plane of Greatest Stress, 

Oasis I. IVeli with vertical iron ties , — Assuming as in Art. 64, that 
the Ties are applied so as to make the available Tearing and Crushing 
Strength of the Masonry approximately equal— 

Practical Conclusion . — The Croahing Strength of good mnsonry is known to be 
about 1,000 lbs. per square inch. It follows that — 

It may be shown* that if 


W = Total Weight above any Cross-section AB. 

A ~ Area of that section. 

Mb = Bending Moment of Horizontal Forces at that section, 
o, = Distances of centre of gravity of that cross-section from the down- 
stream and up-stream sides of the cross-section. 

=3 Moment of inertia of the cross-section about an axis across the stream 
through its centre of gravity. 

p^, p^tP* = Greatest, Mean, and Least intensities of Stress over the cross-section. 


Then, p' f=~ + a, (pressure) 

w 

Po = (pressure) 

f pressure or tension according as 




.(54). 


Oasb II. Afasonry simply set in Mortar, — As, by hypothesis, the 
Tenacity of the Mortar is not to bo relied on, it follows that there should, 
for safety, be some pressure over every part of the Cross-section, so that 
the Longitudinal Stress at that section should )>e all ot ohe kind, vis,, 
pressure. 

Now it may be proved* that in this case (i.e,, when the Stress is all pres- 
sure), the Greatest and Least intensities of Stress are the same for all 
material which is capable of bearing a uniformly-varying Strain, within 
the Elastic limit of Crushing Strain,** and may therefore be found by the 
same formnlre (64) as given for ‘♦isotropic’* material (i,e,, material whose 
extension and contraction under equal Loads are equal). 


• “ Prof^Mlonal Papon on Indian Bn wintering,’* Saoond Sariea, No. LXXV., on Tranmna 

Strain In Plllart," by the praaeni writar. ^ alio para. 198, Cbaptar Xt. of tbia Vo^mna. 
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[The limitation to the application of forranl® (54) to this Case is of coarse that p** 
mast bo positive represent pretsure')^ so that if, on trial, p* be fiegative, the 
formnIsQ (64) are inapplicable, i.fi , do not yield the true values of either Stress, but 
it mast be remembered that the fact of p'* becoming negatiTft would indicate tengion 
over part of the cross-section, in which case the Pillar mftgt fail by tearing^ it being 
supposed incapable of resisting tension, or at any rate be dangerously strained], 

66. Application of formulce (54). — These formulse are true for any cross- 
section. It is practically sufficient (Art. 61) to find the stress-intensities 
for the cross-section of greatest stress only, which will bo assumed (Art. 61) 
at \ df depth of sinking below current- bed. All the quantities W, A, 
Mg,, a, /3, lo must of course be taken for that section. 

The quantities W, Mj, are of course to bo calculated by the principles 
and formulae of Sections II., III., IV. 

The calculation of W presents no difficulty Mn is strictly the Resultant Rending 
Moment of all horizontal forces above the plane of greatest stress, and tlicrefore includes 
a partial Moment of both up-stream and down-stream Horizontal Subsoil Rc-actions 
(Rh', R«"). 

It appears (to the author) that at any such small depth, as chosen, below current-bed 
both these partial Momenta will be very small compared with the largo Moment of 
Disturbing Forces. 

The uncertainty as to their distribution makes .t unadvisablo to increase the com- 
plexity of the calculation by attempting to introduce them, if the error consequent on 
their omission is small. Now this error is not merely small, as explained, but is an 
error on the side of safety, because it is easily seen that the partial Moment of Hn' 
mtist be greater than that of Rn", and therefore that the omitted Resultant Moment 
of R«' Rn'^ is a moment of opposite sign to that of the Distnrbing Forces, so that the 
omiasion is equivalent to an cver-estiraation of the moment Mn, and is therefore an 
error on the side of safety. It seems therefore sufficiently accurate for the present 
Problem to estimate Mn as equal to the Moment of the Disturbing Forces only. 


67. Application^ to cylindric Wells , — The croes-aection being a circle, 

Area = A =: x-r® 

a = r = /3 

Moment of inertia* I j ^ w 
about centre, ... t ® 4 

Hence formulm (54) become, 




• Etnkins’s Applied Meobanlct, Art. >05. 
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[iV'.i?.— It is coBTenient in the first instance to take the lineal and atoirdupoU 
pound aa units of length and weight throughout. 

The resulting quantities j?', p** will of course be in poundi per iquare foot. 

These should finallj be reduced to their equivalents in poundi per oquaro inch]. 

68. LBvelo/no TmaiU Stmt , — It appears from actual examples of 
ojlindrio Piers in the Oudh and Rohilkhand Bailwajr (see Ex. in Art. 69) 
that there is always severe Tension at plane of Greatest Stress ; hence 
the following important results 


Masonry Hmpip set in Mortar is uns^e for Well-foundations/* (66), 

Well-foundations should be tied vertically with iron-ties about level of i 
current-bed to enable them to bear this Tension safely/' [ 

Hence an important question arises^ vis,^ to find the leyel of no Ten- 
sile Btress, as the vertical tie-rods should clearly be carried to this 
height. This would be found by solution of the Equation (54), = o, 

M W 

whence for any Well /3 = or in case of a cylindrio well 

Mh = i Wr, from Eq. (64 a). 

[This Equation considered as a function of d (depth of plane required) is so complex 
that it could only be solved by approximation. The expression for M„ would more- 
over require a re-casting of the foripulm (19 to 31) for Total Current-pressure and (22 
to 27) for Moment of Current-pressure, aa the ** limits of the integration would in 
l^bneral be different to those used in those formal^ in the actual forms given in the 
Text This can be easily done from the general expressions in the Appendix], 


As in the Example chosen for illustration (Art, 69), it will be easy to 
show that the level of no Tepsile Stress ” is actually but little below the 
Flood level, and as the Example seems a fairly typical one, it appears 
hardly worth while to introduce here the complex formula for Mh in 
general. 

The following are important practical conclusions 


** In slender cylindric Masonry Piers exposing a large Girder-surface to | 

Wind, the ** level of no Tensile Stress'* is very high up,'* 

**Such Piers if Hwply set in mortar are dangerously litble to failure by ^ 

Wsut of Transverse Strength, (<,«., by opening of the joint uuder Ten- 

ttion) under effect of high wind alone/* I 

*^Sach Piers should be tied with iron tie-rods nearly throughout their length/* (61). 




(60). 


These conclusions will appear startling and even opposed to the result 
of experience that Piers have almost invariably failed by tilting otfer, utf 
by want of Stability of rotation (Arte. 5 and 44). 

It will be well therefore to examine carefully the ground of these con- 
clusions. In the first place the investigation from which the fact of 



OK WK]:.L*F0UKDAT10Ma. It 

existence of Tensiie Stress is deduced by formulae (54) depends essen- 
tially on the hypotheses that*- 

(1) . ** Transverse applied Force causes in Masonry a ** uniformly -vary Longi- 

tudinal Btraio over any cross-section.’* 

(2) . ** Stress in Masonry is proportional to Strain within the elastic limit.'* 

These are the hypotheses either explicitly or implicitly made by all 

writers on Applied Mechanics : the author is not aware that there is any 
exporimental evidence of the truth of these hypotheses in the particular 
case of iSfasonry. Herein is the weak point of the investigation. They 
have however the weight of apthorityi viz,, of general adoption by writers* 
on Applied Mechanics* 

On these ** hypotheses *' it follows necessarily that a solid cylindric Tier is one of 
the weakest forms as regards Tbansvbbsb Stbbnqth : for the utmost deviation 
of the Centre of Pressure on any cross-section— from its centre of 6gure— of all the 
External Forces (both Vertical Load and Disturbing Forces) consistent with the non- 
production of Tbhsion is onlyt i of the diameter, which in a slender cylindric well 
is of course a small quantity (e.g,, only 2 feet in the R&mgangi Id-foot Wells). 

Lastly, with regard to the observed fact, that Wells have hitherto 
almost invariably failed not by cross-breaking, but by want of Stability 
OF Rotation, the argument above enforced is only to the effect that-— 

** There will be tame Tension throughout the grater part of the height of a slen- 
der solid cylindric Well, iocreasiug in intensity downwards from about flood level to 
a little below the current-bed.’* 

[Mr. Bell’s Report gives diagrams which clearly ^ow this important fact in the 
rase of nine different Piers of Railway Bridges on the Oudh and Robilkhand Rail* 
w*7]. 

It must be inferred that the quality of Mortar and partial employment 
of vertical iron ties have hitherto sufficed to prevent actual fracture, but 
it dou not follow that the state of Tbnsiok was not dangerouo to Masonry 
simply, set in mortar. As before siated, English practice^ is that the 
Tkkaoity of Masonry simply set in mortar is not to be depended on. 

[That the danger of cross-breaking of slender Masonry pillars noder effect of 
High Wind only is by no means distant may be inferred from the fact that the 
lahipur Factory chimney snapped in one of the cyclones of 1864 and 1867, and the 
Kidharpnr Church spire snapped in both those cyclones]. 

Example, 

69. The same example is chosen for illustration of the principles and 
formulss of Section V. as in Art. 57. 


Mu Kas^klof’s ApiOiad Maeluuiiot, Artx tOS, SU. Renkloe't CtrU Snfloswriiig. Art. SCI. 
t BaqkWf AppUad Ifeehaalof, Art. tOS. 
t Ranklna's AppUaC Msaluuilcs, Art^ iOS, Ilf. 
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The plane of Greatest Stress is assumed at a depth below current-bed of 5 feet or 
•J X depth of sinking for reasons explained in Art. Gl. 

Tables JU and IV*. contain details of the calculations of the Load (W) and Bend- 
ing Moment (M,, j at plane of Greatest Stress with list of references to all formula 
required ; the results being W = 1,637,580 lbs., := 7,747,600 lbs. 

Hence by Eq. (54 a). 

jy* == 8147 + 10272= 27,419 lbs. per square foot, {pressure)^ 

Pq = 8147 == 8,147 „ „ (pressurey 

p** = 8147 - 19272 = - 11,125 „ „ {,temion,y 

Those are equivalent to— 

Greatest intensity of pressure p* = 195 lbs. per square inch. 

Mean intensity of pressure p^ = 60 „ „ 

Greatest intensity of tension p* = 77 „ „ 

Cash: I. Well with vertioal iron ties . — This Pier is amply strong enough if so 
tied on up-stream side (about level of plane of greatest stress) that the effective Ten- 
acity and Crushing Uesistance are approximately equal. 

(/ASiiill. Masonry simply sot in Mortar . — When the Disturbing Forces simulta- 
neously reach their maxima, the masonry will bo very dangerously strainedy ua it 
has been shown that a largo Tensile Stress will fall on the up-stream side at the plane 
of greatest stress — (the tenacity of the mortar being disregarded). 

— The Tensile Stress will not be exactly 77 lbs, per square inch, ns formnlse 
^54 a) arc not applicable to Case 11. when actual Tension exists The proper for- 
mula) for calculating the Stresses lu Case 11. when actual Tension exists are so 
complex, that it does not seem worth the labor of calculation]. 

It having been shown that there is severe Tension at plane of Greatest Stress, it 
becomes important to find out the level of “piano of no Tensile Stress**, as below 
this level the Masonry should certainly be tied with iron ties. 

Now it IS easily seen that at the Flood-level, 

W s= Weight of Girders 4* Weight of Pier above flood-level, 

= 44,800 + 142 6 X IT X (j)’ X 10-86 = 206,880168. 


= Moment of Wind on Girder -f Moment of Wind on Piers, 
= 12,680 X 13i 4- 2,430 X 6-4 =- 184,300 foot-pounds. 


w 4M„ Wr«4M„ 
Al8oby Eq.(64A),,»**: \ — ,-!! 


206,880 X 8 -- 4 X 184,300 

: ^ ^ . 

y X 8 X 8 X 8 


= 566 lbs. per square foot presture. 


Hence the Least intensity of Stress at Flood-level is 666 lbs. per square foot^ or 
4 lbs. per square inch, and \e pressure. 

The actual Phessure is so small that it is obvious that Tension must ensue at a 
short distance lower down ; in fact on repeating the process at the level of the top of 
the Well, it appears that at that level there is an actual Tension of 6 lbs. per sq. in. 

It follows therefore that “ from some short distance below Flood level there is some 
vertical Tension at each cross-section, increasing downwards to some short distance 
below the Current-bed,** This bears out the general ** conclusions " in Art. 68. 



Table IIL— Vertical Load at plane op Greatest Stress. 
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Vertical Load at plane of greatest Stress, i.i 



Tabl* IV.— Bekdiko Momritt at PLiNB OF Greatest Stress, 
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Bending Moment at plane of greatest Stress, i e , = 7,747,600 Arts 61, 65, 66. 
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Appendix. 

ConttrucHon of formula (14), (15) for aub-surfact vtloctiy. 

70. Tho Missisaippi experiments show that 
If Mo Mi> represent the depth (1)) of a current, 

„ Po Mo represent tho “surface velocity** (Vo), 

„ Po Mo represent the “bottom velocity” (Vo), 

Then the velocity (V) at any jioint M whose m* 
depth below the surface is Mo M = ci will be re- m 
presented b/ the abscissa PM of tho parabola Po 
P AI*0 whoso axis is A« at a distance d/ = Mo M' A 
from the surface depending on tho “hydraulic 
mean depth ” and force of tho wind. 

To find a formula for V tho velocity at any 
depth d in terms of d and of tho data V,, d\ 

Vi., D 

Lot p be the latus rectum of the parabola. 

Then PN* = ^ X AN from the property of 
tho parabola, 


or (li' — /i)* , (V'— V) for any point, (i). 

<f'* =:p . (V' — Vp) for the surface, 00 * 

and (d' — D)* , (V'— Vd) for tho bod, (i^O* 


Hence subtracting (ii) from (i), rf’ — 2d*d = X (V^ — V), 

And subtracting (ii) from (ui), D’ — 2^PD X (V^, — Vd). 

. <1 j d - 2d^) _ Vq - V 

• • ETcX) - 2d') V^"-. Vd 

Ilenco V = V, - (V, - Vd) . *" formula (14) of the Text. 

Also V' = V, + (V, - Vd ) . i , (for V = V' when d = d’), which 

is formula (15) of the Text. 


Fig. 5. 



Total Current Preaurem 


71. Case I. Well cylindrical, or with nliglit continuont taper. 

Let h ” breadth of Well at depth d* 

^01 breadths of Well at surface {d = at current bed (d = D). 

A = area of vertical diametral section of Well in the current. 
p = pressure-intensity (per vertical linear unit) round a ring at depth d. 
P r= Total Current pressure on the Well. 


Then P 



p . dd, (if the cross-section of Well be uniform, or change coniinuoutly), 
dd, by Eq. ( 18 ). 

»«.6.:^’.(l -^)*.rfJ,byEq. (16). 
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= hw , /J. {."(■-"S+i?) . ddf where is some value of the 


2g 

variable b intermediate to and in. 

I D 


8 V • 

— y. kw . D in general, 
lo 


=*•■?■- [<'-1-5+^ sr 

Now = in if the Pier be cylindrical. 

^ ^ ig + ^ approximately^ if the Pier taper only slightly. 

Hence 

)9I) = A in former case, and approximately in latter case, 

8 V * 

/. P a= — X Am? A . ~ for a cylindrical Well, and approximately also for a 
16 "Ig 

Well with continuous slight taper. This is Bq. (19) of Text. 

CABK U. Sh»)rt cylmdric or slightty tapering Pier on a broad cylindric or $lighily 
tapering Well. 

[If the breadth of Pier at base be very different to that of Well at top, the cross- 
sections are discontinuous, and the previous furmulffi inaccurate. The Total Pres- 
sures on Pier and Well must be separately estimated. It is considered that the 
dight taper may in practice be disregarded], 
fjot P', P^ =a Total Current pressures on Pier and Well. 

6g, B =s Average breadths of Pier and Well, 
rfj -5= Depth of top of Well below surface. 

Then by a alight modification of steps of Case I., 

1 ft 

= . 2 ^’ . V. . ( > - Y • + 4 • ^.) ; this is Eq. (21 ) of Text. 

! n 

^p.dd-. 

Orpth of Cfntre of Ctirrent-pretmre. 


V * 

JJ 

•2g 


Cd * 4.' ‘'‘T’ 


<Jl 


72. Case I. WeU cylindrie, or with slight eondnvovg taper, 

By the ordinary analytical process for finding Centre of Pressure and with notation 
as in Arts, 36, 36 and 71. 

i n 

^ pd . dd,(\t the cross-section of Well be nniforra or change continuously) 

= ( ® kwh . /i . rfJby Eq. (18). 

Jo *9 

I D V » / , 

-*»■¥*■ i:(-=ftt ft) , dd, where /3 is some value of h in- 
termediate to Ag, Ad> 
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X Tii* \ d* \ /2no 

“ 2 ^ L 2 “ 2 ’ « ■ D'Jo 

I V * 

;= — k*v . “ . AD, if the Well be cylindrical, also approximately if the Well 
fa 


taper only alightly. 
Hence rf® =s “ Atio , . AT)-: 

fa ^9 


P = Tj- D, which is Eq. (22) of Text. 


Cabe II. Short eyhndric or alightly tapering Pier on a hroad cylindric or slightly 
tapering Well. 

[If the breadth of Pier at base be very different to that of Well at top, the Cross^ 
sections are dtsrontinuovSf and the previous forroulce inaccurate. The Centres of 
Pressure on Pier and Well must be found separate!^. It is considered that the slight 
taper may in practice he disregarded]. 

Py obvious modifications of steps of Case I., and with notation of Arts. 85, 86, 71. 

P' . rf,' = ] ^ pd.dd^ho . . _JJ 

2? a • V D' ^ 3D‘/ • > 


+ i 

^ » • IJ' 

■377T3r« 


2 rfj” . 1 ^ 
8 ■ D’ 5 D‘ 


which is Eq. (23) of Text. 


f ® j jj 1 V.’ r <f’ 1 rf* 1 rfno 

= J IF -B • [t - 2 17 + 6 • i?!, 

* n« f'l 1 l4.L^') d> * 

= -J . T— 1 « El- (23) of Text. 

16 ° ' 8 ■ D> 6 O* 

Centre of Pi*essure of ITorixontal Redactions, 


78. The depth of the “Centre** of fluid pressure against a vertical rectangle 
whose top and bottom lines are at depths D' and (D' + h) below the surface is known 
to be* at a depth below that surface of 

. 2 (H' + hy - 

depth — 3 ( 0 ,^ _ jj„ 

Height of that Centre of Pressure above the base is 
2 (D' 4- hy — IP* 

ko = (D^ 4 . A) -w j. — i j Ti I (which on redaction becomes) 

= T • lw +~V T • (‘ + 2 D^a) ' 

* Oape*ii Mathematiof* Yol. 11., Art. il4. 
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Poiition (ifJletultant of Vertical Friction* 


74. It is explained in Arts. 21 and 62 that at instant of incipient motion the 
Vertical Friction is confined to the down-stream side of the Pier and that its distribu- 
tion round that side may be graphically represented by a very thin senii-circnlar 
wedge. This distance of the Resultant of a system of Forces so distributed from the 
centre of the wedge is known to be* in general 


16 ' 
37r 
16 * 

16 

16 ■ 

fC 

T 


^ where r, r' are the external and internal radii of base, 
, if f be the thickness of shell, 

— (r 4- ty 

8ir 

r. 


4 r® f + 6 r* f -f- 4 rt^ 4- 1* 


3 r’' f 4- 8r 4- 


16 


4 4- 6 - + 4 
r r* 

3 + 3 ^ ! 


. — r, when t is (as supposed) indefinitely small, 
8 

r, which is Kosalt (42), Art. 62 of Text. 

Fig. 6. 



&UiklD.‘s AppUsd MaohSDics, Art. SI, Cue XTl. 



APPJESDIX E.— TABLBS OF WEIGHTS OF IRON AND STEEL imiDOKS, 


-^1 a |4 

flO s J? a> tr 

^ ? 8 

5 ^ ► a s tri 
•g.8 o ° « » 8 2 

5 g c8 5 o <c 

S d ® V 0 3 M 

r* o o •• d«'t a Q 

gljvS*; «r«* ac.^ 


‘PiapajS reojo on * oiy 
*ii);)](OVjq niJOjiuid ‘aui 
•otijq ‘fipflj jopun 
sjapajS uivtn ino^ •(») 


t-WOOlOt-OOWOOOQCi 


'Oiy 'Biojifwjq TOJOj 
-qt»i(i ‘(a) ni hv pojtjooa 
BfOJO t{1fM 'flJ9p 
•Jl« oitim aaam ‘(p) 


iOOOC«Cft* 7 '#'QOCq^eO 

»o«cob^^cNec‘i«r'ob 


•oiy ‘n«jpn«q ‘«:)8no«jq 
raaojiBid ‘fiapa^S aiBtn 
JO PoXiivg joddn 0 % po 
• jnaos Bjepjjii bhojo q<)iM 
‘BJOpj^JJ Oltttn OAAX •(») 

•(*)) u| OT pa 

•jnoasi f JopajS bbojo quM 
*9aapj)itu|«uidejqj, (q) 


wej-^«OQoor-*w>oQO^'^op~i':^t>- 


CO<© 0 'ycnW''^'-iO'H 
|4 <30 C J 00 6 


‘BjdpjiS u]vm 
JO voSavg jomoi ci pa 
<jn 09 B fijepat]^ bbojo q^iAv 
<Bjapj|S UtBlD OMX ‘(o) 


- c «5 oj N w <J> M K — o rc « 

— n^a>»f 5 

s ^.-1 — — caMC'iiMeccoc*:'^ 


i 

•(»■) ni B« poinoa* 

Bi 9 pJ{iJ BBOJO qiiM ‘Bjap 

-jiiJ ujwur aaaqx '(«/ 

fc^»ob(^c*-<N'i»>»otbe^ 

|iH i*< fiH »-1 iH 

1 

'BwpjrS ajam 

JO eaSiiBp 40 MOI 05 pe 
-atlOBB BJOpJjS BBOJO q 5 |M 

‘saapjjauiBtnoMX ’(») 

coooccocccaoccaDooccaDno^^t^T'i^i^ 
ov 0 W 'ft 0? t-'-- Oi cc C 'T 00 


•(p) ni re pajnaaa 
iJop4}B BBOJO q5i*v oijoj 
i!U!J5aMoq jOBJopj|g 

0 On 5 B] UlBCa OA^X (’) 

»0 O'! ^ to ^ 00 N ><5 01 CO *0 C^. i:£i 00 

'^c6fHW«M^»oto»-^6 — 

i 

% 

e 

c 

5 

’(D) uire pajnaaKvjop 
-ijS BBOja i(5}M ‘uoi 5 onj 5 B 
-uoa XjBuipjo JO Bjapjifl 
aomm uinm OA\x ’(<?) 

«^h.00»’»t«»O'^CC — CO0pO>'‘O©C<!Oh. 

c. b — ci « ‘b to ac><£ <N cc 1* t- ©. 01 


•BjapJiS 

ttjflto JO flaairep J9M01 05 
pojnaaB BjapijS bbojo qiiM 
'BWpJlS upiai OMX '(0) 

0- b w eo »b to »>• 06 (N 4 b b eo 

P^pHp-ii-if-*rHi-ii-«O 1 OtCSC 4 OlCl 05 CQ 

1 

1 

•ooiiotiJ^TOoo i«iaadB jo ao]i 
io ‘BJapJlO Sai^VAOu 

to ^ (M <^ op W 3 CO -< fiO -t* »7 'f ’f ■» Op 

OlO^OliNeC'B'ibcOt^b^Ol'B'tOQO;^ 

D} uvdg 

CPOOOOOOOOOOOOO'^'^'® 

mWW'<<iOtOt>g60sOW’^tOOOOOI‘'?t* 

?<WW 


Baker's Long Ranveag B> ‘dges, lt57< 



TABLE II —Long SPA^ Briiigeh cf Wi ocgot-iroji and sTtEL. 


Ixir APPRNDIX E. — TABLE8 OF WEIGHTS OF IRON AND STEEL BRIDOES. 


'*1 W” *4 


la 

a j 


5 2 « 

S-2 n “ 

UJ ^ 


*jXI:r3 
- ,2 ^ 
U gt ^ 

I 

■"31 B 

I «'.e^ 

I i- '3 -8 

I ! 

« ^ 

§ ® J 

g Ji s 

5 :: be 

♦-» Jj o 

>■ 

I 

1%U I 

(fl 2 


SJ 3 "S 

S' 

lii 


t» c * 

nIi ; 


fKua^jtt ^|Hiitpno(i»>j4oo Mj -jKotii (I'jnSwAi oq'i 'p,ifoi(iturt -vi 3f pnti ;o ■^snitiA i^»ia 

-OtfK Jf |JU« lir Jit KKIIWA .IJrttMJAII ptlodK Ujfll O'! pHtlO; oq qt %V gjqa’yi.^M, 

t SS3SSSS88S?8iS§ 8 ST8 888 8 88 tW 

CO ‘O cX) ^ O iO ^ if^ r - 00 O 5 ^ CO *5 :£>^ t^OO ffS 

t-T— *,-r.-rr-<f-T-^i-<-^i-ro»'>r«c<io<esr(M"<?f<>ic'reococoV‘ 

'IL cV rT «o '^'•-*« lo'* < m“ V w •" "o ^ o~ ' ~ — 

»H©;o«eO'^iO<OcaoO'?i*oaO'^00<OC^ ^ 

.-•^^^C^COiOCiCOO 


•S i 


O CD 3s -ft o CO CO o '' 
<r4CO''»<cD'X»'-'»OOC'OC 
O'! CO to 


■'D4C0cO’«rcot'.D>»- 


< I*. 'N X) O C 
1 — ♦ <M OI 3S^ Q 


CD CD O *0 »— CD X3 ■«— IM »0 'O 
Cl CO *0 "D 00 .-I to <M — -t** 
^ ^ 01 CO »o — 


- 8 t '-36 CO O OO 3 S C 


i OO O O OO f 

to C 

CO »- 


— OOCOao-fcOCD 

- - CO ^ *0 l- O 


-«asoiO'X)cO'«t<-^ 

iMDI^iOt-!N — O ^ 

rH Oi .“O 


*0 X» -O D *0 I- 

01 CO *0 oo oi r« D . 


> O D 3S , 

> CD 3s I'. : 


lO CD 55 N CO 3 > O S' r- »0 CD »0 CD « — ‘O — o 

!>. [JO 5S D ?l CO to 'D rj — CO D 5» C^ CO >1 O CO — CD 1- '^1 (M O ^ 

— , — 3» ?1 04 34 CO 3^ to O t'- CO >-^<0 § 

^ ^ 


ip O I - O CD — O O -*> 35 5S O 04 CD CS CD fO — to O 
C» -O ttp CO 31 — Ol -ttt -D 35 '*0 D> — CD — ao t-. O 
PH — — — C4 oi -o eo »o I-- 55 eo^ 

— *■ o “ 


5't*t^«Dl'»55<Mt0 55-itt — COOIM.- ^ 
— r-i — C4C0'»ri-»Cp — 


Ol — CM-tftO — CDOiqoD>I'*OX>0 

Cl eo -tr to i- c;s — i to 35 00 05 o o 

— — t-iC 4 C 0 CDC 4 O 


C 5 -0 55 O 55 l-tO'<t 00 0 » 
Cl to OO O ‘O C4 CO t- CD 
— — CM CO »0 -.ft 


•^WtoclXJdO-^OOOl^ 




rt 3 O t 
D. ' 3 

O fc “ 
<5-0 


?D^ 
^ J3 rt 
^ til 

-1 5r * 


CD O O O Cl O 
CO O OO C 4 35 C 4 C 4 
— — CO 05 


to CO CD — aO 
ID 55 to CO to 
— CO '•t 


— OCsT DI-— <-f«C 4 iO 35 ‘Ot*'C 0 
Cl C 4 30 to t-» 00 c Cl >D c> to CO 
ri< — — Cl Cl CO I 


CD-|tOOC'fi55»X— O 
CO'ttf'CDoCOCOX CDOO»0 
— — — d I- CO 


5 lO o CD 

5 <0 •'T so ^ 
0 I’. O 

— CO 


•j.ti.l «n uvlq 


8888888888! 

«^t0<D»^CC35O — Ci: 


;|S8888i8S8888|8S8i 

> sSt-^XSio^— ^dso ><^tOtDt^oO ^o — Dl^^ 

j — -4 r-T ?r ?i d dt N 54 C4 P5 50 w 


Bai&er’e Long Span Ra^lvaay Bridges, 1873. 



INDEX TO VOL. II. 

The Numbers refer to the Paragraphs, 


A. 

Amborages^ 884. 
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490. 
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Flexible Linear, 53, 370, 375. 
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72, 83, 437, 444. 
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72. 
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De6ection Curve, 109, 112. 

— Fixed Beams [see that Title]. 

■ Moment of Resistance, 80. 
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Blockwork Joints, 6. 
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Iron Girder Bridge, 490. 

BouvioPs Measurement of Maximum 
Stress at point of Wall’s face, App. C. 
Bowstring Girders, 415, 

Stress Diagrams for, 82, 860. 

Box Girder, Design of, 490, Ex. IIL 
Drac^^ Arch— 

Load, distribution of, 401. 

Piers and Abutments, 413. 

— Suspension Bridges, Comparison 
with, 883. 

Braced Cranes, 227. 

Brace'’. Girders, 41, 266, 474. 

Bracing, Horizontal and Vertical, 340. 
Breadth Curve for Reservoir Walls, 252. 
Breast Walls, 229. 
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tion and thickness of, 310, 317. 

Bridge frames, 332, 333. 
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840. 
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Btrnction,” Extracts from, 480, 
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Brldgoi, Loftd on, 338, <}^ $eq, 

Long and Short Span Bridges— 

SirB, Baker’s Classification, 335. 

OrdUh Suspension Bri<lgc, 345. 

Plate Iron Girder, 430, Ex. II. 

— ■■■' Rolling Loads, Effect on, 337. 

- '■ Span— Maximnm Span in various 

types, Table, 361. 

- Stiffening Arrangements, 333, 
et seq, 

— — Types of, 303. 

— Wing-walls of, 314. 

Suspension \^»ee that Title] ; $te 

aUo Girders. 

Buttressed Horizontal Arches, 313. 

c. 

Cantilever, tee Beam, Girder, &c., Ac. 
Catenary, Delinition of, 54. 

Cellars, Underground, Stability of, 445, 
Cemented Blockwork, Equilibrium of, 174. 
Centre of Gravity, 86 
Centre of Inertia or Mass, 85. 

Centre of Resistance, 6, 1 00. 

Chains— 

— Economic Proportions of Chain 

Biidges, 385. 

- I’arabolic Figure of, 383. 

Shore Chains, Design of, 395, 

— Suspension [toe that Title], 

Chimneys— 

^ Centre of X’rcssnrc in, 195. 

— Circular Brick Chimneys, 210. 

— Equilibrinin of, 205. 

- Examples, 210, 211. 

Wind pressure, Effect on, 200. 

Churches, Foundations of, 327, 

Circular Joints, position of Centre of 
Picssure, 195. 

Claxton Fidlcr’s ** Bridge Construction/' 
Extracts from, 430, 433, 

Combined Structures, 314. 

Composite Structures, 344. 

Compressive Strain — 

Characteristic Structures subjected 

to, 18, 332. 

- ■ - Examples of, 1811. 


Concrete Beds— 

Abutments of Arches, 328. 

Compressive Strength of Concrete 

per square foot, Table, 324. 

-- Example, 821. 

Foundations, Breadth and Thick- 
ness of Concrete Beds in, 316, 
317,319. 

Portland Cement, Results of E.x- 

perirneuts with, 320. 

— — Retaining Wallis, 323 

Transverse Strain on, 319. 

I Conjugate I'rossures, 260, Note, 

Mass of Earth, Direction of Con- 
jugate Pressure in, 269, 270. 

— Maximum and Minimum, deter- 
mining, 209. 

Planes of Cleavage, 299 

Continuous Girders, Chapter XXVI. 

Deflection and Elastic Polygons, 

156. 461. 

— ' ■ ■■ Equilibrium of, 120. 

— — Examples, 473. 

Intercepts on chosen Verticals, 

454, 157. 

Loaded and Unloaded Spnn^, 449. 

Maximum Bending Moment, 466. 

Moments over Sujiports, 454. 

■ Moving Load, 466. 

Paitial Load, 465. 

Shearing P'orce, 462, 4CC ; tee 

alto Fixed Beams. 

Counterforts in Walls, 314. 

Cranes — 

Equihbiium of. 214 

' — Shearing Force, 221. 

Stresses, Tabic of, 227. 

Cross Beams, tte Cross Girders. 

Cross Girders, 333, et teq. 

Bracing, using Cross Girders ns 

Struts ill, 340. 

— Bridges, Arrangement of Cross 

Girders in, 338, 339. 

Deflection of, 490, Chapter VIII. 

Addendum — Example, 

Plate Iron Girder Bridge, 490, Ex, II. 
Canningbara's, Col., Paper on Well Foun* 
dations, 286. 





iii 


Carrt of Ecsistance, 52. 

I — Mosele} 'a Principle of Least Be- 
sistance^ 6i. 

Cylinder Surface, Uffect of Wind Pres- 
sure against, 203. 

Cylindrical Wells, Depth of Foundations 
in, 291. 

D. 

Dams — • 

Equilibnura of, 242, 

Horizontal Trace of Wall, 258, 

.Appendix B. 

Lines of Resistance, 257 (c), 

Material moat suitable for, Ap- 
pendix B. 

■I ' ■ Openings, Avoidance of, 258. 

— Profile, prinri[de8 determining, 

Appendix B. 

■■ — Rankino’a Report on Design and 
Construction of, Appendix B. 
— — Stress-Diagram, 257 (c). 

■■ - - Tension to be avoided, Appendix 

B. 

— — Vertical Pressnro, Limits of, Ap- 

pendix B. 

- " — '■ ■ Walls, Weight of, Appendix B. 
Deflection Curve— 

— — Beams, 109, 112, 

Continuous Girders, 15G, 4GI. 

Examples, Chapter VllL, .4 

dum, 

— Girders, 461, 490, Chapter VIII., 

Addendum, 

— — ■ ■ Measuring, 108. 

*■ Ratio of Ordinates of True and 
Constructed Curves, 119, 

Depth Curves for Reservoir Walls, 252. 
Derrick Crane, 217. 

Domes, Stability of, 427, 445. 

Dubois* Calculation of Thickness of Arch 
Ring at Crown, 440. 

E. 

Earth Pressure— 

Definition, 307. 

I^iteral, 260. 


Earth Pressure — 

Maximum and Minimum Intensi- 
ties, 276, 277. 

- Planes, Pressure i^rallcl to sloping 

Snrface, 266. 

Walls, 259, 274, 308-812, 

Sarcharges and Ramparts, 283. 

Elastic Curve, tee Deflection Curve. 
Elliptical joints, position of Centre of 
Pressure in, 195. 

Enclosure Walla, 213. 

Engines, heaviest used abroad, weight of, 
338. 

Equilibrium of Structures— 

Cemented Blockwork, 174, 

Chimneys, 205. 

Dams, 242. 

Earth, Mass of, 2G2, 269. 

- Fixed Beams, 120. 

General Conditions, 3, 20. 

Piers and Abutments of Braced 

Arches, 413. 

* Reservoir Walls, 242, 243. 

Retaining Walls, 306, 

•Shore Abutments, 406, 412. 

— ^ Uncemen ted Blockwork, 1811, 172, 
186, 438. 

Equilibrium I^olygon, 10, .39. 

Eye joints of Iron Tension Bars, Dimen- 
sions of, 431. 

F. 

Factory Chimneys [tee Chimneys]. 
Fairbairn’a Rule for Size and Pitch of 
Rivets in Joints, 181. 

Fastened Joints, 6. 

Fuller’s “ Bridge Construction,” Extracts 
from, 430, 433. 

Fink Girders, 347. 

Fixed Beams, 490. 

— Equilibrium of, 120. 

Moments over Supports, 136, 

— — Reduction Rase and Pole Distance, 

188. 

Flanged Girders, 18 III, 

Bending Moment, 37. 

Plate Iron Bridge, 490, 
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Flanged Rivetted Joints, 476. 

Shearing Force, 37. 

FI nee, Bends in, Preeautlons in Curving, 
206. 

Fluid Pressure, Proper ties of, 285, 251, 
(5) and (f). 

Forth Bridge, System of Construction of, 
420. 

Foundations— 

Benches— Sloping ground, Ex- 
cavation cut in, 328. 

■ Brickwork Footings, Position and 
Thickness of, 31«, 817. 

•— Churches, 327. 

— — Concrete Beds that Title]. 

River Soilsending in Quicksands, 
case of, 331* 

Safe Limits of Weight on various 
Soils, Tables, 318, 320. 

— Sand as u Foundation, 330. 

— Simla Army Head-quarter’s offices, 

Construction of FonndatioDH, 
325. 

Steel Rails, using in, 826. 

— — — • Well-foundations [seo that xitlc]. 

Framework Joints, 6. 

Frames, Chapter XXIII. 

Definition, 7. 

Panels of, 343 

— Trapezoidal, 845, 

... ■ - Triangular, 845. 

Trussing, Simple and Multiple, 

845-348. 

Friction— 

— Co-efficient for Wet Mortar, 204. 

Equilibrium of Earth, dependent 

upon, 262. 

Funicular Polygons, 10, 

G. 

Girders— 

Box Girder, Design of, 490, Ex- 
ample 111. 

Braced, 41, 266. 474. 

Bridge Details, 475. 

Bowstring, Stress Diagrams for, 

82, 360. 


Girders— Con tin uotts [w that Title], 

Cross Girders [see that Title]. 

- Contra-Flexure, determining 
points of, 863. 

— ' Elastic Curve, 461, 490, Chapter 

VIIL, Addendum, 

Fink, 847. 

Fixed [gee Fixed Beams]. 

— Flanged [gee that Title]. 

Hinges in, 349, 376, 381, 80*. 

Lattice, 344, 364, 474. 

N- truss, 474. 

Parallel [see that Title]. 

Plate Iron, 266, 474, 490. 

- ■ ■ Pratt nr Linvillc, 348, 351, and 
A'bte, 

— — Rolling Load, 837, 

Span, Maximum, for Parallel Con- 
tinuous Girders, Table, 30 1. 

Stiffening [see that Title] 

Warren, 18 III., 348. 474. 

— - Whipple-Murphy, j 8 HI, 
Gyration— Radius of, 102. 

H. 

Hearted Wells, 28G. 

Hinges in Girders, 349, 876, 381, 394. 
Hollow Square joints, position of Centre 
ProBsare in, 195. 

Horizontal Trace of the Dam, 258. 
Hydraulic Mortar, Crushing Resistance 
of, 213. 

Hypothetical and Masonry joints, dis- 
tinction between, 1C2. 

I. 

Inertia, Moments of, Examples* 94, 469, 
Chapter Vll , Addendum 
■ ■ — Products of, 94 
Intercepts on Verticals, value of, 116. 
Intel val, Modes of Spanning, 18, 24, 332, 
Iron Bridges, Types of, 369. 

J. 

Jib Cranes, 216. 

Joints— 

Block work, 6, 
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Joints -»Cement«d, Stress distribution OTcr, 
192. 

■ - - 1 ^ Circular, Elliptical, &c., Position 

of Centro of Pressure, 195. 

- — Fastened, 6, 

— Framework, 6. 

— Masonrj and “ Hypothetical,” dis- 
tinction between, 1G2. 

■ Plane, Stress distribution over, 

177, 182, 192. 

■ Ri^ttcd [see that Title]. 

I . '-i Unccraented, Stress distribution 

over, 192* 

K. 

Kentucky Bridge, Position of Hinges on, 
856. 

L. 

Lateral Earth Pressure, 2C0. 

Lattice Girders, 474. 

Least Resistance— 

Arches, I^cast Resistance Lines, 
72, 83, 487, 444, 

- Moseley’s Principle of, 64. 
Limiting Position of Stability of Retain- 
ing Walls, 308, 312. 

Limiting King Curves, points of intersec- 
tion by Resistance Curve, 71, 

Line of Resistance— 

Definition, 173. 

■ — ■' Reservoir Walls, 246, 251, 257 (c). 
Linear Arches, 53, 370, 375. 

Link joints, Dimensions of, 429, 

Liuville Girders, 348, 

Lippich’s Method of determining Moments 
over points of Support of Girders, 455. 
Loads, 01. 

Continuously loaded Structures, 
91dr. 

Braced Girders, 41. 

- Bridges, Loads on, 333, et s^q. 

- - Masonry Arch, Estimation of Load 

upon, 439. 

Oblique Loading [see that Title]. 
■ Parallel Loading [see that Title]. 
— ' '■ ■ — Rolling, action upon Metallic 
Bridges, 337, 338. 


Loads— Spans, Loads directly applied to, 
126-133, 144. 145,448,449, 

Long and Short Span Bridges, Sir B. 

Baker's Classification, 335. 
Longitudinal Beams of Plate Iron Girder 
Bridge, 490, 

Loop-holes in WalN, 314* 

Lozenge Rivetting, 482. 

M. 

Masonry and Hypothetical " joints, Dis- 
tinction between, 102. 

Masonry Arch, 3G9. 

•Abutments, Thickness of, 442. 

Base, width of, 442. 

Examples, 444. 

Least Resistance, Lines of, 83, 437, 

444. 

Load, Kstimation of, 439. 

Oblique and Parallel Loading, 

Cases of, 444. 

Thickness of Arch King at the 

Crown, 440, 443. 

— Dams, see Dams. 

Miilttn, Professor, on the effect of 
Moving Loads on Metallic Bridges, 
337. 

Mid feather in Flues, 208. 

Moments — 

Bending, 28, 58, 377, 391, 894. 

Inertia, 94, 489, Chapter VII., 

Addendum, 

Representation by Straight Lines, 
447. 

■ Resistance, Moment of, for Canti- 

levers and Beams, 30. 

Mortar — 

Co-cfficient of Friction for Wet 

Mortar, 204. 

Hydraulic, Crushing Resistance 

of, 213 

Moseley’s Principle of Least Resistance, 
C4, 

N. 

N-truss Girdcri, 474. 
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b. 

Oblitiuc Loads. 

Arches, Action of Oblique Loads 

upon, 69, 72. 

- - General Case of, 414. 

— ■'> Projection by rarallul Ivajs ap- 

plied to, 61. 

Oblique Single Pressure on Structures, 
effect of, 1 C9. 

Ordish Suspension Bridge, 345, 

P. 

Panels of Frames, 343. 

Piirabolic Figure of Chain, 389. 

Parallel aiidors, Chapter XXVll., Ex- 
amplcs of, 490. Examples II. and III. 
Parallel Areas of Equal Kesiatimee, 485. 

Moments of Inertia, 480. 

■■ — ■ Moment of Resistance, 486, 

Shearing Force, 487. 

Parallel Tx)ad8— 

Arches, Action of Parallel Loads 
upon, 68, 72. 

General Case of, 444. 

Moment of Inertia, 04. 

— — Reaction at points of aupport of 

Beams, 85. 

Parallel Hays, Projection by, 40. 

Piers of Railway Bridges, Stability, Ac., 
of [H’e Wcll-foundatioiis]. 

Pin Joints, Dimensions of, 420. 

Plan© Joints, Stress distribution over, 
177, 182, 102. 

Planes of Cleavage r f Conjugate Pres- 
sures, 200. 

Plato Iron Girder, 266, 474, 400. 
polygon of Forces, 10. 

- - of Loads, 1 4. 

■ " >' ' — of Equilibrium, 10,30. 

I'ortland Cement Concrete, Results of 
Experiments with, Table, 320. 

Pratt Girder, 348. 

Pressure— 

— Buildings, Greatest Vertical Pres- 
sure of, 270. 

Concrete, Compressive Strength 
per square foot, Table, 824. 


Pressure— 

— Conjugate, liee that Title]. 

— — Fluid, Properties of, 235, 261 (6) 
and (o). 

■ ' ™ Oblique Single Pressure, effect of, 

169. 

Reservoir Walla, Safe Limit of 

Vertical Pressure, 242. 

— ' — - Well-foundations, Internal subsoil 
pressure, 288. 

— ■> Wind Pressure ^see thdt Title]. 

Principal Axes of System of Points, 101, 
105. 

Products of Inertia of a system of parallel 
loads, 04. 

Projection l>y Parallel Rays, 49. 

Q 

Quicksands, Well-foundations in, Paper 
by Colonel Cunningham, Appendix D. 

R- 

Radius of gyration, 102, 

Railway Bridges, Action of Rolling Load 
upon, 337. 

Rnmpaits, Earth Pressure against, 283. 
Rankino’s Rule for Thickneas of Arch 
Ring at C’rown, 443. 

Reactions at points of Support of Beams, 
85. 

Relieved Bowstring Girders, 415. 

“ Relieving Arches, 312, 313. 

Reservoir Walls — 

— Batter, variations in. 252, 2.5.5, 

- ■ ' ' — Conditions of Equilibrium, 242, 
243. 

■ Curves of Breadth and Length, 252. 

Design of Profile, 245. 

— Formulas, 244, et te^, 

' — Examples, 257. 

— — Intensity of Pressure, 252, 253, 

254. 

Lines of Resistance, Graphical 

Construction, 246, 251, 257 (c). 
— — Vertical Pressure, Safe Limits of, 
242. 

■ — — — Zones, determining Profiles of, 
253. 
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KetisUnce— 

■ ■' Areas of equal, 485. 

— - Curve of, 62. 

Line of, defined, 173. 

Masonry Arches, Least Kesistance 

Lines, 83, 487, 444. 

— Moseley’s Vrinciplc of Least Ro- 
sistauce, 64. 

Resisting Copple Moment of Resist- 
ance]. • 

Retaining Walls, Chapter XV. 

Batters for, 814. 

« ■■■ ■' Compressive Stress, 103, 242. 

■ ■ " " " Concrete Beds, 323. 

Conditions of Equilibrium, 806. 

Construction Details, 314. 

Examples, 313, 

«■■■ — - Moment of Resistance and of 
Conjugate Pressure, 313 

— - - Resistance of Earth Pressure by, 
308, 812. 

Revetements en Decharge, 313. 

Ritter’s “Iron Bridges and Roofs,” Ex- 
tracts from, 383, 406, 411, 4J2, 421, 

426. 

Ritter's Method of Sections, 334. 

Rivetted Joints, 476. 

Conditions of Strength, 477 II. 

■ — - - Covers, Thickness of 477. 

Examples, 490. 

“Grouped “ Joints, 479, 490. 

— ' -■ * Lozenge lUvetting, 482. 

— — - Plates, Strength of. 478. 

Practical Hints, 484, 

■ Size and Pitch of Rivets, 481. 

Roadway Girder, 888. 

Rolling Loads, Action upon Metallic 
Bridges, 337, 338, 

Roof Frames— 

— — — Design and Stability of, 832, 333. 
—— Momenta— best j>oint to take 
Moments about, 369. 

Tied Arch Roofs, instructions for 

preparing Drawings and Estimates, Ap- 
pendix A. 

Rotation Stability for Well-foundations, 
286, 297. 


8 . 

Safety of Structures, determining, 194. 
St RoUox Chimney, Resistance to Wind 
Pressure of, 202. 

Sand, advantage of, as a Foundation, 
830. 

Sankey, Capt. H. II , 480. 

Screw Joints, 435, 

Sections. Ritter’s Method of, 334, 

Shalcr Smith’s Rules for Ratios of parts 
of Iron Tie-rods, 430, 

Shearing Force, 28. 

Continuous and Fixed Bcam8,402, 

ICrancs, 221, 

• Flanged Girders, 37. 

Hinged Stiffening Girder, 394. 

Parallel Girders, 487. 

Pm Joints, 434. 

— — Unhinged Stiffening Girder, 392. 

“ Sheer Legs,” 228. 

Shore Abutments, 384. 

Stability of. 406, 412. 

Chains, Design of, 395. 

Spans of Suspension Bridges, 

distribution of Txiad over, 406. 

Short and Long Span Bridges — Sir B. 

Baker’s Classification, 335. 

Simla Army Head-quarter’s Offices, Con- 
struction of Foundations, 825. 

Soils f>r Foundations, Safe limits of 
Weight on, Tables, 318, 320. 

Span — Maximum Span in various types 
of Bridges, &c., 361 

Spanning of Intervals, Structures for, 18, 
24, 332. 

Square Brick Chimneys, Safety of, 21 1. 
Stability of Rotation for Well-founda- 
tious, 285, 297. 

Steel Rails used in Foundations, 826. 
Stiffening Girders — 

Depth of, 886. 

Flexible Arches, 876. 

Functions of, 880. 

Maximum Stress produced, 877. 

— Methods of Stiffening, 870, 882, 

387, 398. 

— Stiffened Roadway Bridges, 869. 
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Stiffening Girders, Unhinged, Constrac- 
tion for Design, 391. 

Straight-Link Snspension Bridge, 345. 
Strain, Compressive— 

— Characteristic Structures subject- 

ed to, 18, 332. 

Examples of, 18 If. 

— Temperature, Allowances for, 350— 

358. 

«■ Tensile that Title], 

— — Transverse, Strnctnres exempted 
from, 1C 1, 810. 

Stress— 

■ Conjugate \t6e Conjugi»Le Pres* 

sure], 

— Cranes, Table of Stresses in, 227. 
— — Earth Pressure [see that Title]. 

Magnitude of, determining, 11. 

— Masonry Arches, 437. 

■I " Maximum Intensity at point of 
Wall’s face, Appendix C, 

■' — — Plano Joints, distribution of Stress 
at, 177, 182,102. 

— Reservoir Walls, 257 (g), 

— — Resultant Active Stress, Case of 
Suspension Bridge, Arch and 
Girder, 18. 

■ Retaining Walls, 193, 242. 

— Uniformly Varying, 281, 280 ; see 
also Pressnre. 

Stress Diagrams, 1 1. 

Structures defined, 2. 

Stmts in Horizontal Bracing, Cross Beams 
used as, 340. 

Subsidence of Well-foundations, Forces 
preventing, 287, 808. 

Supports, Measuring Momenta at, 136, 
158. 

Surcharges, Earth pressure against, 283. 
Suspension Bridges — 

■ - Braced Arches and, relative ad- 

vantages of, 883. 

— Chain Bridges, 370, 870, 885, 390, 

406. 

— ■■■■ Straight-link Girder Bridge, 345. 

— — Unhinged Stiffened Chain Bridge, 

387. 

Various types of, 369. 


T. 

Tables— 

Angles of Repose of Earth and 

Masonry, 2b3. 

— '■ Baker’s, Sir B., Approximate 

Weights of Bridges, Appendix 

E. 

— - Bridges, Maximum Span in Va- 
rious types, 861. 

— - Bridges, Approximalc Weights of, 

Appendix 

Foundation8,SafeLimit8of Weight 

on Various Soils, 318, 320. 

— Portland Cement Concrete, Result 

of Experiments with, 320. 

Rivetted Joints, Bearing Strength 

of Plates, 480 

Weights of Earth and Masonry, 

Average Values, 233. 

— — Well-foundations, Appendix D, 
57, 60. 

Temperature Strain, Allowances for, 
350-358. 

Tensile Strain — 

Characteristic Structures subject- 
ed to, 18, 332. 

— Example of, 18. 

Transverse Strain, 87a, 161, 310. 
Triangular and Trapezoidal Frames, 345. 
Tie-rods, Ratios of parts of, 430, 431. 
Tied Arched Roofs, preparing Drawings 

and Estimates for, Appendix A. 
Trautwinc’s Rules for designing Arches, 
441. 

Trussing, Simple and Multiple, 345, 346* 
Tunnels, Stability of, 445. 

U. 

Uncemented Blockwork, 163, 

■■ ' Centre of Pressure, 166* 

— - Dams [see that Title]. 

Equilibrium of, 18 II., 172, 186, 

438. 

Failure of, Causes leading to, 165. 

Masonry Arches [tee that Title]. 

— Retaining Walls [see that Title]. 

Transverse Strain on, 37a, 

Underground Arches, Stability under 

Earth Pressure, 312. 
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Unhearted Wells, 286. 

Unbioged Stiffening Girders, 391. 
Uniformly Varying Stress, 281, 289, 
Unwin's Rule for ^ze and Pitch of Rivets 
in Joints, 481. 

V. 

Vertical Pressure, Maximum , in a Build- 
ing, 2r9. 

Voussoirs, 487. 

.* w. 

Walls— • 

Breast, 229, 

I ' ■ ■ Counterforts, using in, 314. 

— — Earth Pressure against, Measure- 
ment of, 274. 

— — Enclosure, 218. 

— Examples, 813. 

Foundations, Pressure on, 814. 

— Stress, Maximum, at point of 

Wall's face, M, Bouvier’a me- 
thod, Appendix C. 

Reservoir [see that Title], 

— - Retaining [are that Title]. 

Warren Girder, 18 III., 848, 474. 
Water-logged Sand, Well- foundations in, j 
Appendix D. 

Water-pressure — 

Graphic Representation, 273 

Intensity, 235. 

— — Properties of, 235. 

Web— 

— Covers to Web- Plates, 490. 

■ — Design of, 490. 

Thickness in Plate Iron Girder 

Bridge, 490. 

Weep-holes in Walls, 814. 

Weights of Earth and Masonry, Table of 
Average Values, 283. 

Well-foundations— 

-.1 Bending Moment at Plane of 

greatest Stress, Appendix D,69. 

Classification of Wells, Appendix 

n, 64 

— Crushing Strength of Masonry, 

Appendix D, 62, 04. 

- ■ Current Pressure, Appendix D, 

27, 84, 71, 72. 

■ — ■ Cylindrical Wells, case of, 291, 


W ell-foundations— 

Depth necessary for, 285, 

Equilibrium and Strength of, Ap- 
pendix D, 5, 

Examples, Appendix D, 67, 69. 

External Forces acting upon, Ap- 
pendix D, 8. 

I Hearted and Unhoarted Wells, 286. 

Impact of Drift, Appendix D, 38. 

Internal Subsoil pressure, 288, 

Appendix D, 14, 

Latotal and Frictional Forces, 

Effect of. Appendix D, 20, 21. 

Mopjc..t8 of Stability and lust*- 

j’^'bility, Appendix D, 47. 

Tiers, poivious and impervious to 

water, cases of, Appendix D, 18. 

Quicksand, Well-foundations in, 

292, 297, Appendix D, 

Rotary Stability, Appendix D, 

44, 61, 54. 

— Sinking Stability, Ap^iendix D,22' 

Sliding Stability, Appendix D, 43. 

Subsidence, Forces preventing, 

287, 308, Appendix 1). 

aSubsoii Frcssiire, Appendix D, 18, 

19 40. 

Subsurface Velocity, Appendix D, 

28, 70. 

Tables, Appendix D, 57, 69. 

Transverse Strength, Appendix 

J), 58, 61, 65, 68. 

Vertical Friction, 295, Appendix 

D, 74 

Vertical Reaction of Subsoil, 19, 

289, 294. 

Water-pressure, Appendix D, 16, 

Wind-pressure, Appendix D, 28, 

75. 

Wharf Cranes, 225, 

Whipple-Murphy Girder, 18 III., 474. 
Wind'pressuie, effects of, on — 

Chimneys, 200. 

Cylinder Surface, 203, 

■ — Trains, 340. 

— — Well-foundations, Appendix D, 

23, 7.5. 

Epitome of results of most rerent 

investigations on, 860, Fuvt-noU, 









